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PREFACE 


Senior  Technical  Mathematics  originated  in  a decision  made  at  a 
meeting  of  the  Mathematics  Committee  of  the  Technical  Research 
Council,  Technical  Section  of  the  Ontario  Education  Association.  At 
that  time  a committee  of  teachers  was  appointed  for  each  section  of 
the  course  of  study  in  Grades  XI  and  XII  Technical  Mathematics  to 
prepare  material  under  the  supervision  of  a General  Committee. 

The  section  on  Logarithms  and  Slide  Rule  had  already  been 
published  independently  by  Mr.  J.  E.  Dean  and  Mr.  C.  M.  Rutledge, 
and  they  have  kindly  consented  to  its  inclusion  here  in  its  original 
form.  The  remainder  of  the  work  was  prepared  by  the  committees 
and  was  first  published  in  pamphlet  form  for  trial  in  the  schools  of 
Ontario.  The  publishers  then  collected  criticisms  and  suggestions 
from  teachers  using  the  pamphlets,  and  as  a result  of  this  survey  and 
subsequent  changes  in  the  course  of  study,  the  various  sections  of  the 
work  were  revised  and  published  as  Senior  Technical  Mathematics. 

Since  this  book  contains  more  material  than  can  be  covered  by  an 
average  class  in  two  years,  it  should  be  possible  to  satisfy  various 
local  requirements  by  careful  selection  of  topics.  The  expanded 
sections  on  Algebra  and  Geometry  may  be  used  to  prepare  students 
for  further  education. 

In  all  sections  of  the  book  the  many  exercises  provide  practical 
application  of  the  theory.  They  are  graded  A (Oral),  B (Written) 
and  C (Supplementary).  Three  possible  approaches,  use  of  arithmetic, 
slide  rule  or  logarithms,  are  given  in  the  Mensuration  section. 
Extensive  use  of  slide  rule  and  logarithms  is  also  required  in  the 
Trigonometry  and  Statics  sections.  Algebraic  notation  is  used  in  the 
Geometry  section  and  the  congruency  theorems  are  retained. 
Minimum  sequences  of  theorems  are  complemented  by  the  appear- 
ance of  many  other  theorems  as  original  problems. 
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Credit  for  this  text  must  be  given  to  the  following  committees  for 
their  original  work: 

General  Committee:  M,  Cavanagh,  E.  J.  Davies,  A.  H,  Hey  wood 
Algebra:  W.  G.  McDowell,  W.  C.  Hewitt,  M.  R.  Russell 

Logarithms  and  Slide 


Rule: 

Mensuration: 

Trigonometry : 

Statics: 

Geometry: 

J.  E.  Dean,  C.  M.  Rutledge 

L.  Polley 

M.  C.  McDiarmid,  C.  G.  Attridge, 

A.  J.  Cameron,  A.  Lebow,  W.  K.  Scobbie 

R.  F.  Harris,  W.  S.  Joyce,  R.  D.  Butterill 

W.  Winston  Bates 

Sincere  appreciation  is  extended  to  D.  Darbyshire  for  the 
numerous  drawings,  to  J.  E.  H.  for  patient  typing,  to  the  Secondary 
School  Inspectors  of  the  Ontario  Department  of  Education  for 
constructive  criticism,  and  to  A.  M.  Londry  for  his  suggestions  for 
the  final  revision  of  the  manuscript. 
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SECTION  I -ALGEBRA 


CHAPTER  I 

FUNDAMENTAL  OPERATIONS 
Addition  and  Subtraction 


Exercise 

A 

1.  Add  (a)  2a  — 5&  + Zc,  4a  — 66  — 7c,  — a + 6 — 4c; 

(6)  5x2  _ 2^xy  — 43^2^  2x2  _ _ 3^2^  2x2  _ ^2. 

(c)  3x3  _ 5^2  + 2x  - 7,  5x3  _j_  2x2  _ 3^  _ 4. 

{d)  ax  -\-hy  c,  dx  — ey  — f. 

2.  Subtract  (a)  3x2  _ 5^2  5^2  _ 7^2. 

(6)  a3  — a2  from  a3  + a; 

(c)  2x2^;  — 3x3/2  from  5x3/2  — 3x23/. 

B 

Find  the  sum  of: 

3.  — x2  — 3xy  + 33/2,  3x2  4,  4^^  _ 5^2^  ^2  4.  ^2^ 

4.  x3  — x2  + X — 1,  2x2  — 2x  + 2,  — 3x3  4.  5^  4_ 

5.  9x2  _ 7^  4_  5^  _ 14^2  4_  15^  _ 0^  20x2  _ 49^  - 17. 

6.  5a3  - 3c3  + d\  ¥ - 2a3  + Zd\  4¥  - 2a^  - Zd\ 

7.  a3  — a2  + 3a,  3a3  + 4a2  + 8a,  5a3  — 6a2  — 11a. 

8.  x3  + Zx'^y  + 3x3/2,  — Zx'^y  — 6x3/2  — y Zx'^y  + 4x3/2. 

9.  x3  — 4x‘^y  + 6x3/2,  2x23/  — 3x3/2  + 23/3,3/^  + Sx^y  + 4x3/2. 

11.  23, 

10.  -a  — -b,  —a  + -b,  -a  — b. 

Z o o 4 

^ ^ - ^^3^  + 

35  2 18  5 

12.  --x2  - -xy  - 7y\  -xy  + —y\  --x^  + 43/2. 

Subtract: 

13.  4a  — 36  + c from  2a  — Zb  — c. 

14.  2x  — 83/  + 2 from  15x  + IO3/  — 82. 

15.  — lla6  + ^cd  from  — 106c  + a6  — 4cd. 
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16.  ah  -\-  cd  — ac  — hd  from  ah  cd  ac  hd. 

17.  3a&  + ^cd  — Zac  — 5hd  from  Zah  + 5cd  — Aac  — Qhd. 

18.  — xy  yz  — zx  from  yz  — zx  xy. 

19.  Subtract  Za  — 7a^  + from  the  sum  of  2 + — a^  and 

2a^  — Za"^  a — 2. 

20.  Add  the  sum  of  2y  — Zy"^  and  1 — 5^^  to  the  remainder  left 
when  1 — 2y^  + >>  is  subtracted  from  53'^. 

21.  Add  together  — 7x  + 5 and  2x^  + 5x  — 3 and  diminish 
the  result  by  3^^  + 2. 

22.  A man  walks  2a  — h miles  due  north  from  a fixed  point  0, 
and  then  walks  3a  + 2h  miles  due  south.  What  is  his  final  position 
with  regard  to  0? 

Multiplication  and  Division 


Exercise 

A 


State  the  product  of : 

1. 

4a®,  5a®. 

2. 

3c,  2c®. 

3. 

5a®6,  2a. 

4, 

6xy®,  5x®. 

5. 

— x®y®,  — 6xy®. 

6. 

— 2ah,  —Zah,  4ah. 

7. 

— 2x®,  — 3x®,  — 5x®. 

8. 

2x,  —Zx,  4:y,  —y. 

9. 

bxy,  —Zxy,  —2x,  —2y. 

10. 

-1,  -2,  -3,  -i 

Divide 

11. 

5ahc  ^ ah. 

12. 

65w®w  -T  13mw. 

13. 

4a®  “T-  ^a. 

14. 

22a46®  ^ lla®62. 

15. 

-12  -T  -4. 

16. 

27 x^  ^ -Zx\ 

17. 

6.4x®  -V-  2x. 

18. 

— 4a®  2a. 

19. 

~p\r  -f-  -pq. 

20. 

CO 

0 

1 

Cl 

1 

21. 

5a  + 105 

22. 

3x®  — 9x 

5 

-3x 

23. 

2x®  — 4x  — 6x 

24. 

a®5  — a6® 

-2x 

ah 

25. 

Qp'^qr  — 15pqh 

-Zpqr 
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Substitution  of  Positive  Numbers 


If  X = 2,  y = 3,  2 

1,  5x. 

^ X + y 


Exercise 

A 

5 find  the  value  of : 

2.  Sx\ 

3x  — 2y 


5. 


6xv 


3.  10x^3'. 

7x2  _ 2^2 

6.  : — 


B 

Using  the  same  values  of  x,  y and  z,  find  the  value  of: 

7.  5x2  _ 2x3;  — 43/2.  8.  x^  — 3;®  + 2^. 

9.  (2x  + 33^)  (x2  — y-).  10.  5x23;  — 3x3;2. 

11.  Sx'^yz  — 2xyz^.  12.  ^xy 2yz  — xz. 

13.  5x2  _ _ 2^2^  ("3^  _ 2y)  — (5x 

15.  5x2  _ 3^2  222  — 3x3^  + 43^2  — 22x. 


73'). 


Substitution  of  Negative  Numbers 

Exercise 

A 

— 5,  find  the  value  of: 
2.  5x3;. 


If  X = —2,  y = 
1.  3x. 

4.  -2y. 

7.  x^3/2. 


5.  —3x3;. 
8.  —3x23;. 


B 


3.  4x2. 

6.  5x  — 33'. 

9.  2x2  — 3x3;  + 43/2. 


If  a = —1,  h = —2,  c = —3,  d = 
10.  3a  + 25  + c — 4</. 

12.  ah  -\-  ac  + he  + cd. 

14.  ahe  + hed  + eda  + dah. 


— 4,  find  the  value  of: 

11.  a2  + 52  _}_  ^2  + ^2^ 

13.  a2d2  - h^cK 

15.  a^  + 6^  + c®  + d^. 


If  — —4,  h = —3,c=  — 1,/  = 0,  X = 4,  3^  = 1,  find  the  value  of: 

16.  3a2  + 5x  - 4c3;.  17.  2ah^  - Shc"^  + 2/x. 

18.  /a2  - 253  - cx^.  19.  3a^y^  - 5h^x  - 2c\ 

20.  2a3  - 353  + 'jcyK  21.  352/  _ 4^,2^-  _ 
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Removal  of  Brackets 


Exercise 

A 

Read  the  following,  removing  the  brackets: 

1.  (x  — Sy)  — {5x  — 4:y).  2.  — (3x  — 2y)  + ( — + ;y). 

3.  -(-  3a  + 4&)  - (2a  - 56).  4.  - 3x)  - (7x  - 4). 

5.  2(3a  - 46)  + 5(6a  - 26).  6.  3(x  - 2y)  - 5(2x  - 33;). 

7.  5x(x  — 33^)  — 23'(—  X — 63^).  8.  — Sx^y^{2x^y^  — Sx^y"^). 


Simplify: 


B 


9.  (a  + 6)  + (2a  - 36)  - (4a  - 36). 

10.  (a  + 6 — c)  — (6  + c — a)  + (a  -f-  6 — c). 

11.  (6x2  _ 3^  5)  (2^2  _ 5^  _ 0)  - - 8x  + 2). 

12.  (a  + 36  - 11c)  - (6  + 3c  - 8a)  - (c  + 5a  - 26). 

13.  (a  - 36)  - (6  - 3c)  + (c  - 3d)  - {d  - 3a). 

14.  — (3x  — y + 2z)  — (2x  — 3y  + 4z)  — (3y  — 62  — 5x). 


15.  — {a  — b)  — {b  — c)  — {c  — d)  — (d  — a). 

16.  (5a  + 7a  — 8a)  — (6a  + 3a  — a). 

17.  (2x  + by)  + (7x  — 3y)  — (2x  — 4y). 

18.  (2a  - 36  - 4c)  - ( - 4a  - 36  + c). 

19.  — (7x  — 3y)  + ( — 3x  + 4y)  — ( — 7x  — 8y). 

20.  (a  — 6)  + (6  — c)  + (c  — a). 

21.  (3x  + 4y)  — ( — X — y). 

22.  — (7x  — 3y)  — (2x  — y)  + (3x  — 4y). 

23.  (2x2  - 3x  + 7)  - (x2  - 4x  - 2). 


24.  {U+2i+  jc)  - Q?  + 5' 


25.  (*  - 3)  + 2(2*  + 4)  - 5(*  - 7). 

26.  3(2x  — y)  — 5(7x  — 3y). 

27.  - (2a  - 36)  + 2(5a  - 46). 

28.  - 2(3x  - 4y)  + 5(  - 2x  - 3y). 

29.  ^(2a  — 36)  — ^(4a  — 66). 


30.  - 2(3x2  - 5x  + 7)  + 4(2x2  - 3). 

31.  3a(2a  — 46)  — 26(6a  — 56). 

32.  3x2(7x2  — 4xy  + y2)  — x^(x  — 2). 

33.  5x2y(2xy2  — 3y)  — 2xy2(4x  — 7x2), 
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34. 

35. 

36. 

37. 

38. 

39. 

40. 

41. 

42. 


2a(a2  - 3a  + 1)  - 5a(  - - 4a  + 2). 

3(5x  - 3 + 2x2)  - 2(x2  - 5 + 3x)  - 3(4  - 5x  - 
2x(3x  - 2)  - 5(x  - 3)  + 6x(x  - 1)  -2(x2  - 5x). 
^(4x  - 3)  - ^(6  - x2)  +|(x2  + 8x  - 12). 

a - 56  - [a  - (3c  - 36)  + 2c  - (a  - 26  - c)]. 
3x2  _ 15^  I2x  - 18 


6x2). 


3x 

-6  ■ 

-10a2  - 

5 -3a2  - 6 

-5 

-3  ■ 

2x  - 6 

3x  + 9 8x  - 12 

2 

3 4 • 

12a  - 36 

— 4a  + 26  7a 

-3 

-2 

146 


-7 


Multiplication  of  Compound  Quantities 

Example  1:  Example  2: 

Multiply  (x  + 8)  (x  — 7).  Multiply  (3x2  _ 2x  — 5)  (2x  — 5). 


Solution: 

X + 8 

X - 7 
x2  + 8x 
- 7x  - 56 
x2  + X — 56 


Solution: 

3x2  _ 2x  — 5 
2x  - 5 

6x2.  — 4x2  _ lOx 

- 15x2  lOx  + 25 

6x2  _ 19^2  + 25 


Example  3:  Find  the  product  of 

2a2  + 462  - Sab  and  Sab  - 5a^  + 462. 

Solution: 

Powers  of  a should  first  be  arranged  in  descending  order. 
2a2  - Sab  + 462 
-5a2+  3a6+  462 
-lOa^  + 15a26  - 20a262 

+ 6a26  - 9a262  + 12a62 

+ 8a262  - 12a62  + 166^ 


lOa^  + 21a26  - 21a262 


+ 166^ 
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Exercise 

B 


1. 

(3x  - 

4y)  (2x  + 5y). 

2. 

(2x  - 

7)  (x  - 5) 

3. 

(5a  - 

4&)  (5a + 45). 

4. 

(ax  — 

ay)  {bx  — 

by). 

5. 

{ax  — 

by)  {cx  — dy). 

6. 

(3x2  _ 

- 4y)  (5x  - 

■ 7y2). 

7. 

{x^  — 

3x  + 2)  (x  - 2). 

8. 

(x2  + 

X - 2)  (x2 

+ x-  6) 

9. 

(2x2  - 

- 5x  - 3)  (3x  - 2). 

10. 

(x^  — 

:r2y2  + y) 

(x2  + y2). 

11. 

(3x2  _ 

- 7x  + 2)  (x2  - 2x  + 

3). 

12. 

(x2  — 

7x  + 5)  (x2  - 2x  + 3). 

13. 

(7x2  _ 

- 5x23;  — xy2  + 6y2)  (4x2  + 

3xy  - 

■ 2y2). 

14. 

Find 

the  coefficient  of  x2  in 

the 

product  of: 

X2  + ^ 

4x2  _ 5^  _[_  2 and  x2  — 

2x 

- 3. 

15. 

Find 

the  coefficient  of  x^  in 

the 

product  of: 

1 + 4X  + 7x2  _|_  1 

+ 5x+9x2+  13x 

2+17xL 

16. 

Find 

the  first  four  terms  only  in  the  ] 

product  of 

2 + 3x  + 4x2  _|_  5^3  1 _ 

- 2x 

+ 3x2 

- 4x2. 

Long  Division 


Example  1: 
Solution: 

42 

216)M72 

864 

432 

4^ 

0 


(Arithmetic)  Divide  9072  by  216 
Steps: 

(1)  Divide  9 by  2 to  find  the  first  number  in 
the  quotient  (4). 

(2)  Multiply  216  by  4,  and  subtract. 

(3)  Divide  4 by  2 to  find  the  second  number 
in  the  quotient  (2). 

(4)  Multiply  and  subtract. 


Example  2:  (Algebra)  Divide  9x^  — 27x  + 14  by  3x  — 7. 

Solution:  Steps: 

3x  — 2 (1)  Divide  9x^  by  3x  to  find  the  first 

3x  — 7)9x^  — 27 X + 14  number  in  the  quotient  (3x). 

9x^  — 21x  (2)  Multiply  3x  — 7 by  3x,  and  subtract. 

— 6x  + 14  (3)  Divide  — 6x  by  3x  to  find  the  second 

— 6x  + 14  number  in  the  quotient  (—2). 

0 (4)  Multiply  and  subtract. 
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Example  3:  Divide  — 29x2  + 12  — x®  by  Tx^  — 6 + 3x. 
Solution: 

Powers  of  x must  first  be  arranged  in  order,  a space  being  left  for 
any  power  which  is  missing. 

2x2  - X - 2 

7x2  _|_  3^  _ e)  I4x^  - x®  - 29x2  + 12 

14x^  + 6x®  — 12x2 

- 7x2  _ 17^2 

— 7x2  _ 3^2  _|_  0^ 

- 14x2  _ 0^  12 

- 14x2  _ 0^  12 

0 


Exercise 

B 

Divide: 

1.  x2  + 7x  + 12  by  X + 3.  2.  a2  - 11a  + 30  by  a - 5. 

3.  2x2+ llx+ 5 by  2x+ 1.  4^  6x2  — 7x  — 3 by  2x  — 3. 

5.  12a2  — 7ax  — 12x2  by  3a  — 4x. 

6.  6x2  _ ^4  _|_  4^3  _ 5j^2  — X — 15  by  2x2  — x + 3. 

7.  2a2  + 10  - 16a  - 39a2  + Ifia^  by  2 - 4a  - ba\ 

8.  x^  + x2  + 7x2  _ 0^  8 by  ^2  4_  2x  + 8. 

9.  x2  — 2x'‘  — 4x2  _|_  19^2  _ 31^  4.  15  by  ^3  _ 7^  4-  5 
10.  x^  + 4a'‘  by  x2  + 2ax  + 2a2. 


Review  Exercise 
B 

1.  From  3a  — 26  + 4c  subtract  the  sum  of  2a  — 6 and 
a + 36  — 2c. 

2.  Multiply  x2  — 7x  + 8 by  2x2  — 3x  + 3. 

3.  Simplify  -(a  - 76  + c)  + 2(a  + c)  - 3(6  - 4c). 

4.  To  the  sum  of  3a  — 26  and  4a  + 76  add  the  sum  of  5a  — 46 
and  56  — 2a. 

5.  Find  the  area  of  a rectangle  with  a length  in  inches  equal  to 
5x  — 2y  and  a width  in  inches  equal  to  3x  + 5y. 
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6.  Find  the  width  of  a rectangle  whose  area  in  square  inches  is 
— 5a  + 6 and  whose  length  in  inches  is  a — 3. 

7.  Simplify:  (3a  - 2) 2 - (3a  + 2)  (3a  - 2). 

8.  Divide:  — 19x  + 84  by  x — 7. 

9.  If  X = 1 and  y = — 2,  find  the  value  of: 

(a)  x2  — 5xy  + 6y2,  (5)  — y®, 

(c)  x2  — y2,  (d)  X®  — 3x2y  + 3xy2  — y®. 

10.  Simplify:  (3x2  _ 5^  _ 7)  _ 5)  _ (2^2  — 3x+  2)  (x  — 4). 

11.  Divide:  6a®  — 19a®  — 9a^  + 27a®  + 31a2  — 9a  — 9 by 

2a2  - 5a  - 3. 

12.  If  a = 1,  6 = 2,  c = 0,  d = —2,  x = —3,  y = evaluate: 

(a)  a -\-  d — X,  (b)  (a  — x)®, 

d 

(c)  46  — 3c , {d)  2a^bcXj 

y 

{e)  y2  - x2,  (/)  I - c + y + 

13.  Divide:  8a®  + 276®  by  2a  + 36. 

14.  Multiply:  3x^  — 2x®  — 5x2  _ 2x  + 3 by  2x2  — 5x  — 3. 

15.  Simplify:  2x  — 7 [x  + 3 (y  — 2x)  — 4(x  — y)]. 

16.  Divide:  6a^  + 5a®6  — lia262  + 12a6®  — 66^  by  3a2  — 2a6  + 


CHAPTER  II 


EQUATIONS 


An  equation  is  a statement  that  two  algebraic  expressions  are 
equal.  It  may  be  a conditional  equation,  an  identity  or  an  impossible 
equation. 

Conditional:  3x  — 2 = 13  (Root  x = 5). 

Identity:  5(x  — 2)  = 5x  — 10  (True  for  any  root). 

Impossible:  3x  + 2 = 3x  + 7 (No  root). 

The  value  of  the  unknown  letter  found  by  solving  the  equation  is 
called  the  root  of  the  equation,  and  must  be  verified  in  the  original 
equation. 


Example  1:  Solve:  3 (ct  — 2)  — 5 (a  — 3)  = 17. 


Solution: 

3(a  - 2)  - 5(a  - 3)  = 17 
3a  - 6 - 5a  + 15  = 17 
-2a  = 8 
a = —4 

Verification: 

L.S.  = 3(-4  - 2)  - 5(-4  - 3)  = -18  + 35  = 17 
R.S.  = 17. 


Example  2:  Solve:  ^ ^ = 10. 

o Zi 

Solution: 


Multiply  each  term  by  the 
least  common  denominator,  6. 

2x  + ^x  = 60 
5x  = 60 
x=  \2 


Verification: 

.s-f. 


i? 

2 


R.S.  = 10. 


4 + 6 = 10. 


Example  3:  Solve: 


2x  - 7 


5 


4x  - 3 


2 


= 7. 
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Solution: 

It  is  advisable  to  put  brackets  on 
each  fraction,  and  then  multiply  by 
the  L.C.D, 


10 


(2x  - 7)  (4x  - 3) 

5 2 

(4x  - 3) 


= 7 


(2x  - 7) 


10 


5 '2 

4x  - 14  - 20x  + 15  = 70 
-16jc  = 69 


70 


Verification: 

If  the  root  is  a fraction  the 
verification  may  become 
quite  difficult,  so  that  it 
loses  its  value  as  a simple 
check.  In  such  a case  it  is 
simpler  to  check  the  original 
solution  for  mistakes. 


Solve  and  verify: 

1.  3^  = 12. 


4.  Sx 


7.  5x  - 3 
10.  + 3 


9 = 0. 
7. 


Exercise 

A 

2.  :x:  - 7 = 3. 

5.  -X  = 8. 


8.  9x  - 2 = 
8.  11.  0-7x  = 2. 


3.  X - 7 = 0. 


6.  -X  = 12, 


X + 14.  9.  -X 

O 


4 = 7. 
12.  0-6x  — 0-5  = 


01. 


13.  5x  — 7 = 2x  — 1. 
15.  3(x  - 1)  = 0. 

2 5 

17.  -X  = -. 

3 7 


14.  5x  = X — 3. 

16.  5(x  - 2)  = 10. 

3 ^ 5 

18.  -X  - 1 = -. 

4 8 


B 

19.  72(x  - 5)  = 63(5  - x). 

20.  2(3x  - 5)  + 3(x  - 5)  = 7(x  - 1). 

21.  5(2x  + 3)  = 7x+  24. 

22.  2(x  - 7)  = X + 10. 

23.  5(2x  - 3)  - 2(x  - 1)  = 5x  - 7. 

24.  3(2x  - 4)  = 5(x  - 1). 


XX 

25. ~~“1“  5~. 

3 4 8 2 


2x  X lx 

26. = 2 . 

5 3 2 15 
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X X ^ 

27.  - - - = 2. 

7 3 

5x  ^ 2x  , „ 

29.  --3=-  +7. 


31. 


3x  — 2 X — 1 


10 

5y  -2 


6 


33.  = Sy  - 11. 

4 


35. 


37. 


2x  — 3 3x 


7 8 4 

7x  + 3 7 - 2x  35x  - 25  5x  - 7 


5x  2 3 

28. = 2-x. 

3 3 7 

30.  1-x = 0. 

2 4 

2x  — 1 X 
32.  -^-  + - = 7. 

7y  y — S 

T + V = 

3,.  = 0. 

5 3 


8 


+ 


24 


6 


Problems 

Example  1:  The  length  of  a rectangle  is  three  times  the  width. 
The  perimeter  is  72  feet.  Find  the  sides. 

Solution: 

Let  the  width  of  the  rectangle  be  x feet. 

Then  the  length  of  the  rectangle  is  3x  feet. 

Perimeter  = 2 X length  + 2 X width. 

6x  + 2x  = 72 
8x  = 72 
X = 9. 

Width  = 9 ft.  and  length  = 3x  = 27  ft. 

Verification: 

Length  is  3 times  width  and  perimeter  is  72  ft. 


Example  2:  A lot  of  brass  scrap  weighing  250  lb.  contains  24% 
zinc.  How  many  pounds  of  zinc  must  be  added  in  melting  to  increase 
the  percentage  of  zinc  to  33%  ? 

Solution: 

Before  addition:  weight  of  scrap  = 250  lb. 

weight  of  zinc  ==  0 -24  X 250  lb.  = 60  lb. 

Let  weight  of  zinc  to  be  added  be  x lb. 
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After  addition:  weight  of  scrap  = 250  + x lb. 

weight  of  zinc  = 60  + jc  lb. 

60  + X = 0-33  (250 + x) 

60  + X = 82-5  + 0-33x 
6000  + lOOx  = 8250  + 33x 
67x  = 2250 
X = 33-6  (approx.). 

Weight  of  zinc  to  be  added  is  33-6  lb. 

Verification: 

93  • 6 

% zinc  = — — - X 100%  = 33%  (approx.) 

Example  3:  (Distance,  rate,  and  time  problem) : 

A man  walked  a certain  distance  at  3 miles  per  hour,  and  returned 
by  bicycle  at  12  miles  per  hour.  If  his  total  time  going  and  returning 
was  12  hours  and  30  minutes,  find  the  distance  one  way. 


Solution: 

It  is  helpful  to  make  a table  of  the  two  cases. 


Distance 

Rate 

Time 

Walking 

X miles 

3 m.p.h. 

- hours. 
3 

Cycling 

^ + -^-  = 121 

3 12  2 

X miles 

12  m.p.h. 

hours. 

12 

4x  + X = 150 

II 

00 

p 

Distance  is  30  miles.  (Verify) 

Exercise 

B 

Give  a complete  solution  for  each  of  the  following  problems: 

1.  If  three  times  a number  is  added  to  five  times  the  same 
number  the  result  is  56.  Find  the  number. 

2.  Two  numbers  have  a sum  of  101.  Three  times  the  smaller 
one  is  9 less  than  the  larger.  Find  the  numbers. 

3.  A rectangular  building  lot  has  a perimeter  of  282  feet.  Its 
length  is  5 feet  more  than  three  times  its  width. 

Find  its  dimensions. 


EQUATIONS 


13 


4.  A field  has  a perimeter  of  300  feet.  Its  width  is  f as  great  as 
its  length.  Find  the  area  of  the  field  in  square  feet. 

5.  A rectangular  city  block  has  a perimeter  of  1100  ft.  If  the 
width  is  50  ft.  less  than  the  length,  find  its  dimensions  in  ft. 

6.  Divide  $560  between  two  people  so  that  the  second  one  will 
receive  f as  much  as  the  first. 

7.  The  sum  of  the  present  ages  of  two  boys  Is  20  years.  Four 
years  ago,  the  first  boy  was  twice  as  old  as  the  second.  Find  their 
present  ages. 

8.  A right-angled  triangle  has  one  of  its  acute  angles  twice  as 
large  as  the  other.  How  many  degrees  are  there  in  each  of  the 
acute  angles? 

9.  In  a triangle  the  greatest  angle  is  35°  larger  than  the  smallest 
angle  and  25°  larger  than  the  other  angle.  Find  the  size  of  each 
angle. 

10.  The  resistance  of  a wire  is  5 ohms.  When  the  wire  is  cut  into 
two  parts  it  is  found  that  the  resistance  of  the  longer  part  is  2 ohms 
more  than  half  of  the  resistance  of  the  shorter  part.  Find  the  resist- 
ance of  each  part. 

11.  From  an  oil  tank,  three-quarters  full,  90  gallons  are  drawn 
off  and  10  more  gallons  are  lost  due  to  evaporation.  If  the  tank  is 
then  two-thirds  full,  how  much  is  its  total  capacity? 

12.  A sum  of  $7  is  made  up  of  46  coins  which  are  either  quarters 
or  ten-cent  pieces.  How  many  are  there  of  each? 

13.  A wallet  contains  18  bills,  consisting  of  $5  bills  and  $2  bills. 
If  the  value  of  the  bills  is  $69,  how  many  are  there  of  each? 

14.  A sum  of  money,  $20.50,  is  made  up  of  quarters  and  half- 
dollarg.  If  the  number  of  coins  is  61,  find  how  many  there  are  of  each. 

15.  A ton  of  a sample  of  nickel  steel  contains  2%  carbon.  How 
many  pounds  of  carbon  must  be  added  in  melting  to  Increase  the 
percentage  to  3%? 

16.  A lot  of  brass  scrap  weighing  100  lb.  contains  20%  zinc. 
How  many  lb.  of  zinc  must  be  added  in  melting  to  raise  the  percen- 
tage of  zinc  to  25%  ? 

17.  A sample  of  gold  coinage  contains  90%  gold  and  10% 
copper.  How  many  ounces  of  copper  would  have  to  be  added  to  a 
crucible  containing  1000  ounces  of  molten  coinage  to  increase  the 
percentage  to  12% ? 

18.  A piece  of  alloy  weighs  20  lb.  and  contains  25%  iron.  Find 
the  amount  of  iron  to  be  added  in  melting  in  order  to  increase  the 
percentage  of  iron  to  38%. 
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19.  I walked  a certain  distance  at  3 miles  per  hour.  If  I had 
ridden  at  8 miles  per  hour  it  would  have  taken  2^^  hours  less  time. 
Find  the  distance. 

20.  Find  the  distance  if  a man  walks  to  town  at  4 m.p.h.  and 
cycles  back  at  12  m.p.h.,  the  round  trip  taking  2 hours. 

21.  A train  is  27  minutes  late  when  it  makes  its  usual  trip  at 
28  m.p.h.,  and  is  42  minutes  late  when  it  travels  at  27  m.p.h.  Find 
the  distance. 

Formulas 

Exercise 

A 

Express  the  following  as  formulas: 

1.  The  area  of  a circle  equals  the  product  of  a constant  ic  and 
the  square  of  the  radius. 

2.  The  area  of  the  surface  of  a sphere  equals  4 times  x times  the 
square  of  the  radius. 

3.  The  volume  of  a rectangular  solid  equals  the  length  times 
the  width  times  the  thickness. 

4.  Interest  equals  the  product  of  principal,  rate  and  time. 

5.  The  current  strength  equals  the  electromotive  force  divided 
by  the  resistance. 

6.  The  visibility  distance  in  nautical  miles  of  the  sea  horizon 
equals  1 063  times  the  square  root  of  the  height  of  the  eye,  in  feet 
above  sea-level. 

7.  The  area  of  an  ellipse  is  x times  the  product  of  the  two 
semi-diameters. 

8.  A Fahrenheit  thermometer  reading  is  32  more  than  9/5  of 
the  corresponding  Centigrade  reading. 

9.  The  horse-power  of  a steam  engine  is  found  by  multiplying 
the  steam  pressure,  length  of  stroke  in  feet,  area  of  piston  in  square 
inches  and  number  of  strokes  per  minute,  and  dividing  by  33,000. 

10.  The  period  of  a pendulum  (the  time  taken  to  make  a com- 
plete swing)  equals  2x  times  the  square  root  of  the  expression 
obtained  by  dividing  its  length  by  32. 

KJL 

11.  D = 2R,  find  R.  12.  R = — — , find  L and  A. 

nE  ^ 

13.  C = , find  E.  li.  A = ^bh,  find  h. 

nr  R 
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15. 


17. 


T = 
T = 


C^SP 

D ' 


find  P and  D. 


2% 


Vi' 


find  L. 


4:Sbd'^ 

16.  W = — — , find  6,  L,  and 
6L 

18.  5 = ^gP,  find  t. 


B 


19. 

weight, 


In  a machine  E = where  E is  the  efficiency,  W the 
V the  velocity  ratio,  P the  horizontal  force. 


(a)  liW  = 112,  P = 20,  F = 12-5,  find  E. 

{h)  If  P = 74,  IF  = 350,  F = 23,  find  P. 

20.  The  resistance  of  a wire  in  an  electrical  circuit  is  given  by 
KL 

R = where  R is  the  resistance  in  ohms,  L the  length  of  the  wire 

A ^ 

in  feet,  A its  area  in  circular  mils,  K the  resistance  of  1 mil  foot  in 
ohms. 

(а)  If  L = 3 ft.,  A = 1000,  P = 10-5,  find  R. 

(б)  If  P = 220,  K = 10-5,  L = 1000  ft.,  find  A. 

{c)  If  P = 10,  P = 10  -5,  = 250,  find  L. 


21. 


(а)  If  IF  = 1000,  L = 4:,  H = 1,  find  P. 

(б)  If  L = 12,  IF  = 1600,  P = 250,  find  H. 

(c)  If  IF  = 750,  P = 150,  R = Ih  find  L. 

22.  The  tractive  power  of  a locomotive  is  given  by  P = 
If  P = 16,000,  C = 16,  P = 72,  P = 80,  find  S. 


23.  The  indicated  horse-power  of  a single  acting  steam  engine  is 

1 TT  PLAN  , „ . , ^ . 

given  by  H.r.  = where  P is  the  mean  enective  pressure  in 

33000 

pounds  per  square  inch,  L is  the  length  of  the  stroke  in  feet,  A is  the 
area  of  the  piston  in  square  inches,  and  N is  the  number  of  strokes 
per  minute. 

(a)  If  H.P.  = 6,  P = 2i  ft.,  ^ = 24  sq.  in.,  N = 50,  find  P. 
(5)  If  H.P.  = 5,  P = 50,  ^ = 30  sq.  in.,  N = 50,  find  L. 

{c)  If  H.P.  = 10,  P = 30,  P = 2 ft.,  N = 100,  find  A. 


24.  P = 


— , E = /P,  and  A = d\ 
A 


terms  of  P,  P,  P,  and  7, 


Find  a formula  for  d in 
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9 

25.  F = -C  + 32.  Find  C li  F = 68. 

5 

26.  5 = ?;/  + \gt\  U S = 475,  g = 32,  t = 5,  find  v. 

27.  If  F = t;(l  + at),  find  a. 

28.  If  2a  = 4^  + 3F  and  b = 2 + 3^,  find  an  expression  for 
a in  terms  of  b. 

Equations  with  Literal  Coefficients 

Equations  in  which  known  quantities  are  represented  by  letters 
instead  of  numbers  are  known  as  literal  equations. 

Usually  letters  at  the  first  of  the  alphabet,  a,  b,  c,  are  used  to 
represent  known  quantities,  and  those  at  the  end,  x,  y,  z,  to  represent 
the  unknown  ones. 

The  same  methods  are  used  in  solving  literal  equations  as  are 
used  in  solving  equations  which  have  numerical  coefficients. 

Example  1:  Solve:  ax  — b c. 

Solution: 

ax  — b — c, 

ax  = c b, 

c-\-b 

X — . 

a 

Example  2:  Solve:  b{x  — 3)  c = 2b  — ax. 

Solution: 

b{x  — 3)  + c = 2b  — ax, 
bx  — 3b  c = 2b  — ax, 
bx  + ax  — 5b  — c, 
x{b  + a)  = 5b  — c, 

5b  - c 

b + a' 

Exercise 

A 

2.  bx  — c = d. 

4.  ax  = d + bx. 

6.  c{x  — 3)  — 5c  = 0. 


Solve  for  x: 

1.  ax  = b — c. 

3.  ax  bx  — c. 

5.  ax  — g = bx  h. 
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11.  cx  = dx  + e. 
X — 2a  3 

X -{-Za  7‘ 

X - g 

e 


13. 


15. 


17. 


x + h 

X 


2a 


2b 


= 1. 


X c 3 

8.  = 

X — c 5 

10.  ax  -\r  hx  — cx  = d. 

B 

X 

12.  — \-  h = c. 
a 

14.  c{x  — c)  — h{x  — &)  = 0. 

X — a h — c 

16.  = . 

X -\-  a b c 

18.  a"^  x-\-  b^  + cibx  = a^  — bH. 


Simultaneous  Equations 

The  solution  of  problems  involving  several  unknowns  is  often 
accomplished  by  the  use  of  simultaneous  equations.  There  are  three 
important  methods  of  solution,  as  illustrated  in  the  following 
examples. 


Elimination  by  Addition  or  Subtraction 

Example:  Solve  and  verify  2x  — 5y  = 19  (1) 
3jc  + 2y  = 0 (2). 


Solution: 

To  eliminate  x, 

3 X (1)  Qx  - 15y  = 57 
2 X (2)  6x  + 4y  = 0 
Subtract  — 19y  = 57 
y = - 3. 

Substitute  in  (2) 

3x  - 6 = 0 
X = 2 

Solution  is  x 

Verification: 

(1)  L.S.  = 4 + 15  = 19 
R.S.  = 19. 


To  eliminate  y, 

2 X (1)  4x  - lOy  = 38 

5 X (2)  15;c  + lOy  = 0 

Add  19x  = 38 

x=  2. 

Substitute  in  (2) 

6 + 2y  = 0 

y = -3 
2,  y = - 3. 

(2)  L.S.  =6-6  = 0 
R.S.  = 0. 
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Elimination  by  Substitution 

Example:  Solve:  3x  + y = 5y  — 7x  = 11. 

Solution:  Rearranging  3x+  y = ll  (1) 
7jc  - 5y  = ” 11  (2). 

From  (1)  y = 11  “ 3x 

Substitute  in  (2)  lx  — 5(11  — Zx)  = — 11 
lx  - 55  + 15x  - - 11 

22x  = 44 

= 2. 

Substitute  in  (1)  y — 11  — 3x 
= 11-6 
= 5. 

Solution  is  X = 2,  y = 5.  (Verify) 


Elimination  by  Comparison 

Example:  Solve:  3y  — 2x  + 5 = 0 

73,  = - 31  _ 5x. 


Solution:  Rearranging  2x  — 3y  = 5 (1) 

5x  + 7y  = - 31  (2). 


From  (1)  X — 


From  (2)  x = 

5 + 3y  ^ 
2 


5 + 3y 
2 ■ 

-31  - 7y 

-31  - 7y 
5 


25  + 15y  = - 62  - 14y 
29y  = - 87 
y = - 3. 

Substitute  in  (1)  2x  + 9 = 5. 
Solution  is  X = — 2,  y = — 3. 


(3) 


(Verify) 


Fractional  Equations 

Example:  Solve:  ^ -f  ^ = 13 

y # 


(1) 
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Solution: 


To  eliminate  fractions,  63  X (1) 
3 X (2) 

To  eliminate  y,  (3) 

9 X (4) 
Subtract 


14jc  + 21y  = 819  (3) 
5x+  Zy  = 153  (4) 
14x  + 27y  = 819 
45x  + 273^  = 1377 
-Six  = - 558 

X = 18. 


Substitute  in  (4) 


5x  + Sy  = 153 
90  + 3y  = 153 
33;  = 63 
3;  = 21. 


Solution  is  X = 18,  y = 21.  (Verify) 


Exercise 


B 

Solve  and  verify: 


1.  7x  + 2y  = 47 
5x  — 4y  = 1. 

3.  2x  + y = 10 
7x  + 8y  = 53. 

5.  4x  — y = 6 
3x  — 2y  = 7. 

7.  X — 5y  — 3 = 0 
7x  + 2y  + 6 = 27. 


2.  2x  — 5y  = 1 
7x  + 3y  = 24. 

4.  19x  + 17y  = 0 
2x  = y + 53. 

6.  7x  + 3y  = 27 
2x  + 5y  = 16. 

8.  12  = X - 3y 
7x  + 2y  + 2 = 17. 


9.  2x  + 5y  = 5 10.  y — 3x  = 2y  — X = 20. 

X + lOy  = 2. 

11.  5(x  + 2y)  — (3x  + lly)  = 14  12.  6x  + 3 = 3y 

7x  — 9y  — 3(x  — 4y)  = 38.  2x  — 2y  = 3y. 


1 1 

16.  1 + ^ = 3x  - 7y  + 44  = 0. 
3 5 
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3 3^' 

18.  ~x y = -. 

3 6*^  2 

lx  + ^y  = 5. 

1 3 1 

5 10-^  2 

+ y)  = i~. 

x + y x-3y 
2 3 

CO  1 

ve 

11 

X — y 3x  — y 

5 2 

GRAPHS 

Graphs 

Locating  a Point 

A point  on  the  Earth  is  located  by  longitude  (measured  east  or 
west  of  the  zero  meridian)  and  latitude  (measured  north  or  south  of 
the  equator). 

A point  on  a graph  is  located  by  reference  to  two  perpendicular 
lines,  the  ^c-axis  and  the  y-axis,  which  meet  at  the  origin,  as  in  the 
accompanying  graph. 

Distances  measured  to  the  right  are  +,  to  the  left  are  — . 
Distances  measured  up  are  4-,  down  are  — . 

Any  point  is  located  by  its  x and  y coordinates.  The  x coordinate 
(abscissa)  is  written  first  and  gives  the  distance  to  the  right  or  left 
of  the  y-axis.  The  y coordinate  (ordinate)  is  written  second  and  gives 
the  distance  above  or  below  the  :x:-axis. 


In  the  diagram  the  points  are  located  as  follows: 

A (3,  2),  B (-  4,  5),  C (-  4,  - 4),  D (4,  - 3),  O (0,  0). 


-4,5) 


a-4,-4) 


A(3,  2) 


D(4,-3)— 
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Exercise 

A 


1.  (a)  In  the  above  graph  state  the  coordinates  of  each  point 
from  A to  L. 

(b)  Locate  a point  M so  that  ABCM  is  a rectangle. 

(c)  What  kind  of  a figure  is  DOL? 


B 

2.  (a)  On  graph  paper  draw  a set  of  axes  as  in  question  1,  and 

plot  the  points: 

A(5,2),  B(4,l),  C(3,0),  D(2. -1),  E(l, -2). 

(b)  Join  the  points  in  succession,  and  state  what  kind  of 
figure  is  produced. 

3.  (a)  Draw  new  axes  and  plot  the  points: 

A(5,  0),  B(3,4),  C(4,  3),  D(0,  5),  E(-3,  4),  F(-4,  3), 
G(-5,  0),  H(-4,  -3),  I(-3,  -4),  J(0,  -5),  K(3,  -4), 
L(4,  -3). 

{b)  Join  the  points  in  succession  with  a smooth  curve,  and 
state  what  kind  of  figure  is  produced. 
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The  Graph  of  a Straight  Line 

The  equation  x+y  = 7 is  satisfied  by  many  pairs  of  values  of  x, 
and  y,  such  as  (6,  1),  (5,  2),  (4,  3)  etc.  Each  pair  of  values  represents 
the  coordinates  of  a point  which  may  be  plotted  as  shown  in  the 
graph.  It  is  customary  to  solve  the  equation  in  order  to  express  y 
in  terms  of  3C,  and  to  construct  a table  of  values  by  giving  x various 
values  as  shown. 


X 

y 

0 

7 

1 

6 

2 

5 

3 

4 

-1 

8 

-2 

9 

-3 

10. 

When  the  points  are  joined,  a straight  line  results.  This  line  is 
called  the  graph  of  the  equation  x + y = 7. 

The  coordinates  of  any  point  on  the  line  are  values  of  x and  y which 
satisfy  the  equation.  It  has  been  found  that  the  graph  of  any  first 
degree  equation  in  x and  y is  a straight  line.  Thus  it  is  sufficient  to 
calculate  four  values  in  the  table  to  draw  the  graph. 

Example  1:  Plot  the  graph  of  the  equation  Zx  + 2y  = 12. 

Solution:  Values  of  x are  chosen  to  avoid  fractions. 

3;x:  + 2y  = 12 


X 

y 

2 

3 

4 

0 

6 

-3 

8 

-6 
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Example  2:  Plot  on  the  same  diagram  the  graphs  of  the  equations: 
X + 23;  = 8 (1) 

3x  + 3^  = 9 (2). 

Solution:  Equation  (1)  is  solved  for  x,  and  y is  given  various  values 
in  order  to  avoid  fractions. 


(1)  X + 23;  = 8 
X = 8 - 2y. 


(2)  3x  + 3'  = 9 
3,  = 9 — 3x. 


From  the  diagram  it  is  seen  that  the  lines  intersect  at  the  point 
(2,  3).  Since  x =2,  3^  = 3 satisfies  both  equations,  the  equations 
have  been  solved  graphically  to  give  the  solution  x = 2,  y = 3. 
(Verify  in  both  equations.) 


Exercise 


B 

Plot  the  graph  of  each  of  the  following  equations 


1.  X + y = 5. 

3.  X = 3y. 

5.  3x  + 2y  = 6. 
7.  X = 7. 

9.  hx-  \y  = 2. 


2.  X — y = 3. 

4.  2x  — y = 5. 
6.  5x  + 3y  = 7. 
8.  y = 5. 

10.  3x  - iy  = 5. 
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Solve  graphically  the  following  pairs  of  simultaneous  equations: 


11.  X y = 5 
X — y — 3. 

13.  2x-\-3y  = S 
3x  + Ay  = 11. 
15,  5x  = Ay 
3x-2y  = 1. 
17.  3x  - 2y  = 0 
5x  + 3y  = 0. 
19.  2x  + Ay  = 20 
3x  — Ay  = 0. 


12.  3x  - y = 5 
4x  + y = 9. 

14.  5x  — Ay  = 12 
3x+  y = 14. 
16.  X + y = 7 
x = A. 

18.  3x  — 7y  = —6 
X + y = 8. 
20.  5x  — 2y  = 1 
X + 5y  = 38. 


Equations  in  Three  Unknowns 

In  this  case  three  equations  are  necessary  and  the  following  pro- 
cedure is  followed:  One  unknown  is  eliminated  from  any  pair  of 
equations.  Then  the  same  unknown  is  eliminated  from  a different 
pair.  Two  equations  with  two  unknowns  are  thus  obtained,  and 
they  may  be  solved  as  before. 


Example  1:  Solve  and  verify  x — 3y  + 22  = —lO  (1) 

2x  -f  y - 32  - 1 (2) 

5x  — y — 22  = —4  (3). 

Solution: 


To  eliminate  y. 

(2)  2x  + y - 32  = 1 

(3)  5x  — y — 22  = — 4 
Add  7x  - 52  = -3  (4). 


(1)  X — 3y  + 22  = — 10 
3 X (2)  6x  + 3y  - 92  = 3 
Add  7x  - 72  = -7  (5) 


To  eliminate  x from  (4)  and  (5) 

(4)  7x  - 52  = -3 

(5)  7x  - 72  = -7. 

Subtract  22  = 4 
2 = 2. 

Substitute  in  (4)  7x  — 10  = —3 
X = 1. 

Substitute  x = l,2  = 2in(2)  2 + y — 6 = 1 

y = 5. 


vSolution  is  X = 1,  y = 5,  2 = 2. 
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Verification: 

(1)  L.S.  = 1 - 15  + 4 = -10  (2)  L.S.  = 2 + 5 - 6 = 1 

R.S.  = -10.  R.S.  = 1. 

(3)  L.S.  = 5-  5-  4 = -4 
R.S.  = -4. 


Note:  An  alternative  method  of  beginning  the  solution  is  as  follows: 


1.  Change  the  y coefficient 
in  each  equation  to  the 
same  number. 


X - 33;  + 22  = -10  (1) 

6x  + 33;  - 92  = 3 (2)  X 3 

15x  - 33/  - 62  = -12  (3)  X 3. 


2.  Eliminate  y from  (1)  and  (2)  and  from  (2)  and  (3),  after  which 
the  solution  proceeds  as  above. 


Example  2:  Solve:  2x  3y  = 21  (1) 

5y  + 2z=  39  (2) 

z - 3x  = -2  (3). 

Solution: 

To  eliminate  2,  (2)  53^  + 22  = 39 

2 X (3)  -6x  + 22  = -4. 

Subtract  6x  + 53^  = 43  (4). 

Since  equation  (1)  has  no  term  in  2,  (1)  may  be  used  with  (4). 

3 X (1)  Qx  + 9y  = 63 

(4)  6x  + 5y  = 43 
Subtract  4y  = 20 

y = 5. 

Substitute  in  (1)  2x  + 15  = 21 
X = 3. 

Substitute  in  (2)  25  + 22  = 39 
2=7. 

Solution  is  X = 3,  y = 5,  2 = 7.  (Verify.) 


Solve  and  verify: 

1.  X + 2y  + 22  = 11 
2x  + y + 2=7 
3x  + 4y  + 2 = 14. 


Exercise 

B 


2.  X + 3y  + 42  = 14 
X + 2y  + 2=7 
2x  + y + 22  = 2. 
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3.  2x  + 33^  + 42  = 20 
Sx  + 4y  + 5z  = 26 
3x  + 53;  + 6z  = 31. 


4.  X y — z — 0 
x + 23;+  2=11 
a:  — y 2=2. 


5.  4x  — 33;  + 2 = 10 
6x  — 5^  + 22  = 17 
X + y 4-  2=8. 


6.  5x4-23^+  IO2  = 5 


3x  — y + 52  = —6 


2x  — 3^  — 7z  = 5. 


7.  5x4-23^  = 18 
3^  — 62  = —32 
X + 23;  + 2 = 16. 

9.  3 + X = 5 + 43^ 

7y  = z + 2 
z 4-  X = 3y. 


10.  6x  + 23^  — 52  = 13 
33/  — 22  — 13  = — 3x 
— 32  + 7x  = 26  — 5y. 


8.  7x  - 33^  = 30 


93^  — 52  = 34 
X + y — 2 =7. 


Problems  Solved  by  Simultaneous  Equations 

Example:  If  15  lb.  of  tea  and  10  lb.  of  coffee  together  cost  $15.50 
and  25  lb.  of  tea  and  13  lb.  of  coffee  together  cost  $24.55,  find  the 
price  of  each  per  lb. 

Solution: 

Let  1 lb.  of  tea  cost  x cents, 
and  1 lb.  of  coffee  cost  y cents. 

15x  + lOy  = 1550  (1) 

25x  + 13y  = 2455  (2) 

5 X (1)  75x  + 50y  = 7750 
3 X (2)  75x  + 39y  = 7365 
Subtract  lly  = 385 
y = 35. 

Substitute  in  (1)  15x  + 350  = 1550 

X = 80. 

1 lb.  of  tea  costs 80 

1 lb.  of  coffee  costs 35jif 

Verification:  (in  the  original  problem). 

15  lb.  of  tea  cost  15  X 80j!f  = $12.00  25  lb.  cost  25  X 80j!i  = $20.00 
10  lb.  of  coffee  cost  10  X 35ff  = $ 3.50  13  lb.  cost  13  X 35 = $ 4.55 


Total  = $15.50 


Total  = $24.55 
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Exercise 

B 

1.  Six  horses  and  seven  cows  cost  $1170  and  11  horses  and  13 
cows  cost  $2155.  Find  the  cost  of  each. 

2.  If  5 lb.  of  coffee  and  4 lb.  of  tea  cost  $7.90  and  4 lb.  of  coffee 
and  5 lb.  of  tea  cost  $8.30,  find  the  cost  of  each. 

3.  The  perimeter  of  a rectangle  is  2 ft.  6 in.  and  one  side  is  6 in. 
longer  than  the  other.  Find  the  dimensions. 

4.  A bill  of  $19.50  was  paid  in  half  dollars  and  quarters.  Four 
times  the  number  of  quarters  was  12  more  than  twice  the  number  of 
half  dollars.  How  many  of  each  were  used? 

5.  Find  two  numbers  so  that  one  half  the  larger  is  9 more  than 
one  third  the  smaller,  and  twice  the  larger  plus  three  times  the 
smaller  equals  88. 

6.  A sum  of  money  of  $73  consists  of  two-dollar  and  five-dollar 
bills.  If  there  are  23  bills,  find  how  many  of  each  are  used. 

7.  Two  persons  are  18  miles  apart  on  a straight  road.  If  they 
start  at  the  same  time  and  walk  in  the  same  direction,  they  will  be 
together  in  9 hours.  If  they  walk  toward  each  other,  they  will  be 
together  in  3 hours.  At  what  speed  does  each  walk? 

8.  A shop  has  electric  motors  of  three  types.  A,  B,  and  C.  With 
one  of  each  running,  the  current  is  3 amperes.  With  2 of  type  A, 
4 of  type  B,  and  4 of  type  C,  the  current  drawn  is  10  amperes. 
With  3 of  type  2 of  type  B,  and  6 of  type  C the  current  is  9 
amperes.  Find  the  current  through  each  type. 

Problems  on  2-digit  Numbers 

9.  The  sum  of  the  digits  of  a number  is  10.  When  54  is  added 
to  the  number,  its  digits  are  reversed.  Find  the  number. 

10.  The  sum  of  the  digits  of  a number  is  7 and  if  9 is  subtracted 
from  the  number  its  digits  are  reversed.  Find  the  number. 

11.  The  tens  digit  of  a number  is  7 more  than  the  units  digit. 
If  the  number  is  4|  times  as  large  as  the  reversed  number,  find  its 
value. 

12.  The  sum  of  the  digits  of  a number  is  | of  the  number.  If  45 
is  added  the  number  is  reversed.  Find  the  number. 
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Formulas  Involving  Two  Unknowns 

Example  1:  A piece  of  electrical  equipment  operates  according  to 
the  formula  E = IR  K.  In  operation  it  is  found  that  when  E = 70, 
R = 25.  In  a second  trial,  it  is  found  that  when  E = 85,  R = 30. 
Find  I and  K,  and  state  the  formula. 

Solution:  E IR  + K. 

Substituting  70  = 25/  + X (1) 

85  = 30/  + A:  (2). 

Subtract  — 15  = —5/ 

J = 3. 

Substituting  in  (1)  70  = 75  + /C 
K = -5. 

The  formula  is  E = 3i?  — 5. 

Example  2:  The  cost  of  printing  a number  of  posters  follows 
the  formula  C = pn  s,  where  C is  the  total  cost  in  cents. 

p is  the  cost  per  poster  for  press  work, 
n is  the  number  of  posters, 

5 is  the  cost  of  setting  up  the  type. 

If  a printer  quotes  a price  of  $26.00  for  300  posters,  and  a price  of 
$32.00  for  400  posters,  find  p and  s,  and  state  the  formula. 

Solution:  C = pn  s. 

Substituting  2600  = 300p  + s 

3200  = 400^  + 5. 

Subtracting  —600  = —100^, 

/>  = 6. 

Substituting  in  (1)  2600  = 1800  + 5, 

5 = 800. 

Formula  is  C = 6w  + 800. 


Exercise 

B 

1.  The  formula  for  a machine  \s  R = aE  + h and  it  is  found 
that  when  R = 100,  E = 25,  and  when  R ==  250,  E = 60.  Find 
a and  h and  state  the  formula. 

2.  The  cost  of  printing  a number  of  posters  follows  the  formula 
C = pn  s where  p is  the  price  per  poster  for  press  work  and  s 
is  the  cost  of  setting  up  the  type.  If  a printer  quotes  $17.00  for 
200  posters,  or  $32.00  for  500  posters,  find  p and  5. 
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3.  The  theoretical  formula  for  a block  and  tackle  for  lifting 
heavy  weights  is  P = — + /,  where  m is  the  mechanical  advantage 
and  / is  the  opposing  force  of  friction.  In  operation  a pull  of  55  lb. 
will  shift  a weight  of  500  lb.  and  a pull  of  105  lb.  will  lift  half  a ton. 
Find  the  mechanical  advantage. 

4.  If  a salesman  is  on  salary  plus  commission,  his  income  follows 
the  formula  I = pB  S where  p is  the  percentage  allowed,  B is 
the  sales  in  dollars,  and  S is  the  salary.  In  the  first  month  he  sells 
$2000  worth  of  goods  and  gets  $400  and  in  the  second  month  he  sells 
$3000  and  gets  $550.  Find  the  monthly  salary. 

5.  The  cost  per  hour  to  operate  a steamboat  depends,  in  part, 
on  the  cube  of  the  speed.  The  formula  is  C = ks^  + u.  On  one  trip 
at  10  m.p.h.  the  cost  per  hour  is  $20.00  and  on  another  trip  at 
12  m.p.h.  the  cost  per  hour  is  $27.28.  Find  k and  u.  Then  find  the 
cost  per  hour  at  6 m.p.h. 


Problems  on  Mixtures 

Example:  A dealer  has  2 tanks  of  anti-freeze.  Tank  A contains 
62%  glycerine  and  tank  B contains  43%  glycerine.  How  many 
gallons  from  each  should  he  mix  to  fill  a demand  for  75  gallons  to  be 
47%  glycerine? 


Solution:  Let  x gallons  be  taken  from  tank  A and 
let  y gallons  be  taken  from  tank  B. 


x + y = lb  (1) 


62x  433;  47 

-i.  — y 75 

100  100  100 


(2) 


100  X (2)  %2x  + 43y  = 3525 
43  X (1)  43x  + 43y  = 3225 


Subtract  19x  = 300 

= 15-8  (approx.). 


Substitute  in  (1)  15-8 + y = 75 

y = 59-2  (approx.). 

He  should  mix  15-8  gallons  from  tank  A with  59  -2  gallons  from 
tank  B. 
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Exercise 

B 

1.  The  analyses  on  the  labels  of  two  bottles  of  sulphuric  acid 
show  that  their  purity  percentages  by  weight  are  96  • 3%  and  33  • 1%. 
How  many  grams  should  be  used  from  each  bottle  to  make  up  100 
grams  of  acid  of  45%  strength? 

2.  Dairies  buy  milk  by  weight  from  the  farmers  and  separate  it, 
for  some  purposes,  into  skimmed  milk  and  cream.  If  the  government 
requires  milk  for  sale  to  be  4 -6%  butter  fat,  how  many  lb.  of  cream 
testing  32%  butter  fat  and  how  many  lb.  of  skimmed  milk  testing 
0-4  of  1%  butter  fat  should  be  mixed  to  make  1000  lb.  of  milk  for 
sale? 

3.  In  metallurgy,  srhall  amounts  of  some  metals  make  a big 
difference  in  the  product.  If  the  Cast  Iron  Co.  Ltd.  has  two  lots  of 
iron  which  are  known  to  contain  respectively  0-50%  and  0-81% 
manganese  and  an  order  comes  in  for  800  lb.  of  castings,  specified 
to  contain  0-65%  manganese,  how  many  lb.  from  each  lot  should 
be  melted  together  to  fill  the  order? 

4.  Brass  is  an  alloy  of  copper  and  zinc  in  any  reasonable  ratio. 
For  a certain  kind  of  marine  fixture  the  brass  is  required  to  be  4 parts 
copper  and  3 parts  zinc.  If  the  foundry  department  has  on  hand  two 
types  of  brass  containing  respectively  40%  copper  and  60%  copper, 
how  many  lb.  of  each  should  be  used  to  make  up  700  lb.  of  the  type 
required? 


CHAPTER  III 


FACTORING 


Special  Products 

Examples: 

1.  {x  - 5)  (:c  + 7)  = + 2x  - 35. 

2.  (5a  - 36)  (2a  - 46)  = lOa^  - 26a6  + 1262. 

3.  {5x  + 3:y)2  = 25x2  + 30x3^  + 93^2. 

4.  (2a  + 36)  (2a  - 36)  = 4a2  - 962. 


Exercise 

A 

Write  the  product  in  each  of  the  following  cases: 


1. 

(x  + 6)  (x  + 1). 

3. 

(m  — 4)  (m  + 2). 

5. 

(x  - 3)  (x  - 4). 

7. 

(x  - 3)  (x  + 4). 

9. 

(x  + 4)  (x  + 4). 

11. 

(x  — 4)  (x  — 4). 

13. 

(x  + 4)  (x  + 1). 

15. 

(x  + 5)  (x  - 5). 

17. 

(x  - 6)  (x  + 6). 

19. 

(x  + 2m)  (x  — 2m). 

21. 

(3^  + 56)  (3^  + 26). 

23. 

(3x  + 2)  (2x  + 5). 

25. 

(3x  - 1)2. 

27. 

(3a  + 46)2. 

29. 

(2x  + 3^)  (^  + 3.7)  • 

31. 

(2x  — 3^)  (5x  +^7j). 

33. 

(7a6  - 3)  (2a6  + 4). 

35. 

(2m  — 5rk)  (2m  + 5rk) 

37. 

{5cd  - 3ef)  {5cd  + 3e/). 

39. 

(x  + 3^)  (a  + 6). 

2.  (3^  + 2)  (3^  + 3). 

4.  {k  - 3)  (/fe  + 6). 

6.  (x  + 3)  (x  + 4). 

8.  (x  T 3)  (.V  — 4). 

10.  (x  + 4)2. 

12.  (x  -4)2. 

14.  (x  + 3)  (x  — 3). 

16.  (x  + 2)  (x  — 2). 

18.  (x  + 3^)  (^  - y)- 
20.  (3^  + 3w)  (y  + 4w) 

22.  (2x  + 1)  (x  + 3). 

24.  (2x  — 33^)  (2x  + 37). 
26.  (2x  + 3)2. 

28.  (3a  + 46)  (3a  - 46). 
30.  (4m  — 3)  (3m  + 5). 

32.  (7m  + 2n)  (3m  — 4«). 
34.  {dab  — 2cd)  (5a6  + Scd) 
36.  (a6  + 3(/)2. 

38.  (x3'  + 3mw)  {xy  — mn) 
40.  (2x  — 33^)  (3x  + 23^). 
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Example  1:  Simplify  (x  + 3)^  — + 5)  (x  — 7). 

Solution:  (x  + 3)^  — (x  + 5)  (x  --  7) 

= (x2  + 6x  + 9)  - (x2  - 2x  - 35) 
= x2  + 6x  + 9 - x2  + 2x  + 35 
= 8x  + 44. 

Example  2:  Simplify  5(2x  — 7)  (2x  + 7)  — 3(4x  — 3)^. 

Solution:  5(2x  - 7)  (2x  + 7)  - 3(4x  - 3)^ 

= 5(4x2  - 49)  - 3(16x2  - 24x  + 9) 
= 20x2  - 245  - 48x2  + 72x  - 27 
= -28x2  + 72x-  272. 


Exercise 

B 

Simplify: 

1.  (x  - 2)  (x  + 5)  - (3x  - 4)  (2x  - 1). 

2.  (5a  - 3&)  (2a  + 5)  + (a  - 35)  (4a  + h). 

3.  (x  - 5)  (x  + 5)  - (x  - 3)  (x  + 3)  + (x  - 2)  (x  + 2). 

4.  (x  — 4)  (x  — 7)  + (x  — 3)  (x  + 2)  — (x  + 5)  (x  + 3). 

5.  (x  + 2)2  - (x  - 7)2. 

6.  (3x  - 1)  (2x  + 1)  - (x  - 4)2. 

7.  (3a  - 25)  (3a  + 25)  - (5a  + 45)2. 

8.  (a  - 3)  (a  + 5)  + (6a  - 1)  (a  + 6)  - (a  + 5)2. 

9.  (x  + 1)2  - (x  - i)2. 

10.  2(5x  - 1)  (3x  + 2)  - 3(x  - 4)  (x  + 6). 

11.  3(x  - 4)  (x  - 7>  - 2(3x  + 1)  (x  - 2). 

12.  4(x  - 1)  (2x  + 5)  + 3(4x  - 3)  (4x  + 3). 

13.  3(x  - 1)2  + 2(x  - 2)2. 

14.  (x  - 3)  (x  - 5)  - 2(x  + 2)  (x  - 4). 

15.  6(2x  + 3)  (3x  - 2)  - 4(5x  + 1)  (2x  - 2). 

16.  4(a  - 35)  (a  + 35)  + 3(a  - 45)  (a  + 45). 

17.  2(3x  — 2y)  (2x  — 5y)  — 3(x  — 4y)  (x  -f  4y). 

18.  5(a  - I)  (a+  i)  - 3(a+  i)2. 

19.  6(2a  - 55)  (3a  - 25)  + a(3a  - 35)  . 

20.  2(x  + 1)  (x  - 1)  - 3(x  - 4)  (x  + 4). 
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Example:  Solve  and  verify; 

2(x  - 1)2  - S{x  - 2)  (x  + 3)  = 32  - (x  - 3)  (x  + 4). 


Solution: 

2(x  - 1)2 
2(x2  - 2x  + 

2x2  — 4x  + 

Verification: 

L.S.  = 2(-5)2  ■ 
= 50-18 
= 32. 


3(x  - 2)  (x  + 3) 
- 3(x2  + X - 6) 
3x2  _ 3^  18 

— 6x 

X 

3(-6)(-l) 


32  - (x  - 3)  (x  + 4) 
32  - (x2  + X - 12) 

32  - x2  - X + 12 

24 

-4. 

R.S.  = 32  - (-7)  (0) 
= 32+0 
= 32. 


Exercise 

B 

Solve  and  verify: 


1. 

(x  + 

7)  (x- 

-3)  = 

= (j:  - 1)  (j:  + 

1). 

2. 

(x  + 

5)2 

- 

- 

3)  - (:>:  + 2)  (*+!)=  44. 

3. 

(x  + 

5)2 

- 

(X 

+ 

-S3 

1-0 

II 

p 

4. 

(2x  - 

- 7) 

(x 

+ 

5) 

= (2x  - 9)  (x 

- 4)  + 229. 

5. 

(x  + 

1)2 

+ 

(x 

+ 

2Y  + (j:  + 3Y 

= 3(x  + 1)  (x  + 4)  - 7, 

6. 

x{x  + 1) 

+ 

(x 

+ 

1)  (x  + 2)  = 2ix  + 1)  (x  + 3). 

7. 

(x  + 

11) 

- 

2) 

= (x  - 7)  (x  - 

- 1)  + 107. 

8. 

5(x  - 

-3) 

(x 

+ 

3) 

- 2(x  + 1)2  = 

3(x  - 4)  (x  + 2)  - 17. 

9. 

(x- 

1)2 

= 

(x 

- 

5)  (x  + 2). 

The  Square  of  a Trinomial 

By  multiplication  it  is  found  that 
(3x  - 2y  + 52)2  = 9^2  _i.  4^2  _|_  25^2  _ i2xy  - 20yz  + 302x. 

From  this  the  following  rule  may  be  deduced: 

To  square  a trinomial 

1.  Square  each  term. 

2.  Add  twice  the  cross-products  taken  in  pairs. 


34 


SENIOR  TECHNICAL  MATHEMATICS 


Exercise 


B 


Expand : 


1.  {x  — 2y  Zzy. 
3.  (3x  — y — 2)2. 
5.  {-X  - y - 2)2. 


2.  {5a  - 4&  + 2c)  2. 

4.  {-7a  + 26  - 3c)2. 
6.  (2a2  - 3a  + 1)2. 


Simplify: 

7.  3(x  — y zY  2{x  + y — 2)2. 

8.  3(2a  - 36  + c)2  - 2(3a  - 6 - 2c)2. 

9.  5{a  - 36  + c)2  - 2{a  + 26  - c)2  + (-2a  - 6 + 3c)2. 


Review  Exercise 


B 


1.  Solve:  3w  + 60  = 15m  + 3 — 2m  + 7. 

2.  Simplify:  (12x^  — 7^2  + 4x)  — {2x^  + 3x2  _ _|_ 

(4x^  — 5x2 

3.  A man  spent  $175  in  January.  He  paid  a certain  sum  for 
room  rent,  twice  as  much  for  board,  as  much  for  clothing  as  for  board, 
and  $50  for  incidentals.  How  much  did  he  spend  for  each? 

4.  What  quantity  when  divided  by  a2  — a + 2 gives  a^  + 2a  — 3 
as  quotient  and  3 as  remainder? 

5.  Divide  44m^  — 83m®  — 74m2  + 89m  + 56  by  4m2  — 5m  — 7. 

6.  Subtract  3a  — 5(6  + 2c)  from  5c  — (46  — 5a). 


0-4%NI 

R 


7.  If  <2  = 


solve  for  (1)  N,  (2)  R. 


8.  Divide  6x2^222  _ i2xy‘^z^  — 15x®y22  by  — 3xy2. 

9.  Find  the  value  of  a®  + 6®  + c®  — 3a6c  when  a = 2,  6 = 3, 
c = -5. 

10.  Find  the  product  of  x — 2,  x + 2,  x2  + 4,  x'*  + 16. 


12.  A lot  of  brass  scrap  weighing  350  lb.  contains  30%  zinc. 
How  many  pounds  of  zinc  must  be  added  in  melting  to  raise  the 
percentage  of  zinc  to  40% ? 

13.  Remove  the  brackets  and  arrange  the  result  in  descending 
powers  of  a: 


2a(3a2  - 2)  - 4(a2  - 3a)  + 6a(2a  - 2)  - 5(a2  - a). 
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14.  If  a = 2,  6 = —2,  c = 3, 
(a)  SabH, 

(c)  (3a  - 2b)  {2c  - 5d), 

2a  + 6 b -{•  2c 

{e) 1 , 

c a 


= 0,  find  the  value  of: 
(b)  2a^cH, 

{d)  2a^b  - 3ab\ 

(/)  3a  - 2&  - 5c  + 4:d. 


15.  The  thickness  of  plate  required  in  a boiler  is  given  by  the 

pd 

formula  t = 

2fe 

(а)  If  ^ = 120,  d = SQ,  f = 15,000,  e = 0-6,  find  t. 

(б)  U t = h d = 50,  f = 18,000,  c = 0-5,  find  p. 

(c)  U t = I,  p = 150,  c = 0-75,  d = 60,  find  f. 

{d)  li  t = 0-3,  p ^ 140,  / = 20,000,  d = 48,  find  c. 

16.  Divide  a line  11 1 inches  long  into  three  lengths  so  that  the 
second  is  1^  times  the  length  of  the  first,  and  the  third  is  \ inch 
shorter  than  the  second. 

Find.ifa=-2,6  = 3,.=  -4..  = 10, 

e = —1. 

18.  Multiply  5x®  — 3x2y  — -f  4^3  3^2  ^ 2xy  — 3y2. 

19.  Solve  {2p  + 3)  {3p  + 2)  - {Op  - 1)  (/>  + 3)  = 0. 

20.  The  dividend  is  14a^  — — 20a‘^  + 12  and  the  quotient  is 

Ya^  + 3a  — 6.  Find  the  divisor. 

15a3  - 10a2  - 5a  , 

21.  Simplify (1  + 3a)  (2  — a). 


22.  A post  stands  with  i of  its  length  in  earth,  ^ in  water,  and 
5|  feet  above  water.  How  long  is  the  post? 


23. 


Solve 


. ^ 

20 


+ 7 


5. 


24.  A square  sheet  of  metal  a inches  to  the  side  has  a round  hole 
b inches  in  diameter  punched  in  it.  Find  the  area  of  the  metal 
remaining. 

25.  If  the  time  of  the  swing  of  a pendulum  is  represented  by  the 
formula 

/ = 2x  /Z,  find  L. 
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26.  A rod  14  feet  long  is  to  be  divided  into  two  parts,  one  of 
which  is  2-5  times  the  length  of  the  other.  Find  the  length  of  each. 

1^/2 

27.  The  moment  of  inertia  of  a rod  may  be  found  from  J = - . 

Find: 

(а)  I,  when  H7  = 5,  / = 35,  and  g = 32-2, 

(б)  /,  when  W = 4,  1 = 9,  and  g = 32. 

e t r ^ 1 

28.  Solve  for  x: c = -. 

X a 

29.  Divide  — a®  — lla^  — 10a  — 2 by  2a2  — 3a  — 1. 

30.  Divide  a®  + 4a2  — 2b'^  — S hy  a — h 2. 

31.  A weight  of  200  grams  is  suspended  from  a rod  25  centimetres 
from  the  fulcrum.  How  far  from  the  fulcrum  must  a weight  of  500 
grams  be  placed  in  order  to  balance  the  rod? 

32.  The  quantity  of  heat  lost  or  gained  by  a mass  of  water  is 
equal  to  its  weight  multiplied  by  its  change  of  temperature.  If  100 
grams  of  water  at  90°C,  are  mixed  with  150  grams  at  15°C,  what 
is  the  resulting  temperature  of  the  mixture,  supposing  no  heat  is 
wasted? 

33.  lit  = \ \\^  L,  express  L in  terms  of  t,  and  find  L when  t = 2-5. 

34.  If  C = 5-57  + 17  and  Y = 0-8iV  — 12,  express  C in  terms 
of  N,  and  find  C when  N = 200. 

35.  What  value  of  p will  make  Zp  — 2 exceed  p — 7 by  63? 

36.  Simplify 

3(x  — y + z)  + 2{y  — z + x)  — (z  — x + y) 

5(x  - 2y  + z)  - 2(y  - 3z  + 2x)  - (llz  - 2x  - lly)’ 

37.  Divide  lOx®  + 17x^  — 2x®  — llx^  — x + 1 by  2x^  + x — 1. 

FACTORING 
Common  Factor  Type 

Examples: 

1.  ax  — ay  az  = a(x  — y + z). 

2.  14x2  - 21x  = 7x(2x  - 3). 

3.  a{p  + g)  + b{p  + g)  = (^  + g)  (a  + b). 

4.  3x(&  - c)  - {b  - c)  = {b  - c)  (3x  - 1). 
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Exercise 

A 

Factor: 

1.  5a  + 105. 

2.  7a2  + 14a5. 

3.  lOw^  — 15m2w. 

4.  16a25  - 852. 

5.  m^n^  — \2mn. 

6.  4/)3  + 8/). 

7.  12m2  + 18mw. 

8.  13x2  + 26x3;  — 13. 

9.  51x^  — 17x23»2. 

10.  3(x  — y)  + a{x  — y).  11.  x{2a  — 3b)  + (2a  — 3b). 

B 

12.  Ibmn^  — 25m  + 5. 

13.  — lab^  + 14a6  — a. 

14.  3x3^  — 12x^  + 

15.  _ 18^  + 21  (f. 

16.  32pq  — 8g2  I6g. 

17.  k{m  + w)  — r{m  + w)  + sirn  + n). 

18.  x2(a  + 6)  — x{a  + 6)  + (a  + b). 

19.  2x{p  + g)  + x'^ip  + q). 

20.  3{x  -\-  y)  {a  b)  &k{x  y)  {a  + b). 

21.  4:m{2p  + 3g)  + 12ww(2/?  + 3q). 

22.  3(x^  — 2y‘^)  — x(:x:2  — 23^2). 

23.  x{x  + 1)  — (x  + 1). 

24.  5a{x  + 3y)  — 2b{x  + 33'). 

25.  x^{y  — 1)  — xiy  — 1). 

Trinomials  and  Perfect  Squares 

Examples: 

1.  + 7jc  + 12  = (x  + 4)  {x  + 3). 

2.  + 2x  - 8 = (^c  + 4)  (x  - 2). 

3.  — 5x  + 6 = (jc  — 3)  (x  — 2). 

4.  x^  — 3x  — 10  = (x  — 5)  (x  + 2). 

5.  x2  + 12x  + 36  = (x  + 6)  (x  + 6)  = (x  + 6)2. 

6.  x2  - 14x  + 49  = (x  - 7)  (x  - 7)  = (x  - 7)2. 

7.  a2x2  — laxy  + 123^2  = {ax  — ^y)  {ax  — 3y). 
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Exercise 

A 


Factor: 


1. 

X2 

+ 

5x  + 6. 

2. 

X2 

- 

5x  + 6. 

3. 

X2 

-f 

7x  + 12. 

4. 

X2 

- 

7x  + 12. 

5. 

m' 

• 3w  + 2. 

6. 

- 3m  + 2. 

7. 

X2 

+ 

5x  + 4. 

8. 

X2 

- 

5x  + 4. 

9. 

r2 

+ 

Ur  + 30. 

10. 

r2 

- 

Hr  + 30. 

11. 

r2 

+ 

Ur  + 10. 

12. 

r2 

- 

Hr  + 10. 

13. 

x2 

+ 

c4 

+ 

CO 

14. 

X2 

- 

13x  + 12. 

15. 

X2 

+ 

8x  + 12. 

16. 

X2 

- 

8x  + 12. 

17. 

X2 

+ 

7x  + 12. 

18. 

X2 

- 

7x  + 12. 

19. 

X2 

+ 

16x  + 63. 

20. 

- 9m  + 20. 

21. 

X2 

+ 

lOx  + 21. 

22. 

3,2 

+ 

143;  + 40. 

23. 

X2 

+ 

X - 30. 

24. 

X2 

- 

X — 30. 

25. 

X2 

- 

X - 56. 

26. 

X2 

+ 

X — 56. 

27. 

X2 

- 

2x  - 63. 

28. 

X2 

+ 

2x  - 63. 

29. 

X2 

+ 

5x  - 84. 

30. 

X2 

- 

5x  - 84. 

31. 

X2 

+ 

15x  + 36. 

32. 

r2 

- 

r - 72. 

33. 

X2 

+ 

Sxy  + 23^2 . 

34. 

X2 

- 

3x3'  + 23'2. 

35. 

X2 

- 

xy  — 23^2 

36. 

X2 

+ 

X3'  — 23'2. 

37. 

a2 

- 

Aab  + 352. 

38. 

m2 

- 4m  — 60. 

39. 

+ 

\lh  + 60. 

40. 

a252 

- 3a5  + 2. 

41. 

X2 

+ 

llx  - 42. 

42. 

r2 

+ 

3r  - 54. 

43. 

X2 

+ 

6x  + 9. 

44. 

X2 

- 

6x  + 9. 

45. 

X2 

+ 

4x  + 4. 

46. 

X2 

- 

4x  + 4. 

47. 

X2 

+ 

8x  + 16. 

48. 

X2 

- 

8x  + m. 

49. 

r2 

+ 

lOr  + 25. 

50. 

r2 

- 

lOr  + 25. 

51. 

X2 

+ 

14x  + 49. 

52. 

m2 

14m  + 49, 

53. 

X2 

16x  + 64. 

54. 

3,2 

- 

163'  + 64. 

B 

Find  three  factors  for  each  of  the  following: 

55.  6x2  _ i2x  + 6.  56.  3x2  _ 0^  _ 45 

57.  5x2  _ 50;c  + 125.  58.  7x2  _ _ 14. 

59.  ax2  + llax  + 18a.  60.  2x2  + lOx  — 48. 
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More  Difficult  Trinomials 

Example  1:  Factor  — Xlxy  + \2y"^. 
Solution:  Method  1. 


6x2 

— 17xy  + 123/2. 

6x 

- 12y 

6 

6 

6 

2 

6 

4 

6 

3 

X 

X 

X 

X 

X 

lx 

- ly 

1 

2 

1 

6 

1 

3 

1 

4 

3 

12 

3 

6 

3 

2 

3 

4 

3 

3 

X 

X 

X 

X 

X 

2 

1 

2 

2 

2 

6 

2 

3 

2 

4 

6x2  _ I'jxy  + 12j2  = (3x  — Ay)  (2x  — 83'). 

In  testing  all  the  possible  cross-products  the  letters  may  be  left  out. 
This  is  a rather  tedious  method,  and  the  following  method  may  be 
shorter  in  certain  cases: 

Method  2. 

6x2  _ I'jxy  + 12y2. 

Multiply  6 X 12  = 72.  The  factors  of  72  whose  sum  is  17  are  9 and 
8.  Hence  the  cross-products  must  be  9 and  8 which  gives  3x  — Ay 

X 

6x2  _ 17^3,  123,2  = (3^.  _ 43,)  {2x  - 3y). 

Example  2.  Factor  IO62  — 896  — 9. 

Solution: 

10  X 9 = 90  = 90  X 1. 

(Since  90  — 1 = 89), 

1062  _ 896  - 9 = (106  + 1)  (6  - 9). 

Example  3:  Factor  15  + 19x  — 8x2. 

Solution: 

15  X 8 = 120  = 24  X 5, 

(Since  24  - 5 = 19), 

15  -f  19x  - 8x2  = (3  - lx)  (5  + 8x). 


2x  — 3y 


106  + 1, 
X 

16  - 9, 


3 - lx, 

X 

5 -F  8x, 
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Exercise 

B 

Factor: 


1. 

2x2  + 

5x  + 3. 

2. 

5 - 

4x  — x2. 

3. 

— a — 56. 

4. 

4x2  . 

CO 

1 

1 

5. 

4a2  - 

16a  + 15. 

6. 

10a2 

- 21a6  - 1062. 

7. 

2x2  + 

5xy  — 33^2_ 

8. 

10m2  + 19mw  — 15^2. 

9. 

12x2  - 

- 5x3^  — 2y^. 

10. 

12m2  + 16mr  — 3r2. 

11. 

5w2  - 

■ I7m  + 6. 

12. 

3a2  - 

- Sab  - 3562. 

13. 

lOp^  - 

- 19pq  — 15g2. 

14. 

852  - 

- 145  - 15. 

15. 

6x2  + 

xy  — 3/2. 

16. 

33m‘ 

2 - 43w  - 20. 

17. 

3a2  - 

2ab  - 2162. 

18. 

Uk^ 

+ 29ks  - 1552. 

19. 

49^2  _ 

- 154:pq  + 121g2. 

20. 

49)fe2 

- 42jfe  + 9. 

21. 

25^2  + 20rm  + 4w2. 

22. 

4952 

+ 845  + 36. 

23. 

16m2  ■ 

+ 72m  + 81. 

24. 

9w2  - 

- 42«  + 49. 

25. 

121^2 

— 44a6  + 462. 

26. 

9w2 

— 12mr  + 4r2. 

Difference  of  Squares 

Examples: 

1.  — {x  — y)  (x  + ;y).  2.  — 25  = (x  — 5)  (x  + 5). 

3.  49x2  _ 043/2  = ijx  + 83;)  (7x  - 83;). 

4.  (x  - 3')2  -22  = [(x  - y)  - z]  [(x  - y)  + z] 

= {x  - y - z)  {x  - y + z). 

5.  — {b  — c)2  = [a  — {b  — c)]  [a  + {b  — c)] 

= {a  — b + c)  (a  + b — c). 


Exercise 


Factor: 

A 

1.  r2  - 52. 

2.  a262  — c2. 

3.  9x2  _ 1 

4.  x2  - 100. 

5.  81x4  _ 1213/2. 

6.  144a2  - i. 

7.  16w2  — 25«2. 

8.  9a2  - (6  + c)2. 

9.  (x  — 23/)  2 — z^. 

10.  x4  - 16. 

11.  p^  — m^. 

12.  (a  + 6)2  - r2. 

13.  (x  + 3^)2  - {p  + q)\ 

14.  (a  - 6)2  - (c  - d)\ 

15.  x2  — 4(3^  — z)2. 

16.  (2x  - 3)2  - 9. 
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Review  Exercise 


Factor: 

1.  3a®  — 7a2  + 4a. 

3.  25x^  - lO^c  + 1. 

5.  12x^  -\-9x-  30. 

7.  x^y  — xy^. 

9.  Qx^  — 13xy  + ^y‘^‘ 
11.  5 — 12y  — 9y^. 

13.  9a2  - 120a + 400. 
15.  — 6x  + 9 — y^. 

17.  15/+  11/  - 12. 
19.  24x2  13^  _ 2. 


2.  262  + 35-2. 

4.  2x®  - 18x. 

6.  x^  — 20x23;2  + 100/. 
8.  2a2  — 52a  + 50. 

10.  72x2  - X - 1. 

12.  (x  - /2  _ 25. 

14.  5x2  ^ _ 3 

16.  81a4  - 72a2+  16. 

18.  2a®  — 50a62. 

20.  a2  — 10a  + 25  — m^. 


21. 


v2  2y 


23.  162/  - 2x2. 

25.  25/)2  — Qpq  — IQq^. 
27.  (x2  + ;y2)2  — x2;y2. 
29.  8x®  — 80x2  _j_  i08;x:. 
31.  25x2  — (y  — z)2. 
x2  XV  v2 

16  6^9 


24.  18x2  + 19x  - 12. 

26.  18x2  _ 24xy  + 83^2. 
28.  40  + 65a  - 30a2. 

30.  12x  + 16x2  — 3x®. 
32.  6a2  + 41a6  - 3062. 

34.  48x2  + 44x3^  — 603^2. 


35.  36  - (2a  - 6)2. 
37.  35x4  _|_  i25x®  - 
39.  25x4  — 40x23/  + 


36. 

60x2. 

38, 

16/. 

40, 

27a2  - 36a6  + 1262. 

(X  — /2  _ 

42x2  _ 7^  _ 84 


Find  simplest  factors  of : 
41.  5a2  — 5a  — 360. 

43.  3x2  4.  i2x  + 9. 

45.  X®  — lOx®  + 9x. 


42.  9a4  - 10a262  + b\ 
44.  x4  — 5x2  4.  4_ 

46.  x4  - 16. 
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Grouping 

It  may  be  necessary  to  group  certain  terms  together.  This  is 
done  by  placing  them  in  a bracket,  changing  the  signs  if  a minus 
sign  is  placed  before  the  bracket. 


Example  1.  (Common  factor  by  grouping.) 


(a)  Factor  ax  — ay  bx  — by. 

Solution: 

ax  — ay  bx  — by 
= {ax  — ay)  + {bx  — by) 

= a{x  — y)  + b{x  — y) 

= {x  - y)  {a-\-  b). 


{b)  Factor  — 3x  + 4. 

Solution: 

6x®  — Sx^  — 3x  + 4 

= (6x3  _ 3^)  _ (g^2  _ 4) 

= 3x(2x2  - 1)  - 4(2x2  - 1) 

= (2x2  _ 1)  (3^  _ 4)^ 


Example  2.  (DifTerence  of  squares  by  grouping.) 


(a)  Factor  x2  — 6x  + 9 — y2. 
Solution: 

x2  — 6x  + 9 — y2 
= (x2  - 6x  + 9)  - y2 

= (x  - 3)2  - y2 
= (x  - 3 - y)  (x  - 3 + y). 


{b)  Factor  ^2  — 62  _|_  — 16c2. 

Solution: 

a2  - 62  86c  - 16c2 

= a2  _ (^,2  _ gjc  + 16c2) 

= a^-  {b  - 4c)2 
= {a—  b + 4tc)  {a  + b —4c). 


Exercise 

A 

Factor: 


1. 

x(6  - c)  + y(6 

- c). 

2. 

5a  {x 

- 2y)  - 36(x  - 2y). 

3. 

ax  ay  bx  4-  by. 

4. 

2ax  - 

F 36y  “h  36x  T 2ay. 

5. 

(x  + y)2  -22. 

6. 

a2  — 

{b  - c)K 

7. 

x2  + 6x  + 9 — 

y2. 

8. 

a2  — 

62  - 146c  - 49c2. 

B 

9. 

xy  + y2  — X2  - 

- y2. 

10. 

x3  _ 

1 

+ 

11. 

2ax  — 36y  — 2ay  + 36x. 

12. 

7x3- 

- x2  + 14x  - 2. 

13. 

x2  — 4x  + 4 — 

y2 

14. 

a2  - 

62  -f  66  - 9. 

15. 

x2  - 6x  + 9 - 

- 9y2. 

16. 

25  - 

x2  — lOxy  — 25y2. 
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Perfect  Squares 

It  is  often  necessary  to  recognize  an  expression  as  a perfect  square, 
(x  + y)2  = + 2xy  + 

{x  — yY  = — 2xy  + y"^. 


Example  1.  To  express  each  of  the  following  as  the  square  of  a 
binomial,  (if  possible): 

Solution: 

(а)  + 6x  + 9 = (x  + 3)2, 

(б)  x'*  - 8x2  _j-  16  = (x2  - 4)2, 

(c)  x2  + 12x  + 25  = not  a perfect  square, 

{d)  9x2  _ i2xy  -f  4^2  = (3;^  _ 2y)2, 

Note:  In  each  of  the  above  it  is  necessary  to  check  the  middle 
term,  which  must  be  twice  the  product. 


Example  2:  Find  the  missing  term  required  to  make  each  expres- 
sion a perfect  square: 


Expression: 

{a)  x2  — . . . + 9, 

(6)  a2  + . . . -F  \b\ 

(c)  49x'‘  - . . . + 25, 

(d)  x2  -f  lOx  + . . ., 

(e)  a^  -j-  3a  -j-  , 

if)  3Qa*  - 12a2  + . . ., 

ig)  25x'  -f  20x2y2  + . . 


Solution: 

(x  — 3)2,  missing  term  — 6x. 

(a  + \hY,  missing  term  -f-  ab. 

(7x2  _ 5)2^  missing  term  — 70x2. 

(x  -f  5)2,  missing  term  + 25. 

/ 3 9 

(a  + -)2,  missing  term  -f 

2 4 

(6a2  — 1)2,  missing  term  -f  1. 

(5x2  2y2)2^  missing  term  + 4y. 


Exercise 


A 


1.  Express  each  of  the  following  as  the  square  of  a binomial, 
(if  possible) : 


(a)  x2  — 6x  -f  9, 

(c)  x^  + 8x2  16; 

(e)  x'^  - x2  + i, 
ig)  x^  4-  14x2  25, 

ii)  x^  -f  4x2  -F  3, 


(6)  x2  + 3x  + 1, 
id)  X*  + 10x2  + 25, 
if)  x2  - xy  + |y2^ 
ih)  x'*  - 12x2y2  -F  36y, 
ij)  9x*  + 12x2  -F  4. 
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2,  Find  the  missing  term  required  to  make  each  of  the  following 
a perfect  square: 

{a)  x2  - . . . + 25, 

(b)  x2  + . . . + 49, 

(c)  x^  + . . . + y\ 

(d)x^-...  + l 

(e)  Ox'^  + . . . + 36, 

(J)  x2  — 8x  + . . ., 

(g)  x^  + 12x2  + . . ., 

(h)  X*  + 2x23/2  + . . ., 

(i)  x^  — 6x2  4-  . . 

(j)  x^  — 50x2  _ 

Incomplete  Square 

Example  1. 

Factor  + 4. 

Solution: 

x^  + Bx^  + 4 
= (x^  + 4x2  + 4)  — x2 
= (x2  + 2)2  - x2 
= (x2  + 2 — x)  (x2  + 2 + x) 
= (x2  — X + 2)  (x2  + X + 2). 


Example  2:  Factor  x^  + 4y. 
Solution: 

X4  -|-  4^4 

= (x^  + 4x2;y2  -(-  4y)  — 4x23^2 
= (x2  + 23/2)2  _ (2x3;)  2 
= (x2  -f-  23/2  — 2xy)  (x2  + 23/2 
= (x2  — 2xy  + 23/2)  (^2  + 2xy 

Example  3: 

Factor  x^  + 8x2  _|_  7^ 

Solution: 

x^  + 8x2  + 7 
= (x^  + 8x2  4_  10)  _ 9 

= (x2  + 4)2  - 32 
= (x2  + 4 - 3)  (x2  + 4 + 3) 

= (x2  + 1)  (x2  + 7). 


Note: 

x^  + Bx2  + 4 is  almost 

= (X2  + 2)2. 

Since  (x2  + 2)2  = + 4^2  + 4 

it  is  necessary  to  increase  the 
middle  term  to  4x2  in  order  to 
obtain  a perfect  square.  It  is 
then  necessary  to  subtract  x2  to 
avoid  changing  the  value  of  the 
expression. 


Note: 

(x2  + 23/2)2  = + 4x23/2  + 43/^ 

2xy) 

y2). 


Note: 

(^2  _|_  4)2  ==  ^4  4_.8x2  4.  10^ 

This  example  may  also  be  fac- 
tored as  a trinomial. 
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Exercise 

B 


Factor  by  the  incomplete 

1.  + 1. 

3.  + 5x^  + 9. 

5.  + 5. 

7.  + lla2  + 100. 

9.  + 4x2  + 3. 


square  method: 

2.  x^  - 3x2  q.  I 
4.  x'‘  + x2  + 25. 

6.  9a*  - 15a2  + l. 
8.  a*  - 24a2  + 100, 
10.  x^  + 20x2  + 99. 


The  Factor  Theorem 

By  factoring,  x2  — 5x  + 6 = (x  — 2)  (x  — 3). 

It  is  easy  to  see  that  if  2 is  substituted  for  x,  one  of  the  factors  will 
become  0,  and  the  product  will  become  0.  Thus  x2  — 5x  + 6 
becomes  0 only  if  2 or  3 is  substituted  for  x. 

Example  1:  Test  whether  (x  — 5)  is  a factor  of  x2  — 6x  + 5. 
Solution:  Substituting  x = 5 

x2  - 6x  + 5 = 25  - 30  -f  5 = 0. 

Therefore  x — 5 is  a factor  of  x2  — 6x  + 5. 

Example  2:  Test  whether  x + 3 is  a factor  of  x2  — 3x  — 18. 
Solution:  x + 3 = x — ( — 3). 

Substituting  x = — 3 

x2  - 3x  - 18  = 9 + 9 - 18  = 0. 

Therefore  x + 3 is  a factor  of  x2  — 3x  — 18. 


The  Factor  Theorem 

If  a polynomial  in  x becomes  0 when  a is  substituted  for  x,  then 
(x  — a)  is  a factor  of  the  polynomial. 

This  theorem  may  be  used  to  test  factors.  It  may  also  be  used 
to  discover  factors  in  more  difficult  cases.  The  second  factor  may 
be  found  by  division. 


Example  1: 

Factor  x®  — x2  — x — 2. 

X2  + X + 1 

Solution: 

X - 2)x2  - x2  - X - 2 

Substitution 

Value  of  Expression 

x3  - 2x2 

x2  — X 

X = 1 

1 - 1 - 1 - 2 = -3 

x2  — 2x 

X = 2 

00 

1 

1 

to 

1 

to 

11 

o 

X - 2 
X - 2 

(x  — 2)  is  a factor.  0 

x3  — x2  — X — 2 = (x  — 2)  (x2  + X + 1). 
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Example  2:  Factor  — S7x  — 35. 

Solution: 


Substitution 

Value  of  Expression 

X = 1 

X = 2 

X = -1 

1 - 1 - 37  - 35  = -72 

8 - 4 - 74  - 35  = -105 
-1  - 1 + 37  - 35  = 0 

(x  +1)  is  a factor. 


0:3  - jc2  - 37jc 


35  = (x  + 1)  (x2 
= (x  + 1)  (^  - 


2x  - 35 


X + l)x3  - x2  - 37x  - 35 


X*  + x^ 


2x2  _ 37^ 

2x2  - 2x 


■ 2x  - 35), 
7)  (x  + 5). 


— 35x  — 35 

— 35x  — 35 


Exercise 

A 

By  trial  substitutions,  discover  a factor  of  each  of  the  following: 


1.  x2  - 18x  + 17. 

3.  x3  - 27. 

5.  x^  — 3x2  ^ 5^  _ 0 
7.  x®  - y\ 

9.  2x^  — 7x2  _ 5^  ]^Q 

1.  10x3  + 3x2  _ 1. 


2.  x3  — 5x2  _|_  3^ 

4.  x3  + 27. 

6.  x3  - 2x2  _ 9 

8.  ^3  — 7a  + 6. 

10.  x3  — 2x2  — X + 2. 
12.  y3  _ 0^2  _ 9^  _|_  14. 


13.  Factor  each  of  the  above  expressions. 
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Sum  and  Difference  of  Cubes: 

Example  1:  Factor  — y^. 


Solution: 

x2  + xy  + 3^2 

X — 3')x3  — 3^3 

X3  — X23; 

Substitution 

Value  of  Expression 

X = y 

0 

1 

x'^y 

xiy  — xy"^ 

(x  — 3^)  is  a factor. 

1 1 

IN 

II 

1 

- 3^)  + ^3^  + y^)- 

0 

Example  2:  Factor  x3  + y"^. 

x2  — X3>  + 3'2 

X + 3;)x3  + 3^3 

Solution: 

x3  + x'^y 

Substitution 

Value  of  Expression 

— x^y 

— x'^y  — X3'2 

X = —y 

-^3  _p  = 0 

X3,2  ^ y3 
^3,2  _|_  y% 

0 


{x  + 3')  is  a factor. 

-\-y^  ==  (x  -t-  3;)  {x‘^  -xy  + 3^2). 

Formulas: 

+ 1/3  = (jc  (^2  _ jfy 

X®  - 1/3  = (x  - y)  (x2  + XI/  + 1/2). 

Example  1:  Factor  x3  — 27. 

Solution:  x3  — 27  = x®  — (3)3, 

= (x  — 3)  (x2  + 3x  + 9). 

Example  2:  Factor  8x3  _|_  1253^3. 

Solution:  8x3  ^ 1253'3  = (2x)3  + (53^)3, 

= (2x  + 53;)  (4x2  _ loxj  + 25y2). 

Example  3:  Factor  1 — |a3 

Solution:  1 — \a^  = (1)3  — {\aY, 

= (1  — \a)  (1  + + |a2). 
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Exercise 

B 


Factor  each  of  the  following: 

1.  + h^. 

3.  — 8. 

5.  + 21y^. 

7.  125x3  - 273^3. 

9.  1 + (x  + 3')  3. 


2.  a3  — h^. 

4.  x3  + 64. 

6.  1x3  - 1. 

8.  x3  + 1728, 
10.  2x3  _ 


11.  ax3  + <23;^ 


1 1 
8 “ 27y  ’ 


Summary  of  Factoring  Types: 


1.  Common  factor 

2.  Simple  trinomial 

3.  Perfect  square 

4.  More  difficult  trinomial 

5.  Difference  of  squares 

6.  Grouping  — to  get  common  factor 

— to  get  difference  of  squares 

7.  Incomplete  square 

8.  Factor  theorem 

9.  Sum  of  cubes 

10.  Difference  of  cubes 


ax  + ay. 
x^  — 5x  + 6. 
x2  + lOx  + 25. 

3x2  _ 4^  _ 7. 
x2  - 9y2. 

x3  — 5x^  — 2x  + 10. 
x^  + 6x  + 9 — y^. 

x4  + 7^2  + 16. 

x3  - 3x2  4_  2. 
x3  + 27. 

8x3  _ yZ^ 


Review  Exercise 

B 


Factor: 

1.  6x  — 12y  + 3z. 

3.  x2  — 8x  + 16. 

5.  25x2  - 16. 

7.  x2  — y2  _ 2'y  — 1. 

9.  x^  + 2x  — 3. 

11.  X3  - 1. 

13.  x2  — 7x  — 18. 

15.  10x2  _ 9^  _ 7_ 

17.  x2  — 3xy  + X — 3y. 
19.  x^  - 12x2  + 4. 


2.  x2  — 6x  + 5. 

4.  5x2  _ 22x  + 8. 

6.  x2  — x3  + 3 — 3x. 

8.  x^  - 3x2  4.  1 

10.  a3  4_  8. 

12.  3x2  _ 2I3;. 

14.  x2  — 14x  + 49. 

16.  25x2  - 16y2. 

18.  x2  — 3^2  — 4x  + 4. 
20.  x3  — x2  — 3x  + 3. 
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21.  1 + x^y\ 

23.  — 12xy. 

25.  x"^  — X + 

27.  x"^  — {y  — zy. 

29.  9x2  _ 25^2  _|_  jQy  _ I 
31.  — 7x  + 6. 

1 1 


35.  3(x  - 1)2  - X + 1. 

37.  64x^  + y. 

39.  x^  + x23;2  — 2y. 

41.  x23;2  — 1 — 2xy. 

43.  15x2  — 4x  — 3. 

45.  1 — X — x2  + x2. 

47.  6x2  _ 8x  - 30. 

49.  x2  + 253^2  — 1 — lOxy. 


22.  (x  - yy  - 27. 

24.  a2  - 3ab  - 2862. 

26.  10x2  — 19x  + 6. 

28.  2x2  + 4xz  — 3x3^  — 63^2. 
30.  X*  + 4. 

32.  x2  + y^z^. 

34.  1 — (a  — b)^. 

C 

36.  x^  - 3x2  _ 4 
38.  a®  — 6®  + a — 6. 

40.  4x2  _ 20ax  + 25a2. 

42.  x^  — 3x2  _ 4_ 

44.  a2  — 2ab  + b^  a — b. 
46.  a®  + 6®. 

48.  X®  — 6x2  _j_ 

50.  X®  — 3/®. 


Applications  of  Factoring 
Reduction  of  Fractions 

A fraction  may  be  reduced  to  lowest  terms  by  dividing  numerator 
and  denominator  by  a common  factor. 

Examples: 

Arithmetic:  15  0X3  3 

^ “ 0X4  ~ 4’ 

1 


Algebra:  ab  + ac 

62  - c2 


1 

a Kc)  _ O' 

(6  - c)  (iH^y  ~ b - c' 
1 


Note:  A fraction  cannot  be  reduced  unless  a common  factor  is 
found  in  both  numerator  and  denominator. 

Examples: 
a + 6 

1.  cannot  be  reduced. 


a 
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:c  + 6 , , 

2.  — — - cannot  be  reduced. 


3. 


-f-  3 

+ 5x 
X + 5 


“T  “ *■ 

1 


Exercise 

A 

Reduce  to  lowest  terms  where  possible. 


7. 


10. 


13. 


16. 


19. 


ab 

2. 

a b 

X 

a — c 

a 

a 

a c 

ab 

Qx^y 

15x2 

ac' 

2xy  ' 

o« 

5x2  • 

a^  - 62 

8. 

x2  - 7 

9. 

a^  — 2a 

(a  - 6)2- 

x2  + 3' 

a — 2 ' 

x2  - 7x  + 12 

11. 

9x  — 63' 

12. 

x2  — 4x  + 4 

x2  — 5x  — 6 

i5x  — loy 

x2  - 4 

ax  + ay 

14. 

^2  - 62 

15. 

a2  - 2a  - 15 

ab  + ac 

a^  - 62 

a^  — ba 

flx2  + ay'^’ 

17. 

X®  — x2 

18. 

6a2  - 12a 

bx^  — by*' 

X2  - 1* 

a2  — 4 ’ 

23' 


Multiplication  and  Division  of  Fractions 


Examples: 


In  arithmetic 


(a) 


3 2 ^3  2 

5^3=5X3; 


2 

5’ 


(b) 


5 

6 


10  5 ^9  ^3  ^3  X 3 

9 “ 6 ^ 10  ~^3  X 2 ^^3  X 2 


3 

4‘ 
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In  algebra 


ax  ab  ax  ah 

(a)  — X — = — X — = 

by  xy  ^y  ^y 


3,2’ 


^2  y2  ^ y 

2x  — 2>y  4x  — 63/’ 

^ (2:^^)  (x  + y) 

= 2(x  + y). 


Exercise 

B 

Simplify  each  of  the  following: 

4a&  ' Ix’^y  9x^ 

2.  — X . 

'2a'  ’ 3x  21y“ 

^ - Zab  + 2b^ 

a"^  -j-  2ab  -(-6^  a b 

m + 3«  3w2 

5m  m^  — 

5a  — 3b  ^ 2a  -\-  b 
25a^  - 952  " 5o  + 35  ■ 

4m  + 3 3m  + 2 ^ 

16m2  - 9 ""  15  ■ 

Aab  7a  + 14  3 

10.  X . 

1252  a + 2 245^ 

3x  — 15y  _ x^  — 9y2 

x^  — 6x3/  + 5y2  — 4xy  + 3y'^ 


x2  - 9 _ 2x  + 6 
x^  3x 

x^  — 16  X + 2 
*x2  — 2x  — 8^x  + 4 

^ 2x  _ 3x  — 1 4 

^ 9x2  _ 1 3x  + 1’ 
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3a&  — 7 a — b 

o2  - 62  9^262  _ 49' 

3mw  6m^ 

14. = . 

9m2  m — 2 


3x  + 2y  — 4y^ 

13  ! ± y 

* 9x  + 63^  {x  — 2y)^' 

bp  + lOg  p’^  - 4g2 
bp  - lOg  3^  + 6g' 


Addition  and  Subtraction  of  Fractions 


In  order  to  add  and  subtract  fractions,  it  is  necessary  to  change  each 
to  an  equivalent  fraction  with  a common  denominator. 

Examples: 


A . u • / N 2 ,4  10  + 12 

Arithmetic : (a)  - + 7 = — 77 — 
00  lo 


15’ 


4 + 5 
6 


9 

6’ 


9 


Algebra : (a)  7 + 7 = 
b d 


ad  + be 
bd  ’ 


Z{x  + y)  — 2x 

^2  _ yi 


Jg  + 3y 

^2  — y2 


Simplify: 


5. 


7. 


xy  yz 


Exercise 

A 


6. 


+ 


y 

a b 


FACTORING 
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^ 


11. 


13. 


15. 


17. 


19. 


20. 


a — 3 a + 2 
2 5 


m — 2 w + 6 

5a  3a 
4~‘ 


7a  2a  3a 

~3  ~ T To' 


4a 


3a 


5a  — 1 5a  + 1 
x2  + 3x  + 2 2x 


10. 


12. 


14. 


16. 


X + 4 X + 5' 


5 ^ 2 


a b a — b a b 

_ A 

A ~ 6x' 

2a  — S 3a  — 2 


5a  7a  — 2 


X2  — 1 X + 1 

3m  — 9 2m  + 3 m — 2 


21. 


22. 


23. 


r + 1 2r  - 1 5r 

2 3 ^ T' 

a + 6 2a  — b . 3a  — b 


2 ^ 7 


m — n m n m"^  — n 


24. 


25. 


26. 


5x2  _ x2  + 4x  + 4 


x2  - 4 (x  + 2)  (x  - 3)' 

x2  + 4x  + 3 _ x2  - 9 
x2  + 5x  + 4 x2  — 6x  + 9" 


m n m — n ^m"^  — 


4a  + 3 2a  — 5 ^ 6a  —7 


27. 


7 


3 


5 
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3(1  ~t~  7 5(z 

28. 

2a  — 4 a — 2 

— 49  2x 

29.  

— 8x  + 7 x^  ■ 

5m  2m  + 3 

30.  . 

3m  — 7 m — 2 

2a  + 4 3a  - 2 
a2  - 4 ~ a - 2 ■ 

3m  2 

^2.  — 4 

m — 7 m + 7 


2a  + 4 
a2  - 4’ 

- 2 


5m 

m^  — 49 


CHAPTER  IV 


RATIO  AND  PROPORTION,  VARIATION 
Ratio  and  Proportion 

The  ratio  of  one  quantity  to  another  is  the  fraction  formed  by 
placing  the  first  over  the  second,  when  both  are  expressed  in  the 
same  units. 

a 

The  ratio  of  a to  6 may  be  written  a -.h  or  - and  the  numbers 
a and  h are  called  the  terms  of  the  ratio. 

• . .a  . b 

The  inverse  ratio  of  - is  -. 

b a 

Since  a ratio  is  a fraction,  the  rules  applying  to  fractions  apply  also 
to  ratios. 

A proportion  is  an  equation  which  states  that  one  ratio  is  equal 
to  another. 

3 9 a c 

- = — and  - = - are  proportions. 

4 12  b d ^ ^ 

a c 

The  proportion  - — - may  be  written  a : b ::  c : d,  and  is  read  a is  to 
b d 

a . c 

6 as  c is  to  d,  or  - is  equal  to  -.  The  numbers  a,  b,  c,  d are  then  in 
b d 

proportion,  and  are  called  proportionals,  sometimes  numbered  first, 
second,  third  and  fourth  proportional.  The  first  and  fourth  propor- 
tionals are  called  the  extremes,  while  the  second  and  third  propor- 
tionals are  called  the  means. 

xc  ^ ■ 7 c ^ a d 

It  - IS  inversely  proportional  to  -,  then  - = -. 
b d b c 

a b 

If  — = — then  a,  b,  and  c are  in  continued  proportion  and  b is  the 
b c 

mean  proportional  between  a and  c. 

Example  1:  Express  as  a fraction  and  simplify  each  ratio. 

(a)  54:81.  (6)  ab  :b'^.  (c)  mx  :my. 
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Solution: 


{a) 


M _ 2 
“ 3’ 


ib) 


ab 


a _ a 


(^) 


mx 

my 


1 

jnfX  X 

Yrxy 


X 

y 


Example  2:  Which  of  the  ratios  is 
and  h are  positive)? 


5a  7a  , , 

greater,  zv  o**  (where  a 
lb  9b 


Solution: 


5a 

45a 

n 

la 

49a 

""  'm' 

la 

9b 


5a 

75* 


Example  3:  If  3,  7,  5,  x are  in  proportion,  find  x. 

o , • 3 5 

Solution:  - = -, 

7 X 

3x  = 35  (by  cross-multiplication). 


Example  J^.:  Find  a fourth  proportional  for  a,  b and  a H-  5. 

Solution:  Let  the  fourth  proportional  be  x. 
a a “f"  b 
b X 
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ax  = h {a  + h), 
X = h{  a+  b) 
a 


The  fourth  proportional  is 


b{a  +.6) 
a 


Example  5:  Find  the  mean  proportional  to  a and  c. 
Solution:  Let  the  mean  proportional  be  x. 

^ = ac,  X = ± \/ac. 


a _ X 
X c 

The  mean  proportional  is  + y/ ac. 


3 X 

Example  6:  If  - is  inversely  proportional  to  - find  x. 


o , . 3 5 

Solution:  - = 

5 X 


^x  = 25. 


" = 83- 


Exercise 

A 

Express  each  ratio  as  a fraction  and  simplify: 

1.  6:18.  2.  5a  : 3a.  3.  1^:5. 

4.  a^  : 2a&.  5.  ax  : ay.  6,  2x  : 6x. 


B 


7.  Which  ratio  is  greater  in  each  of  the  following  if  a and  b 
positive? 

a + 1 


, . 2a  8a 


ib) 


or 


a + 2 a + 3 


8.  Find  X in  each  of  the  following  proportions : 


X 


a X 

(e)  - = 
b a 


are 


58 


SENIOR  TECHNICAL  MATHEMATICS 


9.  Find  the  mean  proportional  between: 
(a)  3 and  27,  (b)  and 

(d)  7 and  14,  (e)  and  x®. 


(c)  5 and  20, 
(/)  ab  and  cd. 


10.  Find  the  fourth  proportional  to: 

(a)  4,  8,  10,  (b)  a,  ab,  b,  (c)  x,  y,  ax, 

{d)  I,  X,  y. 

X . . . a 

11.  If  - is  inversely  proportional  to  - find  x. 

a b 


ab  . . , ^ ^ 

12.  IS  inversely  proportional  to  - find  x.  ^ 


Applications  of  Direct  and  Inverse  Proportion 

Direct  proportion.  The  weights  of  2 pieces  of  metal  are  directly 
proportional  to  their  volumes. 

IFi  _ Vi 
W2  ~ Fs’ 

This  means  that  the  greater  the  volume  is,  the  larger  is  the  weight. 

Inverse  proportion.  If  two  pulleys  are  connected  by  a belt,  the 
R.P.M.  of  each  pulley  is  inversely  proportional  to  its  diameter. 

R.P.M.^  D2 
R.P.M.  2~  Di 

This  means  that  the  larger  the  diameter  is,  the  smaller  is  the  R.P.M. 


Example  1.  Find  the  cost  of  7 similar  articles  if  3 articles  cost  $50. 
Solution:  Let  the  cost  of  7 articles  be  $x. 

Since  the  cost  is  proportional  to  the  number  of  articles,-^  = 

C 2 N 2 


^ _ 7 
^ “ 3’ 


3x  = 350, 


Cost  of  7 articles  is  116f  dollars. 


RATIO  AND  PROPORTION,  VARIATION 


59 


Example  2.  Find  the  R.P.M.  of  an  80-tooth  gear  which  is  in  mesh 
with  a 60-tooth  gear  turning  180  R.P.M. 


Solution:  Let  the  R.P.M.  of  the  80-tooth  gear  be  x. 


Since  the  R.P.M.  is  inversely  proportional  to  the  number  of 
teeth,  N, 


R.P.M.  1 
R.P.M.  2 


TV  2 X _ 60 

ITi  180  ~ 


80x  = 10,800,  X = 135. 


The  80-tooth  gear  turns  135  R.P.M. 


Exercise 

B 

1.  Two  castings  of  the  same  metal  weigh  18  lb.  and  21  lb. 
If  the  volume  of  the  first  is  70  cu.  in.,  find  the  volume  of  the  second. 

2.  Find  the  R.P.M.  of  a 20-in.  pulley  when  belted  to  a 16-in. 
pulley  turning  150  R.P.M. 

3.  A gear  with  60  teeth  drives  a gear  having  38  teeth.  If  the 
smaller  gear  turns  120  R.P.M.  find  the  R.P.M.  of  the  larger. 

4.  If  23  lb.  of  metal  sell  for  $150  find  the  selling  price  for  30  lb. 

5.  If  a man  makes  a trip  at  40  m.p.h.,  it  takes  him  2^  hours. 
Find  the  time  it  would  take  him  at  45  m.p.h. 

6.  If  a circle  with  a diameter  14  in.  has  a circumference  of  44  in. 
find  the  circumference  of  a circle  with  diameter  8 in. 


Properties  of  a Proportion 


- then  (i) 
a 

ma 

~V 

me 

~d 

- (multiplication). 

{2) 

ad 

= be 

(cross-multiplication) 

(d) 

a 

b 

(alternation). 

c 

d 

(4) 

b 

a 

d 

c 

(inversion). 
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Theorems  on  Proportions  (using  the  k method) 

a -{-  b c d 


a c 

I.  If  - = prove  that 
b d 


a — b c — d‘ 


Proof:  Let  each  original  ratio  = k. 

^ = k and  ^ = k, 
b d 


CL  — bkf  c — dk  f 

d b bk  “I-  b b{k  “hi)  ^ “h  1 

a-b  ^ bk-b  ^ b{k  - 1)  ""  k-l' 

c d dk  “h  d d{k  "hi)  ^ -h  1 

c — d dk  — d d{k  — 1)  k — \ ' 

d b c d 
d — b c — d' 


II.  If 


d 

b 


c e ^ o,  c e 

- = prove  each  ratio  is  equal  to  ; 

d f b-\-d+f 


Proof:  Let  each  original  ratio  = k. 


d — bk  ^ 0 — dk  y €>  — fkf 


“h  c “h  ^ bk  “h  dk  “h  fk  k{b  d f^ 
b d f b -\-  d f b-\-  d f 


d c e ^ ^ ^ 

b + d+f  ^b^~d^T 


Exercise 

A 

d c 

1.  If  - = - complete  the  following: 
b d 


(d)  — = 

^ ^ b^ 


ib) 


{d) 


2d 


2d 

{e)  — 
c 


ic) 


d 

c 


if)  hc  = 
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2.  If  ^ ^ complete  the  following: 

0 a 


(a)  2ad  = 


id) 


¥ ' 


(^) 


6a 

(/)  r = 


a c , . . , ma  + c 

3.  If  7 = - prove  each  ratio  is  equal  to  — - — ; — 
b d mb  + d 


a c b^  d^ 

T = 1 T2’ 

b d — b^  — d^ 


CL  -\-  b c d CL  c 

5.  If  = prove  - = -• 

0/  u C (L  0 (t 


ir  « ^ u u • • , a^  + b^ 

6.  If  - = - prove  that  each  ratio  is  equal  to  A/ 77— — 
be  ^ 62  _j_  ^2 


a c , a b^ 

V ' 2 T'TTi- 

b d c ^ c2  + a2 


Variation 

Examples  of  Direct  Variation: 

The  circumference  of  a circle  varies  directly  as  the  diameter. 

The  weight  of  a metal  casting  varies  directly  as  its  volume. 

The  R.P.M.  of  the  driven  gear  varies  directly  as  the  R.P.M.  of  the 
driver. 

In  mathematics  the  term  direct  variation  is  used  only  when  the 
two  numbers  are  connected  by  a formula  as  follows: 

If  a = kb  where  ^ is  a constant  then  a varies  directly  as  b,  or  a « b. 
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Examples  of  direct  variation: 
(Circle)  C = %D  or  C « Z). 
(Circle)  A = or  A oc  R"^, 

(Triangle)  A = -BH  or  A ^ BH. 

Zi 


Examples  of  Inverse  Variation: 

The  R.P.M.  of  a pulley  varies  inversely  as  its  diameter  (if  belt  speed 


is  constant). 


The  time  taken  to  travel  a certain  trip  varies  inversely  as  the  speed 
of  travel. 

The  intensity  of  light  varies  inversely  as  the  square  of  the  distance 
from  the  source. 

In  mathematics  the  term  inverse  variation  is  used  only  when  the 
two  numbers  are  connected  by  a formula  as  follows: 

If  a = ^(-)  where  ^ is  a constant  then  a varies  inversely  as  or  a « -. 
h 0 

Examples  of  Inverse  Variation: 


k 1 

(Light)  I = — or  / « . 

V 6 / ^2 


(Trip)  r = y or  r « 


Problems  on  Variation: 

Example  1:  The  area  of  a sphere  varies  directly  as  the  square  of 
the  radius.  If  the  area  is  154  sq.  in.  for  a radius  of  7 in.,  find  the  area 
when  the  radius  is  10  in. 

Solution:  A — kR^. 

Since  A is  154  when  R is  7, 


A _ 154 

'r^  ~ 
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154 

Hence  the  formula  becomes  A — — — X 

49 


If  i?  = 10,  A = ^X  100  = 314? 


Area  is  314-  sq.  in. 
7 


Example  2:  If  / ^ / is  15  when  R is  2,  find  / when  R is  5. 


Solution:  I = k 


Since  I is  15  when  R is  2,  k = IR^  = 15  X 4 = 60. 


Hence  the  formula  becomes  I = 60 


When  i?  is  5,  / = 60  X 


25’ 


Example  3:  In  a circled  « R"^.  What  change  in  yl  is  produced  by 
doubling  i?? 

Solution:  A = kR^. 

Let  the  original  radius  be  x in. 

Original  area  is  /I  = kx^. 

Let  the  new  radius  be  2x  in. 

New  area  is  ^ = k{2xY  or  ^ = 4^X“. 

The  new  area  is  4 times  the  original  area. 


Exercise 

B 

1.  If  yl  « R"^,  and  A is  18  when  R is  3,  find  A when  R is  5. 

2.  The  weight  of  a metal  ball  varies  directly  as  the  cube  of  its 
radius.  If  the  weight  is  120  lb.  for  a radius  of  5 in.,  find  the  weight 
of  a ball  with  radius  8 in. 
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3.  The  time  of  a cut  made  on  a lathe  varies  inversely  as  the 
R.P.M.  If  the  cut  would  take  7 min.  at  120  R.P.M.  find  the  time  at 
150  R.P  M. 

4.  The  distance  travelled  by  a bicycle  varies  directly  as  the 
number  of  turns  made  on  the  pedals.  If  a boy  travels  150  ft.  with  12 
turns,  how  far  would  he  go  by  turning  the  pedals  70  times? 

5.  The  volume  of  a sphere  varies  directly  as  the  cube  of  its 
diameter.  If  the  volume  of  a sphere  of  3 in.  diameter  is  56  -5  cu.  in. 
find  the  volume  of  a cube  of  4 in.  diameter. 

6.  If  P oc  — , and  P is  10  when  V is  5,  find  P when  V is  12. 

7.  The  resistance  to  an  electrical  current  of  1 ft.  of  wire  varies 
inversely  as  the  square  of  its  diameter.  If  a wire  of  diameter  0 • 010  in. 
has  resistance  100  ohms,  find  the  resistance  of  a wire  of  the  same 
length  and  diameter  0 015  in. 

8.  If  the  volume  of  a sphere  varies  directly  as  the  cube  of  its 
radius,  find  the  change  in  volume  produced  by  doubling  the  radius. 

9.  If  the  time  taken  to  travel  a distance  d miles  varies  inversely 
as  the  speed  of  travel,  find  the  change  in  time  produced  by  doubling 
the  speed. 

10.  If  C oc  LW,  find  the  change  in  C produced  by  doubling  L and 
tripling  W. 


CHAPTER  V 


QUADRATIC  SURDS 

Our  number  system  is  built  round  the  ten  basic  number  symbols, 
namely  1,  2,  3,  4,  5,  6,  7,  8,  9,  0.  From  these  symbols  all  our  numbers 
are  obtained,  and  they  may  be  positive  or  negative. 

Integers  (1,2,  — 5,  0,  73,  etc.)  are  the  simplest  numbers. 

Fractions  (which  may  be  expressed  as  common  or  decimal 
fractions)  are  obtained  by  the  operation  of  division  when  applied  to 
the  integers. 

It  would  appear  that  any  number  could  be  expressed  in  terms  of 
integers  and  fractions.  However,  this  is  not  the  case. 

The  number  x for  which  we  use  the  value  3 • 1416,  actually  has  the 
value  3-1415926  . . .,  and  has  been  calculated  accurately  to  several 
hundred  decimal  places  without  an  end  being  reached,  or  a repetition 
occurring.  Since  the  end  cannot  be  reached,  it  is  assumed  that  there 
is  no  end.  The  only  way  in  which  this  number  can  be  written  down  is 
by  the  use  of  the  symbol  x.  Such  a number  is  called  an  irrational 
number. 

Other  irrational  (never-ending)  numbers  are  found  by  the  process 
of  taking  roots.  For  example,  \/2  and  -^5  are  irrational  numbers 
which  are  called  surds. 

a/2  ==  1 -414213  . . . and  is  called  a quadratic  surd. 

-^5  is  called  a cubic  surd,  and  there  are  surds  of  higher  order  found  by 
taking  higher  roots. 

The  most  common  type  of  surd  is  the  quadratic  surd,  which 
occurs  when  the  square  root  of  a number  is  irrational. 

These  are  usually  called  simply  “surds”  and  since  they  are  never- 
ending  decimals,  labour  may  be  saved  and  accuracy  improved  by  a 
study  of  operations  involving  surds. 
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Multiplication  of  Surds 

Examples:  \/4  X \/9  = y/W 
X a/7  = 


v/6  X \/2  X \/3  = \/M  = 6 
\/a  X \/b  = y/ab. 


Factoring  Surds 


Examples:  \/36  = \/9  X a/4 
= \/5  X \/3 
a/30  = \/2  X a/3  X \/5 
\/ab=y/aX\/b. 


Division  of  Surds 


Examples: 


\/T5 

\/5  X \/3 

\/3 

\/3 

\/30 

\/T5  X \/2 

\/2 

Vl0a5 

X V2a 

VYa 

V5. 


= a/15. 


= Vbb. 


Multiply: 

1.  \/5  X a/3. 


7.  y/l2  X a/5. 
10.  V3  X a/T2. 


Exercise 

A 

2.  a/7  X \/2  X a/5.  3.  VT5  X \/6. 

5.V4^V4:  ‘-VfxV? 

S.  y/a  X y/b.  9.  y/ab  X \^cd. 

11.  (A/a)2.  12.  X \/8  X 
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Factor: 


13.  V15. 

14.  V24. 

15. 

s/ba. 

/l5 

V21‘ 

17.  \/l4a. 

18. 

V abc. 

19.  V20. 

20.  VbS. 

21. 

a/7^. 

Divide: 

s/m 

22. 

s/Tb 

\/m 

23.  — 

V2 

24. 

VM 

\/T8' 

25.  . 

V2a 

V2- 

27. 

Vl5a25 

V bab 

\/T2  + \/T8 

28.  . 

\/N  - Vpr 

30. 

V a^b  + V ab^ 

VT*  \/a 

Mixed  and  Entire  Surds 

A surd  such  as  2\/3  means  2 X \/3  and  is  called  a mixed  surd.  An 
entire  surd  has  no  factor  outside  the  square  root  sign,  such  as  a/TS- 
Often  a surd  may  be  written  either  as  a mixed  surd  or  as  an  entire 
surd. 

Example  1:  Simplify  the  surds  \/8,  a/50,  a/48,  y/7a^,  2\/T8- 

Solution:  = \/4  X \/2  = 2a/2. 

\/M  = a/^  X \/2  = 5\/2. 

\/48  = x/T6  X a/3  = 4v^. 

\/^2  = xV7  = as/1. 

2v/T8  = 2 X a/9  X \/2  = 6v/2. 

Example  2:  Write  as  entire  surds  3\/2,  5\/7. 

Solution:  3 a/2  = a/9  X a/2  = a/T8 
5a/7  = s/m  xs/i_  = A/m 
a\/5  = s/ a^  X = \/a^b. 

Example  3:  Simplify  a/6  X s/ba  X \/Ib- 

Solution:  \/6  ^a/^  X \/Td  = \/300a  = \/T00  X s/M  = 

10v'3a- 
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Exercise 

A 

Simplify: 

1.  \/m. 

2.  \/T6- 

3. 

5\/T8. 

4.  \/M. 

5.  2V6d. 

6. 

\.%5. 

7.  2\/3  X a/6. 

8.  5a/2  X \/S. 

9. 

^ X \/T0- 

10.  V5a\ 

11.  \/8a2. 

12. 

\/l2a26L 

X 

X 

fO 

14.  (V^. 

15. 

\/3a  X \/156. 

16.  V4iX^y. 

17.  |V'9m. 

18. 

VCa  + 5)3, 

Express  as  Entire  Surds: 

19.  5v^. 

20.  2a/7. 

21. 

3\/5- 

22.  7^. 

23.  3\/T. 

24. 

3\/T0. 

25.  2VT3. 

26.  5\/2. 

27. 

6v^. 

28.  7v^. 

29.  a\/b. 

30. 

2a\/5- 

31. 

lb 

32.  aV- 

» c 

33. 

+ 

Addition  and  Subtraction  of  Surds 

As  in  algebra,  like  surds  may  be  added  or  subtracted  but  unlike 
surds  may  not. 

Examples:  a/3  + \/3  = 2 a/3. 

3\/5  + 4v^  = 7\/5. 

3\/5  + 3a/7  may  not  be  added. 

\/20  + = 2a/5  + \/5  = 3\/5. 

7\/T2  - 2x/75  = 7 X 2^/3  - 2 X 5^/3  = 4v^. 

However,  any  surd  may  be  calculated  as  a decimal  to  any  desired 
accuracy. 

A table  of  square  roots  calculated  to  5-figure  accuracy  is  given 
on  page  487. 

Example  1:  Find  the  value  to  3 decimals  of  2\/T2  -f  5\/3  — 3\/7. 

Solution:  2\/T2  -f  5^3  - 3\/7 

= 4a^  -f  5a/3  - 3^ 

= 9a/3  - 3^/7 
= 9 X 1-7321  - 3 X 2-6458 
= 15-5889  - 7-9374 
= 7-6515 

= 7-652  (to  3 decimals). 
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Example  2:  Solve  the  equations  to  5-figure  accuracy. 

{a)  lx  = 2x/5,  {h)  - 2 = 5. 


Solution: 
(a)  7x  = 2V5 
2V5 


2 X 2-2361 
7 


4-4722 

- j 
X = 0-6389. 


(b)  1x^-2  = 5 
= 7 


0:2  = 14 

X = a/T4 
X =3-7417. 


Exercise 

A 


Simplify,  if  possible,  without  using  the  table: 


1.  5\/3  -f  3a/5. 

3.  3a/2  -f  2^2  - \/2. 
5.  \/TS  + 2\/2. 

7.  ^/TO  4-  \/40  - \/90. 
9.  ^/T  - 

11.  2a/7  + \/28  - \/M- 


2.  4x/^-  3v/2^ 
4.  3\/^  + 2\/w. 
6.  a/H  - v/3. 

8.  \/25y+  \/36y. 

10.  - V^- 

12.  i^/8  + ^VT8. 


State  the  value  of  x as  a surd : 

13.  x2  = 7.  14.  5x2  _ IQ 

15.  3x2  - 2 = 7 15,  1^2  = 5 


B 

Express  each  of  the  following  as  a single  surd : 

17.  x/T8  + y/m  + \/98. 

18.  ^/28  + Vm  - \/r75  -f-  \/TT2- 

19.  S^/W  - 2^/45  4-  \/80- 

20.  2^/^  4-  2\/75  - ^/T4T  - x/T08- 

21.  2^/18  4-  4-  2a^. 

22.  x/24  4-  V%4  4-  - \/iT6- 

23.  5\/44  - 2\/99. 

24.  iA/32  - - fVT8  -t-  f\/m. 
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Simplify  the  following  and  find  the  numerical  value  correct  to  three 
decimal  places,  using  the  square  root  table: 

25.\/Tm.  26.  + \/TT7  + 

27.  a/M  + v^-  28.  x/75  + |\/T08  - 2v^. 

29.  a/128  - V^.  30.  ^/7Q  + Vin. 

Solve,  giving  the  answer  correct  to  three  decimal  places: 

31.  = 23.  32.  - 5 = 13. 

33.  lx^  + 2 = 7.  34.  3|r2  = 66. 

35.  1/  = fy  + 1.  36.  1(562  _ 12)  = 12. 

37.  A square,  each  of  whose  sides  is  6"  long,  is  equal  in  area  to  a 
rectangle  one  of  whose  sides  is  double  the  other.  Find  the  dimensions 
of  the  rectangle. 

38.  A circle  has  an  area  of  22  sq.  in.  Find  its  radius,  using 


22 


39.  The  diagonal  of  a square  floor  is  20  feet  long.  How  long  is 
each  side  of  the  room? 


Multiplication  by  a Monomial  Surd 

Multiplication  of  surds  may  be  carried  out  as  in  algebra. 


Examples: 

Algebra : 

1.  a X a = a2. 

2.  3a  X 5a  = 15a‘^. 

3.  2a  X 3b  = Qab. 

4.  2a  X 3b  X c = 6abc. 

5.  3a{2a  — 36)  = — 9a6. 


Surds: 

ys  X \/3  = (V'3)2  = 3. 

3^3  X 5\/3  = 15(a/3)2  = 45. 
2a^  X 3a^  = 

2\/5  X 3a/7  X \/2  = 6\/7b. 
3\/2{2\/2  - 3v^)  = 12  - 9\/T0, 


Division  by  a Monomial  Surd 

Examples: 

, ye  _ VZXV2  _ 

‘vs  V3  '^2- 

Vi5  _ ys 3 
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10\/T5 

~2^ 


5v/3. 


4. 


6v^  - 10\/M 


= 3v^  - 5Vn. 


Exercise 


Multiply; 

1.  3\/2  X 5\/3. 

3.  a\/&  X c\/d. 

5.  2i/5  X 3V5. 

7.  5\/a  X cVfl- 
9.  (2V3)2  X (\/2)2^ 

11.  V5  (3^5  - 5V3). 

13.  3\/5  (2x/3  - 4y/7). 

Divide: 

14.  - VS. 

16.  V50_-^ 

18.  (V^  — Vpj)  V p- 

18.  (Vpg  - \/pr)  ^ \/p.  _ 
20.  {\/ abc  — y/hcd)  V^c. 


21.  - 


10VT8  - 15V15 


5V3 


23. 


2Vab^  - 6Va26 
2\/a 


2.  4V2  X 2V7. 

4.  2V5  X 3>^  X 2y/l. 

6.  5V2  X 7V2. 

8.  (3V5)2. 

10.  V2(2V3  + 3V2). 

12.  \/a  {\/b y/ c — \/a). 


15.  lOVlO  -u  5\/2. 

17.  y/Ti  Vl2. 

17.  y/^  - VT^- 

19.  (x/8  + VT8-V^)-^V2. 


22. 


V^  + V45  + V^ 

V5 


Multiplication  of  Binomials 

Examples: 

Algebra: 

(1)  (a  + 3)  (a  + 2) 

= _j_  0_ 


Algebra: 

(2)  (2a  - 36)  (5a  + 26) 

= 10a2  - lla6  - 662. 


Surds: 

(a/7  -h  2)  (v/7  + 3)  = 7 + 5V7  + 6. 

= 13  + 5v^. 

Surds: 

(2v/7  - 3V5)  (5V7  + 2y/5) 

= 10  X 7 - 11a/35  - 6 X 5 
= 70  - llx/35  - 30 
= 40  - llV^- 
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Algebra : 

(3)  {5a  - 7bY. 

= 25a2  - 70a6  + 4962. 


Surds: 

(5^/3  - 

= 25  X 3 - 70V6  + 49  X 2 
= 75  - 70\/6  + 98 
= 173  - 70V6. 


Multiplication  of  Trinomial  Surds 

Example:  Simplify  (3\/2  — 2\/3  + y/5Y 


Solution:  3\/2  — 2\/3  + \/5 

3i^  - 2V3  + V5 

18  - 6y/6  + 3\/T0 

12  - 6\/6  - 2^/I5 

_5 + 3vT0  - 2vT5 

35  - 12V6  + 6VT0  - 4\/T5 


Exercise 


A 


Multiply: 

1.  (V7  + \/3)  (\/7  - a/3). 

2.  (V5  + V2)  (v^  + \/7). 

3.  (2a/3  + 5^/2)  (3v/3  - 2x/2). 

4.  (5v^  + \/2)2. 

5.  (2x/5  - 1)  (3\/5  - 2). 

6.  (5^/3  - 2)2. 

7.  (3a/5  - 2x/7)  (3V^  + 2^/7). 

8.  (4x/3  + \/13)  (4x/3  - \/T3). 

9.  (2x/7  - 3V5)2. 

10.  (\/5  + + V^)2. 


B 


11.  (2x/6  - 5y/2)  (3x/3  - \/2). 

12.  (v^  + a/7)  (^/^  + v^). 

13.  (^/T5  + v^)  (\^  - \/3). 

14.  (VT5  - V6)2. 

15.  (2V5  + 5V2)2. 

16.  (3\/2  + 2^/3)  (2V2  - 5\/3). 

17.  (2\/5  - \/3  + 2v^)2. 

18.  (2\/5  + \/3  - 2x/2)  (3\/5  - 2x/3). 

19.  (2x/6  - ^/l5  + 1)2. 

20.  (V5  + - \/2)  (\/5  + \/3  + V2). 
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Express  in  the  simplest  surd  form; 

21.  (5v^  - 2x/3)  (2V2  + \/3)  - (2x/2  - v^)  (3\/2  - 2^/5). 

22.  (2x/3  - x/2  + 1)2  - (^/3  + \/2  - 2)2. 

23.  3(2v^  - 3\/3  - v^)  (3V5  + 2^/3  + 2V2). 

24.  (^/5  + VS)  {SV2  - 2VS)  (V5  - V3)  (3^/2  + 2^/3). 

25.  Find  the  third  side  of  a right-angled  triangle,  the  hypotenuse 
and  side  of  which  are  respectively  \/3  in.  and  1 in.  long. 

26.  A rectangular  sheet  of  paper  has  sides  respectively  (3\/5  + 

2\/3)  and  (2\/5  2\/3)  inches  long.  Find  the  area  of  the  sheet, 

correct  to  two  places  of  decimals. 

27.  By  squaring  (\/T3  -f  \/3)  and  (\/5  + \/lT)  find  which  of  the 
two  expressions  is  the  larger. 

28.  The  two  parallel  sides  of  a trapezium  are  respectively 
3\/5  -f  2\/3  and  \/5  -f  4\/3  inches  long.  If  the  distance  between 
the  parallel  sides  is  a/5  + 2a/3  inches,  find  the  area  of  the  trapezium, 
correct  to  two  decimal  places. 


Conjugate  Surds 

When  the  product  of  two  surds  is  a rational  number  (containing 
no  surd)  then  the  two  surds  are  called  conjugate  surds.  Each  surd 
is  the  conjugate  surd  of  the  other. 


Examples: 


Surd 

Conjugate 

surd 

Product 

^/3 

^/3 

\/3  X a/3  = 3 

7x/5 

\/5 

7\/5  X\/5  = 7X5  = 35 

^/3  + v/2 

v/3  - \/2 

(\/3  + V2)(^/3  - a/2)  = 3 - 2 = 1 

5a/3  - 2x/7 

5\/3  + 2a/7 

(5x/3  - 2v^)(5v^  + 2V7) 

= 75  - 28  = 47 

Va  — Vb 

\/a  + \/5 

(A/a  — Vb){VcL  + Vb)  = a — b 

2a/7  -f  5 

2\/7  - 5 

(2V7  + 5)(2v^  - 5)  = 28  - 25  = 3 
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Rationalizing  the  Denominator 

The  arithmetic  involved  in  evaluating  a fraction  with  a surd 
denominator  is  simplified  if  the  denominator  is  rationalized  before 
the  table  of  square  roots  is  used. 

Rule:  To  rationalize  the  denominator  of  a fraction  multiply  both 
numerator  and  denominator  by  the  conjugate  surd  of  the  de- 
nominator. 

2 

Example  1:  Find  the  value  of  - to  4 decimals. 

V3 

Solution: 

{a)  Without  rationalizing  the  denominatori) 

2 2 

VS  ""  1.7321  ^ ^ division. 


{b)  By  rationalizing  the  denominator: 

2 2 X V3  2V3  2 X 1-7321 

~ V3  X \/3  ” ~ 3 


Example  2:  Find  the  value  of 


— ^ pz  accurate  to  4 figures. 

\/7  - Vfi 


Solution:  — zn ;== 

\/7  - Vfi 


1 (\/7  + y/S) 

(V7  - v^)  (\/7  -F  V5) 


\/7  + \/5 
7-5 

2-6458  - 2-2361 
2 


0-4097 

2 


= 0-2049  (accurate  to  4 figures). 


Example  3:  Rationalize  the  denominator  of 


2v/7  - 3^/2 
5x/3  - 2\/5’ 


^ 2a/7-3x/2  (2V7  - 3^2)  (5^/3  + 2v3) 

5^/3  - 2v^  (5V3  --  2^/5)  ^ (5^3  + 2^)' 

IOa/^  - 15\/6  + 4\/35  - 6V10 
75-20 


I0\m  - 15v/6  + 4a/35  - 6vF0 
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Exercise 

A 


State  the  conjugate  surd  of  each  of  the  following: 


I.  v^. 

4.  x/T2. 

7.  2 - x/2. 

10.  \/5  — \/3. 
13.  4V5  + 5x/7. 


2.  3x/7. 

5. 

8.  x/7  - 2. 

11.  2x73  - 3x/2. 

14.  x/T2  - V8. 


3.  a\/b. 

6.  x/18. 

9.  3 + 2x/7. 

12.  SVa  - 2a/5. 

15.  3^/7  + 5v/2, 


B 

Rationalize  the  denominator  of: 


17. 


V^’ 


9. 


22. 


2 - ^/3' 

V p 

Vp  - 


20. 


3 

7 - 2V3‘ 


4V3-2V^ 
V3-  \/2’ 


18. 


3^/7 

V6' 


3x/5  - 2x/3 
2^/5  + x/3‘ 


\/5  — \/2 

24. 

3 - 2^10 


Using  the  table  of  square  roots,  find  the  value  of  each  of  the  following 
correct  to  2 decimal  places. 


25. 


2 


27. 


\/3 

y/T5' 


28. 


3x/2 

2x/3' 


29. 


\/5  - \/3 

V5  + V3’ 


15 

2^3  + 3V2' 


\/6  — \/3 

31.  -V 

\/6+  1 


Vlfi  - V6 

32.  -^7= 

a/6  + 


2x/12  - 3 v/6 
5V21  - 2x/T5‘ 


Solve  each  equation,  giving  the  value  of  x correct  to  2 decimal  places. 
34.  V3x  = \/5.  35.  \/2x  = 3. 

36.  x/3x  = a/2  H-  1.  37.  V3x  - = 3\/3  - \/2x. 

38.  ^/5x  + 2^/2  = 3y/5  - y/2x. 

39.  x{x/3  - V2)  = \/3  + \/2. 


CHAPTER  VI 


QUADRATIC  EQUATIONS.  SURD  EQUATIONS 

A quadratic  equation  contains  the  second  power  of  the  unknown. 
Examples: 

3x2  — 5x  = 4 is  a complete  quadratic.  ^ 
x2  — 3x  = 0 is  an  incomplete  quadratic. 
x2  = 16  is  an  incomplete  quadratic. 

To  solve  an  incomplete  quadratic,  there  are  two  methods  which  may 
be  used  in  the  case  where  there  is  no  term  of  the  first  degree. 


Example  1:  Solve  x^  — 16  = 0. 
Solution: 

(1)  By  square  root: 
x2  - 16  = 0 
x2  - 16. 

Take  the  square  root  of  both  sides, 


X = + vT6 
x~+4orx=^  — 4. 


(2)  By  factoring: 

- 16  - 0 

(x  - 4)  (x  + 4)  - 0. 

In  order  that  this  product  be 
equal  to  0,  one  of  the  factors 
must  equal  0. 

X--4  — 0orx  + 4“0. 
x^+4orx^--4. 


Example  2:  Solve  2x2  = ig. 

Solution: 

(2)  By  factoring: 

2x2  ^ ig 

x2  - 9 
x2  - 9 = 0 
(x  - 3)  (x  + 3)  - 0 
X = 3 or  X “ — 3. 


(1)  By  square  root: 
2x2  = 18 
x2  = 9 
X — + \/9 

X = 3 or  X = — 3. 
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Example  3:  Solve  = ^ accurate  to  4 decimals. 

^ 3x  + 1 5x  + 2 

Solution: 
bx-2  _ Zx  - 1 
33C  -}-  1 5x  -j-  2 

Cross-multiply  25x2  _ 4 
16x2 

X2 

X 

X = ± 0 -4330. 


9x2  _ 1 


16 


=+V-=+ 
- \ 16  - 


= + 


1-7321 


Exercise 

B 

Solve  each  of  the  following  equations.  When  the  square  root  is 
not  exact,  find  its  value  to  two  places  of  decimals. 

1.  2x2  = 50.  2.  x2  = 36.  3.  4x2  = 35. 

4.  5x2  _ 125  = 0.  5.  7x2  = 21.  6.  16x2  = 23. 

7.  9x2  = 17^  8,  13^2  = 65.  9.  8x2  = 33 

10.  7x2  _ 56  = 0.  11.  5x2  _ 70  = 0.  12.  19x2  = 95. 

13.  What  is  the  radius  of  a circle  whose  area  is  (a)  154  sq.  in., 

22 

{b)  286  sq.  in.,  (c)  638  sq.  in.?  (Use  x = — and  express  as  a surd.) 


14.  Solve: 


2x  - 14  X - 3 


X + 3 X -f  7 


15.  Solve: 


3x  - 15  5x  - 10 


2x  + 4 4x  + 20 


78 


SENIOR  TECHNICAL  MATHEMATICS 


Solution  of  a Quadratic  Equation  by  Factoring 

Example  1.  Solve  and  verify  (a)  x‘^  — 7x  = 0,  (b)  3x^  = 4x  + 7. 
Solution: 


(a)  — 7x  = 0 

x{x  - 7)  = 0 
x = 0orx  — 7 = 0 
X = 0 or  X = 7. 


Verification: 
L.S.  =0-0 

= 0 
R.S.  = 0 


L.S.  =49-49 
= 0 
R.S.  = 0. 


(6)  3x2  = 4x  + 7 
3x2  - 4x  - 7 = 0 
(3x  - 7)  (x  + 1)  = 0 
3x  — 7 = 0orx  + l=  0 


7 

X = - or 
39 

Verification: 

L.S.  =^ 


R.S.  =1  + 7 


1? 


X = — 1. 


L.S.  = 3 


R.S.  = - 


= 3 


Example  2:  Solve  {a) 


2x  + 6 


2x  - 1 


4x  — 14  X — 3 ’ 


(6)  x2-^  = 2. 


Solution: 

2x  + 6 2x  - 1 


(a) 


4x  - 14  X - 3 


2x2  - 18  = 8x2  _ 32^  + 14 
0 = 6x2  - 32^  4_  32. 

(Divide  both  sides  by  2 and 
reverse.) 

3x2  _ I6x  + 16  = 0 
(3x  - 4)  (x  - 4)  = 0 
3x  - 4 = 0 
or  X — 4 = 0 


X = - or  X = 4. 
o 


23x 


(b)  *^-^  = 2 


12x2  - 23x  - 24  = 0 
(4x  + 3)  (3x  - 8)  = 0 
4x  + 3 =0 
or  3x  — 8 = 0 


X = or  X = 

4 
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Steps  in  the  Solution  of  a Quadratic  Equation  by 
Factoring: 

1.  Reduce  the  equation  to  the  standard  form  ax"^  -j-  bx  c = 0. 

2.  Factor  the  expression  ax^  + + c. 

3.  Equate  each  factor  to  zero  and  obtain  2 values  of  x. 


Solve : 

1.  + 5x  + 6 = 0. 

3.  x^  2x  = 3. 

5.  — 2a  — S = 0. 

7.  3/2  - 16  = 0. 

9.  ^2  + 3^  _ 10  = 0. 
11.  - p = 20. 

13.  y2  _ 36  = 0. 


15.  ^2  + 2x  = 15. 

17.  6a2  — 7a  + 2 = 0. 
19.  2a2  + a — 3 = 0. 
5x  + 7 


21. 


3x  -f-  2 


= X - 1. 


Exercise 

B 


2.  x2  — 4x  + 3 = 0. 

4.  x2  + 7x  + 12  = 0. 

6.  w2  — 5m  + 4=0. 

8.  w2  + 6w  = — 8. 

10.  - 7a  = 0. 

12.  x2  — 9x  + 14  = 0. 

14.  x2  + 9x  + 20  = 0. 

16.  8a2  + 22a  + 15  = 0. 
18.  15a2  + 14a  - 8 = 0. 
20.  15a2  + 31a  + 10  = 0. 
5x  — 1 X + 1 


+ 3 _ 2x  - 7 
2x  — 1 X — 3 


24.  4x2 


5 3 

‘ X - 2 ~ X + 6 


4 

X 


26. 


4 


X - 1 


3 ^ 

X ~ X + 2' 
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Solution  of  a Quadratic  Equation  by  Completing  the 
Square 

The  examples  below  illustrate  a method  of  solving  a quadratic 
equation  when  factors  cannot  be  found. 


Example  1:  Solve  — 30jc  — 35  = 0. 


Solution:  5x^  — 30:x:  — 35  = 0. 

- 6x  - 7 = 0 

x^  — Qx  =7 

x2-6x + 9 = 7 + 9 

(x  - 3)2  = 16 

X — 3 = + \/T6 

X - 3 = 4 
or  X — 3 = — 4 

X = 7 
X = -1. 

(Verify  both  roots.) 
Example  2:  Solve  3x2  _ 7^  _ 5 


Steps: 

1.  Divide  every  term  by  co- 
efficient of  x2. 

2.  Transpose  the  absolute  term 
to  the  right  side. 

3.  Complete  the  square  of  the 
left  side  by  adding  the  square 
of  one-half  the  coefficient  of 
X to  both  sides. 

4.  Take  the  square  root  of  both 
sides  using  the  ± sign  on  the 
right. 

5.  Solve  the  two  equations  to  get 
two  values  of  x. 

= 0 (accurate  to  2 decimals). 


Solution:  3x2  — 7x  — 5 = 0 


"3  ”3“^^ 


109 

36 


X 


7 

6 


, \A09 
“ 6 


7 ± a/T09 


X 


6 
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7 + vrm 

X = or 

6 

7 + 10-44 
6 

_ 17-44 
6 

X = 2-91  or  — 0-57. 


7 - v/T09 
6 

_ 7 - 10-44 
“ 6 

= -3-44 
6 ■ 


Exercise 

A 


Complete  the  square  of  each  of  the  following: 

1.  x^  — 6x.  2.  x^  + Sx.  3.  x^  — 7x. 


4.  x^  — 


2^c 


5. 


7.  2x2  _ 


2x 


bx 


x2  H . 


5bx 

9.  . 

2a 


B 

Solve  each  of  the  following  by  completing  the  square: 

10.  x2  + 7x  = 8.  11.  x2  — 5x  = 6. 

12.  x2  + 5x  — 7 = 0.  13.  3x2  — 2x  — 4 = 0. 


Solve,  accurate  to  2 decimals: 

14.  2x2  - 7x  + 4 = 0.  15.  3x2  + 5x  - 7 = q. 

16.  x2  — 7x  — 13  = 0.  17.  x2  — 5x  + 5 = 0. 


Solve  for  x: 

18.  x2  — ax  — a2  = 0. 

20.  ax2  -4-  6x  + 1 = 0. 


19.  x2  -f-  abx  — c = 0. 
21.  ax2  + 5x  + c = 0. 
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Formula  for  Solving  Quadratic  Equations 

The  general  quadratic  equation  may  be  represented  by 
-\-  hx  + c — 0 which  may  be  solved  by  completing  the  square  as 
follows: 


+ 6x  + c = 0 


bx 

— c 

x'  + 

— 

= 

a 

a 

bx  6' 

62 

c 

x'  + 

1 — — 

a 4a2 

“ 4^  ' 

a 

6 \2 

62  - 

4ac 

4a' 


h Vb^  — 4:ac 

X d = ± 

2a  2a 


9 


b — 4ac 

2a  ~ 2a 


Hence  if  ax'  + 6x  + c = 0,  then  x 


— b ± Vb^  — 4ac 
2a  ■ 


- 5x  + 6 = 0,  (b)  3x'  + 2x  - 7 = 0. 


Example  1:  Solve  (a)  x' 
Solution: 

(a)  x'  — 5x  + 6 = 0 
a = l,6  = — 5,  c = 6 
— & ± — 4ac 


_ +5  ± \/25  - 24 
~ 2 
_ + 5 ± 1 
“ 2 

X = 3 or  2. 


(&)  3x2  + 2x  - 7 - 0 
a = ?>,b  = 2,  c = — 7 
— & ± — 4ac 


- 2 ± V4  + 84 

6 

- 2 ± x/88 

6 

- 2 ± 2v^ 

6 

- 1 ± 


X 


3 
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Example  2:  Find  the  roots  of  2x^  — 7x  + 
decimals). 


Solution:  2x^  — 7x  + 4 = 0 

a = 2,b  = -l,c  = A 


b ± — 4ac 

2a 


7 ± \/49  - 32 

7 + a/T7 

4 ‘ 


I 

7 + X/T7 

X = ^ or  X 

4 


7 + 4-12 
“ 4 ■ 

Roots  are  2 -78  and  0 -72. 


7 - x/T7 
4 

7-4-12 
4 ' 


Example  3:  Solve  x^  — 5x  + 7 = 0. 

Solution:  x^  — 5x  + 7 = 0 

a = l,b  = — 5,  c = 7 

— b ± ^/b"^  — 4ac 
^ Ya 

_ 5 ± \/25  - 28 
“ 2 

_ 5 ± 

“ 2 ■ 


= 0 (accurate  to  2 


Since  we  cannot  find  a number  such  as  \/—  3 it  is  called  an  imaginary 
number.  In  this  case  there  are  no  real  roots  for  the  equation 
x^  — 5x  + 7 =0,  but  there  are  imaginary  roots. 
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Exercise 

B 


Solve  by  formula: 


d 

11 

1 

CO 

1 

2.  x2  + 5x  — 24  = 0. 

3.  x2  - 14x  + 40  = 0. 

4.  x2  — X = 42. 

5.  = 3x  + 88. 

6.  x2  = — 2x  + 15. 

7.  2x2  — 45  = X. 

8.  2x2  - 12  = - 5x. 

Find  the  roots  accurate  to  2 decimals: 

9.  x2  - 2x  - 7 = 0. 

10.  3x2  = 2x  + 5. 

11.  x2  — X — 5 = 0. 

12.  5x2  = 3x  + 1. 

13.  x2  — 15  = X. 

14.  2x2  = 9x  + 1. 

15.  6x2  = X + 2. 

16.  3x2  _ ^ _ 5 

17.  3x2  _ 7x  + 10  = 0. 

18.  fx2  — fx  — i = 0. 

Problems  Solved  by  Quadratic  Equations: 

Example  1:  It  is  required  to  cut  a rectangular  plate  whose  length 
is  5"  more  than  twice  its  width.  Its  area  is  33  sq.  in.  Calculate  its 
length. 


Solution: 


Let  the  width  be  x in. 

X 

x(2x  + 5)  = 33 

1 

2x2  + 5x  - 33  =0 

(2x  + 11)  (x  - 3)  = 0 

X = or  X = 3.  (The  negative  answer  is  rejected  as  inadmissible.) 


The  length  is  2x  + 5 or  11  in. 

Example  2:  In  the  diagram  find 
the  value  of  x and  the  dimensions 
of  the  triangle  accurate  to  one 
decimal.  (All  dimensions  are  in 
inches.) 
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Solution:  By  the  law  of  the  Right  Triangle, 
(x  - 3)2  + (x  - 5)2  = 122 
x2  — 6x  + 9 + x2  — lOx  + 25  = 144 
2x2  - 16x  - no  = 0 
x2  — 8x  — 55  =0 

— b ± Vb  — ^ac 


8 + V64  + 220 
“ 2 

8 ± s/Wi 

2 

8 ± 2x/7T 
“ 2 
= 4 ± VTT 
= 4 + 8-4 

X = 12-4  in.  or  — 4-4  in. 

Since  x = -4-4  gives  negative  dimens 
solution.  Therefore  x = 12  -4  in. 

Dimensions  are  12  in.,  7-4  in.  and  9-4  i 

Example  3:  In  the  diagram  find  R. 
Solution:  AB  = (R  -+■  2)  in. 

By  the  law  of  the  Right  Triangle, 

R2+  (R  + 2)2  = 5-52 
R2  + i^2  4.  47^  4.  4 ==  30 . 25 
2i?2  + 4R  - 26-25  = 0. 

— 6 ± \/52  _ 4ac 


- 4 ± Vie  + 210 


dons,  this  is  an  inadmissible 
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- 4 ± A/m 

” 4 

- 4 + 15  0303 

4 

„ - 4 + 15  0303  „ - 4 - 15  0303 

R = ;; or  i?  = 

4 4 

R = 2-7576  or  J?  = - 4-7576. 

Since  R may  not  be  negative, 

Radius  = 2 -758  in. 

Exercise 

B 

1.  The  difference  of  two  numbers  is  8 and  the  sum  of  their 
squares  is  104.  Find  the  numbers. 

2.  The  perimeter  of  a rectangle  is  40  in.  and  the  area  is  75  sq.  in. 
Find  its  dimensions. 

3.  A rectangular  name-plate  for  a machine  is  to  be  2 in.  longer 
than  it  is  wide,  and  to  have  an  area  of  24  sq.  in.  Calculate  its 
length  and  width. 

4.  A rectangular  plate  of  metal  is  18  in.  long  and  12  in.  wide. 
It  is  required  to  increase  the  length  and  width  by  the  same  amount 
so  as  to  double  the  original  area.  Find  the  increase. 

5.  A right-angled  triangle  has  one  side  8 units  less  than  the 
hypotenuse,  the  other  one,  1 unit  less.  Find  the  lengths  of  the  sides. 

6.  Three  holes  are  to  be  drilled  with  their  centres  at  the  three 
vertices  of  A PQR,  in  which  the  angle  Q = 90°.  If  PR  = 25  in.  and 
the  lengths  of  the  other  two  sides  differ  by  17  in.,  calculate  the  lengths 
of  PQ  and  QR. 

7.  A rectangular  name-plate  for  a machine  has  an  area  of  44  sq. 
in.  and  a perimeter  of  27  in.  Calculate  the  dimensions. 

8.  A rectangular  piece  of  metal  has  an  area  of  300  sq.  in.  The 
difference  between  the  lengths  of  its  sides  is  13  in.  Calculate  the 
length  of  its  diagonal. 

9.  A triangular  steel  plate  has  an  area  of  80  sq.  in.  Its  altitude 
is  6 in.  less  than  the  length  of  its  base.  Find  its  altitude. 

10,  A rectangular  sheet  of  tin  is  17  in.  long  and  10  in.  wide.  A uni- 
form strip  is  to  be  cut  off  all  round  the  sheet.  If  the  remaining  area 
is  to  be  144  sq.  in.,  calculate  the  width  of  the  strip. 
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Calculate  x and  find  the  dimensions  to  1 decimal: 


15.  In  the  diagram,  find  the 
radius  R of  the  cylindrical  plug. 
(Express  the  sides  of  triangle 
ABC  in  terms  of  R.) 


16.  Calculate  R in  the  dia- 
gram to  5 figures.  (Form  a 
right  triangle  with  AB  a.s  the 
hypotenuse.) 
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17.  In  the  diagram 
find  Rto  5 figures. 
(Join  AB  and  make  a 
right  triangle  with  AB 
as  the  hypotenuse.) 


C 

18.  A rectangular  flower  bed  is  8 feet  wide  and  12  feet  long.  A 
walk  round  the  bed  on  the  outside  has  the  same  area  as  the  bed.  How 
wide  is  the  walk? 

19.  A lawn  is  40  feet  wide  and  60  feet  long.  How  wide  a strip 
must  be  cut  round  it  to  cut  one  half  of  the  lawn? 

20.  A boat  goes  144  miles  up  a river  and  back  in  15  hours.  Find 
the  speed  each  way  if  the  speed  down  the  river  is  8 m.p.h.  greater  than 
the  speed  up  the  river. 

21.  In  20  hours  a man  drives  297  miles  from  his  home  and  back 
again.  The  average  rate  of  going  is  6 m.p.h.  less  than  the  rate  of 
returning.  Find  the  average  rate  of  going. 

22.  A man  bought  a number  of  acres  for  $300.  If  he  had  paid 
$5  more  per  acre,  the  number  of  acres  would  have  been  2 less.  Find 
the  number  bought. 

23.  An  aircraft  travelling  up-wind  with  airspeed  90  m.p.h.  timed 
a 4-mile  run  and  then  after  increasing  airspeed  to  120  m.p.h.  timed 
a second  4-mile  run  on  the  same  course.  The  difference  in  time  was 
I3  minutes.  Find  the  wind  speed. 

24.  Neglecting  air  resistance,  the  distance  in  feet  of  a shell  from 
the  muzzle  of  a gun  fired  vertically  upwards  may  be  obtained  from 
the  formula  d = vt  — where  v is  the  muzzle  velocity  in  feet  per 
second,  and  t is  the  time  in  seconds.  If  the  muzzle  velocity  is  800  ft. 
per  sec.  how  long  will  it  take  the  shell  to  rise  3200  ft.? 
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25.  In  drawing  plain  cylindrical  shells  from  thin  stock  it  is 
required  that  the  area  of  the  circular  blank  shall  equal  the  area 
xZ)2 

of  the  finished  shell,  i.e.,  = \-%dh 

4 4 

which  reduces  to  + 4 dh  where  D is  the  diameter  of  the 

blank,  d is  the  diameter  of  the  finished  shell,  and  h is  the  height. 
What  should  be  the  diameter  of  a shell  2 in.  high  if  stamped  from  a 
4-in.  blank? 


26.  From  Unwin’s  formulae  for  double-riveted  joints  in  mild 
steel  plates,  p = 2-2Q  d'^  d,  where  p is  the  distance  between  the 
t ■ 

rivets  (pitch),  t is  the  thickness  of  the  plates  and  d is  the  diameter 
of  the  rivets  to  be  used.  If  the  rivets  are  placed  2 in.  apart  in  mild 
steel  plates  ^-in.  thick,  what  size  should  they  be? 


27.  Approximately,  the  area 
of  a segment  of  a circle  as  shown 
in  the  diagram  is: 


A = 


2c  3 


If  in  designing  a drawing  the  height  must  be  4"  and  the  area  must 
be  60  sq.  in.,  what  must  be  the  length  of  the  chord? 


28. 


Ri 

AAA^ 


R, 

AAr 


-AA 


In  the  electrical  circuit  shown  it  is  required  that  the  total  resistance 
be  3 ohms,  and  that  the  resistances  Ri  be  equal.  Find  Ri. 


The  law  of  Cosines  states  that 
(22  _ _|_  ^2  _ 2bc  cos  A for  any 

triangle,  {a)  \i  A = 60°,  c = 10 
and  a = 9,  calculate  b. 

(b)  U A = 60°,  c = 10,  a = 8, 
calculate  b. 
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30,  In  changing  a design  a draughtsman  finds  that  he  must 
increase  both  dimensions  of  a metal  plate  2 in.  by  3 in.  by  amounts 
proportional  to  the  present  dimensions  so  that  the  area  will  be  8 sq. 
in.  Find  the  new  dimensions  to  three  decimal  places. 


Surd  Equations 

A surd  equation  in  x contains  y/ x and  is  usually  solved  by  squar- 
ing both  sides  of  the  equation.  This  procedure  sometimes  gives  an 
incorrect  or  extraneous  root  which  is  not  a root  of  the  original  equa- 
tion. It  is  necessary  in  each  case  to  verify  every  root  in  the  original 
equation  and  to  reject  extraneous  roots. 

Example  1:  Solve  VSx  — 5 = 2V x — 4. 

Solution:  V'Sx  — 5 = 2\/  x — 4. 

Squaring,  Sx  — 5 = 4 {x  — 4) 

- 5 = 4^-16 

:x:  = 11. 

Verification:  L.S.  = V33  — 5 = \/^  = 2\/l 
R.S.  = 2^11  - 4 = 2a/7. 


Example  2:  Solve  x-\r'^oc-\-4  — 

Solution: 

Transposing,  \/x  + 4 = 8 — x. 

Squaring,  x + 4 = 64  — IQx  + x"^ 

x^  - 17a:  + 60  = 0 
(x  - 5)  {x  - 12)  = 0 

a:  = 5 or  12. 

Verification:  If  a:  = 5,  L.S.  = 5 + \/9  = 8.  R.S.  = 8. 

If  a:  = 12,  L.S.  = 12  + VT6  = 12  + 4 = 16, 
R.S.  = 8. 

The  root  12  is  extraneous. 


Answer  a:  = 5. 
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Example  3:  Solve  \/x  + \^x  — 5 = 5. 


Solution:  Transposing, 

V X — 5 = 5 — 's/x 

Squaring, 

X — 5 = 25  — 10\/x  + X 

Transposing, 

o 

11 

00 

o 

11 

00 

Squaring, 

X = 9 

Verification: 

L.S.  = \/9  T \/4  = 3 -{■  2 

R.S.  = 5. 

Exercise 

B 


Solve  and  reject  extraneous  roots: 

1.  \/2x  - 7 = Vx  + 3. 

2.  sVx  = 20. 

3.  Vx  - 4 = 7. 

4.  3Vx  + 1 = 6. 

5.  5\/ X — 2 = \/x  + 3. 

6.  2V~x  +1=7. 

7.  X + Vx  + 4 = 16. 

8.  x-Vx-3  = 5. 

9.  V3x  + V2x  + 3 = 6. 

10.  V5x  + 1 + Vx  + 2 = 9. 

11.  Vx  + 7 = 2 + Vx  - 5. 

12.  Vx  + 45  + Vx  = 9. 

13.  Vx  - 3 

14.  V3x  - 2 = V2x  -2  + 1. 

Vx  + 4 

15.  X — Sa/x  + 6 = 0. 

16.  Vx  + 5 - Vx  - 7 = 2. 
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Graphical  Solution  of  a Quadratic  Equation: 

The  equation  — ic  — 6 = 0 is  solved  by  finding  the  values 
of  X for  which  the  expression  — x — 6 becomes  0.  Let 
y = — X — 6.  A table  of  values  for  y may  be  obtained  by  giving 

X various  values,  and  the  corresponding  points  may  be  plotted  on  a 
graph  as  shown. 

y = x^  — X — 6 


X 

y 

4 

6 

3 

0 

2 

- 4 

1 

- 6 

0 

- 6 

- 1 

- 4 

- 2 

0 

- 3 

6 

y 

L. 

\ 

1 

A 

t 

■ 

- 

.n. 

V 

1 

A. 

\ 

/ 

f 

j 

3 

t c 

~!vrv(> 

1 

1 

i II ; 

y 

When  the  points  are  joined,  a curve  which  is  called  a parabola, 
results.  This  parabola  crosses  the  ^c-axis  at  two  points  (—2,  0) 
and  (3,  0).  Since  the  equation  - 6 = 0 is  solved  by  finding  the 

values  of  jc  for  which  y = 0,  the  graph  gives  the  two  solutions 
X — — 2,  and  x = 3. 

Note:  The  parabola  is  the  graph  of  the  quadratic  equation 
y = — X ~ 6.  It  is  not  the  graph  of  the  original  equation. 

Possible  Cases  in  the  Solution  of  a Quadratic  Equation: 

On  the  diagram  below  are  plotted  the  graphs  of  three  quadratic 
expressions.  The  curves  explain  why  some  quadratic  equations  have 
no  real  roots. 
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(i)  The  upper  curve  is  the  graph 
of  3'  = — 2x  + 5. 

Since  it  does  not  cross  the  x- 
axis,  there  is  no  real  root  for  the 
equation  — 2:x:  + 5 ==  0. 

{2)  The  middle  curve  is  the 
graph  of  y = — 2x  + 1.  There  is 

one  root  (x  = 1)  for  the  equation 
x2  - 2x  + 1 = 0. 


(J)  The  lower  curve  is  the  graph 
of  3^  = x'^  — 2x  — 3.  There  are 
two  roots  (x  = 3,  X = — 1)  for  the 
equation  x^  — 2x  — 3 = 0. 


Y 

— 

iu 

4 

- - 

— 

1— 

t -- 

1-- 

-( 

f - 

:: 

U: 

l=- 

ti 

X- 

/ 

▼ 

- c 

'urv 

~ 

:o 

')  y =x^—2x+5 
y=x^-2x-{-l 
f)  y=x^-2x-3 

-■{1 

Note:  By  algebra  the  following  results  are  obtained : 

2 + V-ie 

(i)  X = 


= 1 + 2\/-l 


(2)  X = 1 or  X = 1 
(J)  X = 3 or  X = — 1 


(2  imaginary  roots). 

(2  coincident  roots). 
(2  distinct  roots). 


Exercise 

B 

Plot  the  graph  corresponding  to  each  equation,  and  solve  the 
equation  graphically. 

1.  x2  - 5x  + 6 = 0.  2.  x2  - 2x  - 8 = 0. 

3.  x2  + 3x  - 10  = 0.  4.  x2  + 6x  + 9 = 0. 

5.  x2  - 2x  + 7 = 0.  6.  x2  - 3x  = 0. 

Note:  The  graphical  method  is  not  generally  an  accurate  method 

of  solution,  and  is  used  here  only  to  assist  understanding  of  the 
roots  found  by  algebra. 
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Quadratic  Equations  in  Two  Unknowns: 

A system  of  two  equations  consisting  of  one  equation  of  the  first 
degree  and  one  quadratic  equation  may  be  solved  by  substitution  as 
in  the  following  examples. 

Example  1:  Solve  the  system  of  equations; 

X -2y  =5  (1) 

-y^  = s (2).  ^ 


Solution: 

From  (i)  X = 5 + 2y. 
Substituting  in  {2) 

(5  + 2y)2  - y2  = g 

25  + 20y  + 4y2  - 3,2  = g 
3y2  + 20y  + 17  = 0 
(3y  + 17)  (y  + 1)  = 0 
3y  + 17  = 0 or  y + 1 = 0 

y=-l. 

Since  x = 5 + 2y 
34 

x = 5 — ^orx  = 5 — 2 


Answers: 


X 

19 

3 

3 

y 

17 

-1 

Steps: 

1.  Solve  the  first  degree  equa- 
tion for  one  unknown. 

2.  Substitute  this  value  in  the 
quadratic  equation. 

3.  Solve  the  resulting  quadratic 
equation  in  one  unknown. 


4.  Substitute  the  answers  in  the 
first  degree  equation  to  find  the 
other  unknown. 


5.  Arrange  the  answers  in  pairs. 


Both  answers  may  be  verified  in  both  original  equations. 
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Example  2:  Solve  the  system  of  equations: 
xy  = 6 (i) 

x + y = 1 {2). 

Solution: 

From  {2)  y ~ 1 — X. 

Substituting  in  {!) 

x{l  — x)  = 6 
7x  — = 6 

x2  - 7x  + 6 = 0 
(x  — 6)  (x  — 1)  =0 
X — 6 = 0 or  X — 1=0 
X = 6 X = 1. 

Since  y = 7 — x 
y = 1 y = 6. 


Answers: 


X 

6 

1 

y 

1 

6 

or  (6,  1)  and  (1,  6)  [verify]. 


Exercise 


B 


Solve  the  following  systems  of  equations: 


1.  X + y =7 
X2  + y2  = 25. 


2.  X = 5y 

x^  + xy  = 120. 


3.  X — 3y  = —3 
xy  = 6. 


4.  x^  + xy  + y^  = 21 
X — y =3. 


5.  5x  — 4y  = 0 
x2  — xy  = — 16. 


6.  y = x^  — X — 6 

2x  + 4y  + 12  = 0. 


7.  4x  - 3y  = 7 
x2  + ^2  = 25. 

9.  2x  + y = — 8 
y2  — 3xy  = 34. 


8.  2x  — 3y  =5 
x^  — 3xy  = 4. 

10.  x^  + xy  + 2y2  = 32 
X + y = 6. 
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Solution  by  Factoring: 

A system  consisting  of  two  quadratic  equations  may  sometimes  be 
solved  by  factoring  as  in  the  following  example. 


Example  1:  Solve  the  system  of  equations. 

^2  _ 4^^  + 3y2  = 0 (i) 

:x;2  -I-  3,2  = 10  {2). 


Solution: 

Factoring  in  equation  (/) 

(x  - 3y)  (x  - y)  = 0 
X — 3y  = 0 or  x — y = 0 
X = 3y  X = y. 


The  solution  must  be  carried  on  in  two  parts. 

Substitute  x = y in  {2) 

(y)2  + 3,2  = 10 

2y2  = 10 

y2  = 5 


Substitute  x = 3y  in  {2) 

(3y)2  + y2  = 10 
93,2  + 3,2  = 10 
10y2  = 10 

y2  = 1 

y = 1 or  y = — 1. 

Since  x = 3y 
X = 3 or  X = — 3. 

Answers:  (3,  1)  (-3,-1) 


y = +\/5  or  y = — \/5- 
Since  x = y 

x = +\/5  or  x = — \/5- 
(a/5,  V^)  (-x/5,  -x/5). 


Note:  This  method  may  be  used  only  if  one  of  the  quadratic 
equations  contains  an  absolute  term  equal  to  zero. 


Example  Z:  Solve  the  system  of  equations. 
x2  + 2y  = 5 (i) 


Gx^  + 4y2  = llxy  (2). 
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Solution: 

6x2  _ 4^2  _ Q (^2) 

(3x  — 4y)  (2x  — j)  = 0 
X = or  X = \y. 


Substitute  x = -^3;  in  {!) 


il^) 


^y)  +^y 


+ 2y  -5  = 0 


IQy' 

~Y 


IQy^  + 183;  - 45  = 0 


By  formula, 


3,  = 


y = 


- 18  ± \/324  + 2880 
32 

-18  ± 6\/89 
32 

-9  ± 3v^ 


16 

— 9 + 3-v/89 


16 

-3  ± a/89 


Substitute  x = in  (i) 

(|y)2  + 2y  =5 

13,2  23,  _ 5 =0 

3/2  + 8y  — 20  =0 

(3,  + 10)  (3,  _ 2)  = 0 

y = — 10  or  y = 2 
X = —5  X = 1 


X 

-3  + V89 

4 

-3  - \/89 

4 

-5 

1 

y 

-9  + 3^/89 

16 

-9  - 3V^ 

16 

-10 

2 

Answers: 
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Exercise 


B 

Solve  the  following  systems  of  equations: 


1.  2x^  — bxy  + 2y2  = 0 

5xy  — 90. 

3.  2xy  — 1 

4^2  + 20xy  + 9y2  = 0. 

5.  x^  — 5xy  + 4y2  = 0 
^2  _|-  y^  -j-  3x  = 29. 


2.  3x^  + 2xy  — y^  = 0 
+ y"^  + 2x  = 12. 

4.  3x^  — 5xy  — 12y^  = 0 

^ ^2  _ 43,2  = 20. 

6.  x^  + 2xy  — 3y2  = Q 
x^  -{-  X y = 32. 


Sometimes  a system  of  equations  may  be  reduced  to  the  previous  type 
by  elimination  of  the  absolute  term. 

Example:  Solve  the  system  of  equations: 

2x2  _ 3^3,  = 14  (1) 

x2  - 3y2  = 1 {2). 


Solution: 


14  X {2) 


Subtract 


U) 


14x2  — 42y2  = 14 

2x2  _ 3^3,  = 14^ 

12x2  + 3xy  - 42y2  = 0 (J). 


Solving  {2)  and  (J)  as  in  the  previous  case,  we  obtain  the  answers: 

(7,4)  (-7,-4)  (2,-1)  (-2,1) 


Exercise 

B 

Solve  the  following  systems  of  equations: 


1.  x2  + y2  = 2 

xy  = 1. 

3.  x2  — 3/2  =11 
x2  + xy  = 66. 

5.  2x2  + 3xy  + 2y2  = 8 

xy  = — 6. 


2.  x2  - 2xy  + 12  = 0 
y2  + 3xy  = 40. 

4.  x2  — xy  = 54 

xy  — y2  — 18  = 0. 

6.  2x2  - 9xy  + 9y2  = 5 
4x2  _ lOxy  + lly2  = 35. 
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Graphical  Solution  of  a System  of  Equations  in 
Two  Unknowns 


(a)  A system  consisting  of  one  first  degree  equation  and  one  quad- 


ratic equation. 


The  straight  line  may 
cut  the  circle  in  2,  1 or 
0 points.  The  system 
of  equations  may  give 
2,  1 or  0 real  roots. 


(6)  A system  consisting  of  two  quadratic  equations. 


The  parabola  may  cut 
the  circle  in  0,  1,  2,  3 or 
4 points.  The  system 
of  equations  may  give 
(0,  1,  2,  3 or  4)  real 
roots. 


Review  Exercise 

B 

Solve  the  following  systems  of  equations  using  algebra,  and  verify 
each  by  a graph: 

1.  X -f  y = 9 
xy  = 14. 


2.  2x  +Sy  = 18 
5x2  _ 2^2  = 


100 


SENIOR  TECHNICAL  MATHEMATICS 


3.  -f-  = 7 — 3^2 

3x2  — X3;  = 1. 


4.  4x2  - 253^2  = 0 

2x2  — 103^2  = 83^  + 4. 


5.  2x2  - y2  = +7 
3^2  + 3x2  = 13, 


6.  x2  — xy  — 3^  = 1 
6x2  _ 12^2  0. 


7.  X — y =6 

JC3  - ;y3  = 342. 


8.  X + 3^2  = 8 

17x  -hy^  = 16. 


CHAPTER  VII 


THEORY  OF  QUADRATICS 


The  roots  of  any  quadratic  equation  may  be  found  by  the  use  of 


the  formula:  if  ax"^  + + c = 0,  then  x = 


— h ± V — 4ac 
Ya  ■ 


The  roots  may  be  rational  or  irrational,  equal  or  unequal,  real  or 
imaginary.  In  the  following  examples  the  character  of  the  roots  of 
various  quadratic  equations  will  be  studied  in  relation  to  the  formula. 


Equation 

Roots  by 
formula 

Roots 

1.  — 6x  -f  9 = 0 

6 ± \/36  - 36 
2 

3,  3 

2.  x2  - 8x  -f  15  = 0 

8 ± \/64  - 60 
2 

5,  3 

o 

II 

1 

CO 

1 

3 + Vo  + 56 

4 

3 i v 

4 

4.  x^  — 2x  + 5 = 0 

2 ± V4  - 20 

2 + V-16 

2 

2 

Character  of 
Roots 


real,  rational, 
equal 

real,  rational, 
unequal 

real,  irration- 
al, unequal 

imaginary 


The  character  of  the  roots  is  determined  by  the  number  under  the 
square  root  sign  in  the  formula.  For  this  reason  — 4ac  is  called 
the  Discriminant,  D,  of  the  equation. 

Summary:  For  any  quadratic  equation  + 6x  -f  c = 0 where 
a,  b and  c are  rational  numbers,  and  D = — 4ac: 

1.  If  D = 0 the  roots  are  real,  equal,  rational. 

2.  If  Z?  is  -f  and  a perfect  square,  the  roots  are  real,  unequal, 
rational. 

3.  If  D is  + and  not  a perfect  square,  the  roots  are  real,  unequal, 
irrational. 

4.  If  Z)  is  — , the  roots  are  imaginary. 
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State  the  value  of  D and 
1.  + 5jc  + 3 = 0. 

3.  — 6x  + 5 = 0. 

5.  — X — 1 = 0. 

7.  x^  — 5x  + 6 = 0. 
9.  x^  — 2x  + 5 = 0. 
11.  2x2  — 3x  — 2 = 0, 
13.  5x2  - 2x  + 2 = 0, 
15.  5x2  _ 10  = 0. 


Calculate  the  discriminant  and 
17.  5x2  + 7x  + 2 = 0. 

19.  3x2  10^  + 10  = 0. 

21.  4x2  + 7x  + 2 = 0. 

23.  3x2  _ 7x  - 15  = 0. 


Exercise 

A 

type  of  roots  for  each. 

2.  x2  + 6x  + 9 = 0. 

4.  x2  — 2x  + 7 = 0. 

6.  x2  — 8x  + 16  = 0. 

8.  x2  — 3x  — 1 = 0. 

10.  x2  - 3 = 0. 

12.  3x2  + X - 1 = 0. 

14.  7x2  -f-  2x  — 1 = 0. 

16.  3x2  - 2x  - 1 = 0. 

B 

find  the  type  of  roots  for  each. 
18.  9x2  _ 30^  + 25  = 0. 
20.  2x2  - 5x  + 6 = 0. 

22.  x2  - llx  - 17  = 0. 
24.  x2  — X + I = 0. 


Sum  and  Product  of  the  Roots 


If  ax2  + 6x  + c = 0 then  x = 


— 5 + V&2  _ 4,ac 


2a 


If  P = 52  _ ^.(ic  this  may  be  written  x = 


h ±Vd 
~Ya 


Let  the  roots  be  m and  n. 
- 5 + 


and  n = 


-b  - Vd 


m n = 


2a  2a 

(- b VD)  + (- b - VD)  -2b  b 


mn  = 


2a  2a  a 

i-b  + VD)  i-b  - VD)  b^  - D 52  „ (^2  _ 4^^) 


2a 

4ac  c 
4a2  a' 


4a2 


4a^ 


2a 
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Sum  of  roots  = — . 

a 

Product  of  roots  = 

a 

The  equation  ax^  + + c = 0. 

b c 

may  be  written  — xH — = 0 

a a 


or: 


— 


= 0. 


Any  quadratic  equation  may  be  written  in  the  form: 

— (Sum  of  the  roots)  x + (product  of  roots)  = 0. 

Example  1:  Find  the  sum  and  product  of  the  roots  of 
5x2  _ 9x  + 12  = 0. 


9 12 

Solution:  The  equation  may  be  written  x^  — - x + — = 0. 

5 5 


Sum  of  the  roots 


product  of  roots  = 


12 


Example  2:  Write  the  equation  with  roots 

(а)  5 and  3. 

(б)  (\/6  + V2)  and  (a/6  - \/2). 


Solution: 

{a)  Two  methods  may  be  used. 
Using  sum  and  product: 

Sum  of  roots  = 8. 

Product  of  roots  = 15. 

Equation  is: 
x2  - 8x  + 15  = 0. 


Using  factors: 

Factors  are  (x  — 5)  (x  — 3). 

Equation  is: 

(x  - 5)  (x  - 3)  = 0 
or  x2  — 8x  + 15  = 0. 


{h)  The  sum  and  product  method  is  preferred  when  the  roots  are 
conjugate  surds. 

Sum  of  roots  = (a/6  + a/2)  + (a/6  — \/2)  = 2a/6. 

Product  of  roots  = (\/6  + \/2)  (a/6  — a/2)  =6  — 2 = 4. 

Equation  is  x^  — 2\/6^  + 4 = 0. 
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Examples:  Verify  whether  (2  + \/3)  and  (2  — a/3)  are  the  roots 
of  the  equation  — 4x  + 1. 

Solution: 

Sum  of  given  roots  = (2  + \/3)  + (2  — \/3)  = 4. 

Product  of  given  roots  = (2  + \/3)  (2  — \/3)  =4  — 3 = 1. 

The  given  roots  are  correct. 


Exercise  ^ 


A 

State  the  sum  and  product  of  the  roots  of: 


1.  — 7x  + 5 = 0. 

3.  x^  + 5x  + 2 = 0. 
5.  2x2  - 3x  + 6 = 0. 
7.  3x2  + 4x  + 3 = 0. 
9.  5x2  _ 7 = 0. 


2.  x2  + 2x  + 1 = 0. 

4.  x2  - 9x  - 3 = 0. 

6.  5x2  _ 7x  - 10  = 0. 
8.  4x2  ^ 20x  + 25  = 0. 
10.  9x2  4-  3x  = 0. 


State  the  equation,  whose  roots  are: 
11.  5,  4.  12.  8,  -5. 

14.  -4,  -2.  15.  -2,  2. 

Fj  22  1q32 

17.  — 3,  3.  1».  Yj  3- 


13.  3,  7. 
16.  7, 
19.  5,  0. 


Test  whether  the  given  roots  are  correct  in  each  case: 

20.  x2  — 5x  + 6 = 0,  roots  3,  2. 

21.  x2  + X — 12  = 0,  roots  —4,  3. 

22.  x2  + 8x  + 35  = 0,  roots  5,  7. 

23.  x2  — 6x  + 4 = 0,  roots  3 + a/5,  3 — a/5. 

24.  9x2  — 9x  + 2 = 0,  roots  f , 

25.  10x2  — llx  + 5 = 0,  roots  f, 

B 

Write  the  equation  whose  roots  are: 

26.  f,  |.  27.  1|,  2|. 

29.  3 + v^',  3 - 30.  5 + 2x/3, 

5 - 2v^. 

32.  a — b,  a b.  33.  T 6,  a 


28.  3f,  - 2i. 
31.  a,  b. 

- 6.  34.  a^,  b\ 


CHAPTER  VIII 


SERIES  OR  PROGRESSIONS 

A series  or  progression  is  a set  of  numbers  in  which  successive 
terms  are  formed  according  to  a definite  mathematical  law. 

Examples  of  series 

1.  1,  2,  3,  4,. . . 2.  2,  5,  8,  11,.  . . 

3.  1,  U,  2,  2i,...  4.  2,4,8,  16,... 

5.  3,  6,  12,  24,.  . . 6.  8,  4,  2,  1,.  . . 

A series  in  which  each  term  is  formed  by  adding  a constant 

number  to  the  preceding  term  is  called  an  Arithmetic  Progression  or 
A.P.  The  constant  number  is  called  the  common  difference.  Let  the 
first  term  be  a,  and  the  common  difference  be  d.  Then  the  general 
A.P.  is 

Q,  a.  d,  a + 2d,  a.  + 3d,  . . . 

Let  the  first  term  be  h,  the  second  term  be  t2,  etc,  so  the  nth  term 
is  tn. 

h = a,  t2  = a A-  d,  ts  = a A-  2id  etc. 

+ («  - l)d. 

This  is  a formula  for  the  wth  term.  It  may  be  used  to  find  any  of  the 
four  letters  if  the  other  three  are  known. 

Example  1.  Find  tz,  h and  tn  for  the  series 
(a)  2,  5,  8,  11,... 

{h)  7,  5,  3,  1,... 

Solution: 

(a)  a = 2 and  d = 3. 

ts  = a A~  2id  = 2 + 6 = 8. 

^7  = a + 6d  = 2 + 18  = 20. 
tn  = a A-  {n  — l)d, 

= 2 + («  - 1)3, 

= 3«  - 1. 
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(&)  a = 7 and  d = —2. 

h = a + 2d  = 7 + 2(-2)  = 3. 
tT=a  + Qd  = 7 + Q (-2)  = -5. 
tn  = a {n  — 1)  d, 

= 7 + {n-l)i-2), 

= -2n  + 9. 

Example  2:  Find  the  number  of  the  term  67  in  the  A.P. 
7,  11,  15,.  . . 

Solution:  a = 7 and  d = 4:. 

Let  67  be  the  nth.  term. 

tn^a-4-  {n-\)d  = 7 -h  {n  -1)4  = 4n  + 2> 

4«  + 3 = 67 
« = 16 

67  is  the  16th  term. 

Example  3:  Find  a and  d for  an  A.P.  if  tz  = 16  and  /g 
Solution:  Let  the  series  he  a,  a d,  a -{■  2d, . . . 


tz  = a 2d  and  t^  = a ^d 
a-\-2d  = \h  (1) 
a + U = Z4  (2). 


Solving,  a = 10  and  d = S. 

The  series  is  10,  13,  16, . . . 

Exercise 

B 

Find  h,  tz,  and  tn  for  each  of  the  following; 

1.  2,  4,  6,. ..  2.  5,  11,  17,.  .. 


4.  10,  9f,  9i,... 

6.  2x,  7x,  12x, . . . 

8.  X -h  2y,x  y,x,.  . 


3.  9,  7,  5,. . . 

5.  d,  a -p  3,  a T"  6, . . . 

7,  2a,  3<i  + 1,  4{j  -}-  2, . . . 


9.  Which  term  is  67  in  the  A.P.  3,  5,  7, ...  ? 
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10.  Find  n li  tn  = — 19  in  the  A.P.  5,  1,  —3, . . . 

11.  Which  term  is  52  in  an  A.P,  with  a = — 2 and  fZ  = 6? 

12.  Find  a if  an  A.P.  has  d = 1 and  the  10th  term  is  68. 

13.  Find  d in  an  A.P,  if  a = 3 and  h = 33. 

14.  Find  a and  d in  an  A.P.  if  h = 24  and  /13  = 66. 

15.  Find  tn-z  for  the  series  3,  5,  7, . . . 

16.  Find  the  A.P.  having  d = 5 and  tn  = 5n  — 4. 

17.  Find  the  A.P.  having  = 16  and  <11  = 86. 

18.  Find  the  5th  term  from  the  end  in  the  A.P.  3,  7,  11, . . . 87. 

19.  Find  the  middle  term  in  the  series  1,  — 2,  — 5, . . . — 59. 

20.  Find  the  13th  term  of  an  A.P.  having  U = 23  and  tu  = 68. 

21.  How  many  terms  are  in  the  series  3,  6,  9,.  . .78? 

22.  How  many  terms  are  in  the  series  2,  5,  8, . . .68? 

Arithmetic  Means 

In  an  A.P.  the  terms  between  two  specified  terms  are  called  arithmetic 
means  between  the  two  terms. 

If  a,  X,  b are  in  A.P.  then  x is  the  arithmetic  mean  of  a and  b. 

Since  x — a = b — x 
a -{■  b 

X = 2 • 

The  arithmetic  mean  of  two  numbers  is  their  average. 

Example:  Insert  5 arithmetic  means  between  3 and  33. 

S'o/w/iow.- The  series  will  be  3,  — , — , — , — , — ,33 
= 3 and  t^  = 33. 

Solving  for  d we  find  d = b. 

The  means  are  8,  13,  18,  23  and  28. 
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The  Sum  of  an  A.P. 

The  sum  of  an  A.P.  may  be  found  by  reversing  the  series  as  in  the 
example. 

Example:  Find  the  sum  of  7 terms  in  the  series  3,  7,  11, . . . 
Solution:  /t  = = 3 + 6 X 4 = 27. 

Let  the  sum  of  7 terms  be 

57  = 3 + 7 + 11  + 15  + 19  + 23  + 27 

57  = 27  + 23  + 19  + 15  + 11  + 7 + 3. 

Adding,  257  = 30  + 30  + 30  + 30  + 30  + 30  + 30 


The  sum  of  7 terms  is  105. 

Formula  for  the  Sum  of  n Terms  of  an  A.P. 

To  find  the  sum  of  n terms  (5„)  of  the  A.P.  a,  a d,  a -\-  2d,  . . . 
Solution:  Let  the  nth.  term  be  1. 

tn  = a (n  — l)d  — I 
tfi—i  — I — d 

tn—2  — I — 2d 

5„  = a + (a  + d)  + (a  + 2d)  + ...  + (/  — 2d)  + (/  — d)  + / 

5„  = Z + (/  - d)  + (/  - 2d)  + . . . + (a  + 2d)  + (a  + d)  + a. 
Adding,  25n  = (a  + /)  + (a  + /)  + (a  + /)  + ... 

+ (a  + 0 + + ^)  + (^  0 

25„  = n{a  + 1) 

s„  =|(a  + /). 

Since  I = tn  = a + {n  — l)d 
Sn  = — [a  + a + (w  — i)  d] 

or  S"  = ^ [2a  + (n  - l)d]. 
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Example  1:  Find  Sn  and  for  the  series  5,  8,  11, . . . 

Solution:  a = 5 and  d = 3. 

Sn  — — [2a  {n  — l)d]  = — [10  + (w  — 1)3]  = — {3n  + 7) 

59  = ^ [2a  ^8d]=^-  [10  + 24]  = 153. 

Example  2:  Find  the  sum  of  the  series  3,  1,  — 1, , —51. 

Solution:  a = 3 and  d — —2. 

Let  — 51  be  the  nth  term. 

tn  — a {n  — \)  d = 3 {n  — 1)  ( — 2)  — — 2n  -(-  5 
Hence  — 2w  + 5 = — 51. 
n = 28. 

n 

Using  the  formula  Sn  = — {a  1) 

28 

5,8  = ^ (3  - 51) 

= 14  X (-48). 

The  sum  is  — 672. 

Exercise 

A 


Find 

the  arithmetic  mean  of: 

(a) 

57  and  63, 

(& 

12  and  15, 

(c) 

3x  + 2 and  5x  + 8 

{d) 

-21  and  13, 

(^) 

— 5 and  — 16, 

if) 

X2  and  X. 

B 


2.  Insert  3 arithmetic  means  between  13  and  22. 

3.  Insert  4 arithmetic  means  between  5 and  —23. 
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4.  Find  the  arithmetic  mean  of  \/3  + 2 and  \/3  — 2. 

5.  Insert  2 arithmetic  means  between  a + 3 and  la  — 12. 

6.  Find  the  sum  to  7 terms  of  each  series; 

(a)  3,5,7,...  (5)  7,4,  1,... 

(c)  5,8,  11,...  {d)  4,  1,  -2,... 

7.  Find  the  sum  of  n terms  of  each  series: 

ia)  3,  0,  -3,...  (6)  5,  9,  13,... 

(c)  4,9,14,...  {d)  ii,  0,... 

8.  Find  520  for  an  A.P.  with  h = 17  and  /is  = —13. 

9.  Find  59  for  an  A.P.  with  a = 25  and  d ^ —Z. 

10.  Find  the  sum  of  each  series. 

(a)  5,  8,  11,.  . .,71,  (b)  -7,  -3,  1,...,65, 

{c)  2,  2|,  3,...,  15,  (d)  17,  14,  11,...,  -82. 


The  Geometric  Progression  (G.P.) 

A series  in  which  each  term  is  formed  by  multiplying  the  preceding 
term  by  a constant  number  is  called  a Geometric  Progression  (G.P.). 
The  constant  number  is  called  the  common  ratio  of  the  series. 


Examples  of  Geometric  Progressions: 


{!)  3,  6,  12,  24,... 

{2)  5,25,125,625,... 
{3)  i i I,... 

(4)  9,  - 3,  1,... 


(common  ratio  is  2). 
(common  ratio  is  5). 
(common  ratio  is  |). 
(common  ratio  is  — |). 


Let  the  first  term  be  a and  the  common  ratio  be  r.  Then  the  general 

G.P.  is  a,  ar,  ar^,  ar^,  . . . 

The  general  term  is  G = ar^~^. 

Note:  On  page  487  is  a table  of  powers  which  may  be  used  to 
simplify  the  calculations  on  geometric  progressions. 
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Example  1:  Find  and  in  the  series  {a)  3,  6,  12, . . . 


(6)  8,  -4,  2,... 


Solution: 


{a)  a = 3 and  r = 2 

^7  = = 3 X 2«  = 3 X 64  ==  192 

/„  = = 3 X 2"-i. 

(6)  a = 8 and  r = 

/7  = = 8 X (-^)®  = A = i 

tn  = ar^-'^  = 8 X (-1)"“^ 

= (-  l)”-i  X 24-\ 

Example  2:  Find  the  G.P.  having /s  = 18  and  h = 486. 
Solution:  Let  the  series  be  a,  ar,  ar"^, . . . 


tz  = ar^  = 18  (1) 
/e  = ar^  = 486  (2). 


Divide  r®  = 27  and  r = 3. 


Substitute  r = 3 in  (1),  a = 2. 

Series  is  2,  6,  18, . . . 

Example  3:  Which  term  is  | in  the  series  8,  4,  2, ...  ? 
Solution:  a = 8 and  r = |. 


Since  = (i)®i  w — 1 = 6 and  n = 7 
I is  the  7th  term. 

Exercise 

A 

1.  In  each  G.P.  state  the  value  of  a,  r,  and  tn. 


(a)  2,  4,  8, . . . 

(c)  hhh-.. 

{e)  64,16,4,.. 


(&)  1,5,25,... 
id)  1,  I,  i,... 
(/)  a:,  ^2,  . . . 
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2. 


3. 


4. 


5. 


6. 


7. 


8. 


9. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


B 

Find  h and  in  the  series  5,  10,  20.  . . 

Find  /s  and  /e  in  the  series  9,  —3,  1, . . . 

Find  ^13  and  tn  in  the  series  16,  8,  4, . . . 

Find  and  in  the  series  2,  — 4,  8,.  . . 

Find  /g  and  in  the  series  1000,  100,  10, . . . 

Find  the  G.P.  having  ts  — 80  and  h = 1280. 

Find  the  G.P.  having  ^4  = — and  . 

16  128 

Find  the  G.P.  having  tz  — - and  ti  = 

^ 3 243 

Find  the  G.P.  having  h = - and  k = — 4. 

8 

Find  the  G.P.  having  G = 10'^“®. 

Find  tn  of  the  G.P.  having  tz  = 1 and  k = 32. 
Find  tz  of  the  G.P.  having  t^  = 18  and  k = 4374. 
Which  term  is  81  in  the  G.P.  1,3,...? 

Which  term  is  in  the  series  16,  8,  4, ...  ? 
Which  term  is  6250  in  the  series  2,  10,  50, ...  ? 
Which  term  is  —8  in  the  series  j,  — 1, . . . ? 


Geometric  Mean 

If  a,  X,  b,  are  in  G.P.  then  x is  called  the  geometric  mean  of  a and  h. 

X 0 
Then  - = - 
a X 

= ab  and  x = ±\/ab. 

The  geometric  mean  of  a and  b is  given  by  the  formula  x — ± 
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Sum  of  a G.P. 

The  sum  of  a G.P.  may  be  found  by  multiplying  each  term  of  the 
series  by  the  common  ratio  and  subtracting  as  in  the  example  below. 

Example:  Find  the  sum  of  6 terms  of  the  G.P.  2,  4,  8, . . . 

Solution:  Let  the  sum  of  6 terms  be  S^. 

56  = 2 + 4 + 8 + 16  + 32  + 64 
2X^6  = 4 + 8+  16  + 32  + 64  + 128. 

Subtract,  — 128  — 2 = 126. 


Formula  for  the  Sum  of  a G.P. 

To  find  the  sum  of  n terms  of  the  G.P.  a,  ar,  ar"^, . . . 
Solution:  tn-i  = 


Let  the  sum  of  n terms  be  5„. 

Sn  = a + ar  ar^  + . . . + 


r XSn  = 
Subtract  (1 


ar  + ar^  + ...  + ar  "“^  + ar”~^  + ar” 
r)  5„  = a — ar’^ 

a{r^-l) 


e flU-O 
S„=  — or  5, 


r-1 


The  first  formula  is  used  if  r is  less  than  1,  and  the  second  if  r is 
greater  than  1. 


Example  1:  Find  5„  and  5io  for  the  series  + + + . . . 


Solution:  a = | and  r = 2 

^ a(r”  - 1)  ^ I (2”  - 1)  ^ ^ _ 1 ^ _3  _ 1 

r - 1 1 8 8 8 


C 1 7 

I 2 -8-127g. 


Example  2:  Find  the  sum  of  8 terms  of  the  series  9,  — 3,  1, . . . 
Solution:  a = 9 and  r = — + 

1 - r 1 + i 4 

_ ?Z  _ 1 fl]  - _ JL  _ 

“ T ” ^ T 972  “ ®243' 
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Exercise 

B 

Find  the  geometric  mean  of  each; 

1.  3 and  12.  2.  2 and  24.  3.  and  x®. 

4.  f and  3.  5.  5x  and  20x.  6.  | and 

7.  Find  the  sum  of  5 terms  of  the  series  2,  8,  32, . . . 

8.  Find  S7  and  Sn  for  the  G.P.  8,  4,  2, . . . 

9.  Find  the  sum  of  6 terms  of  the  G.P.  5,  1,  i, . . . 

10.  Find  the  sum  of  5 terms  of  the  series  4,  — 2,  1, , . . 

11.  Find  the  sum  of  5 terms  of  the  series  — 5,  . . . 

12.  Find  the  sum  of  the  series  2,  4,  8, , 256. 

13.  Find  the  sum  of  7 terms  of  the  G.P.  having  a = 2 and  r = 3. 

14.  Find  the  sum  of  the  G.P.  with  first  term  1 and  last  term  729 
if  there  are  7 terms. 

15.  Find  the  sum  of  5 terms  of  a G.P.  if  Is  = 4|  and  te  = 121  y. 

16.  Find  the  sum  of  7 terms  of  a G.P.  if  ^3  — | and  is  ^ ~4. 


SECTION  II  - LOGARITHMS,  THE  SLIDE  RULE 


CHAPTER  IX 

INDICES 

Introduction 

The  student  already  has  had  considerable  experience  in  the  use  of 
indices.  Thus,  in  the  formula  for  the  volume  of  a sphere  of  radius  “r”, 
V = Ixr®,  the  factor  is  read  “r  cubed”  or  “r  to  the  third”  or 
“the  third  power  of  r”.  Similarly  3x3x3x3x3  may  be  written 
more  conveniently  as  3®  and  is  read  ”3  to  the  fifth”  or  “the  fifth 
power  of  3”.  The  number  5 in  3®  tells  the  number  of  times  3 is  used 
as  a factor  and  is  called  the  Index  or  Exponent  of  the  power,  while 
the  number  3 is  called  the  Base  of  the  power. 

To  date  the  student  has  used  only  positive  integral  indices. 
In  this  chapter  we  shall  review  the  laws  regarding  the  use  of  positive 
integers  as  indices  and  also  investigate  their  possible  extension  to 
include  indices  which  are  not  positive  integers. 

Definition  of  x”* 

We  have  already  defined  3®  as  a convenient  way  of  writing  the 
product  of  five  factors  each  equal  to  3.  Similarly,  we  now  define  x”* 
as  the  product  of  m factors  each  equal  to  x (w  being  a positive 
integer).  Thus  x”*  = x.  x.  x.  . . . for  m factors. 

Oral  Exercise 

1.  What  is  the  “fourth  power  of  5”? 

2.  What  is  wrong  in  reading  5^  as  “5  to  the  power  4”? 

3.  What  is  wrong  with  the  statement  that  5*  means  “5  multiplied 
by  itself  4 times”? 

4.  State  the  values  of  2^,  3^,  1®,  0^,  P. 

5.  Simplify  2 X 32;  4 X 10®;  6 X 0^;  0^  - 4. 

6.  When  a = 10,  find  the  values  of 

3a\  a\  300  ^ a^,  Sa®  ^ 4a2. 

7.  Evaluate  (-1)2,  (-1)3,  (-I)b,  (-1)i8,  (-1)2^. 

8.  What  is  the  difference  between  3®  and  5®? 
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9.  Evaluate  (-2)2,  (-2)^,  (-2)^  (-2)^. 

10.  If  “m”  is  a positive  integer,  for  what  values  of  “m”  will 
(-2)”*  be  (i)  positive,  (ii)  negative? 

11.  Define  the  meaning  of  a®.  How  many  factors  are  there  in 
fl®  X a^? 

12.  Simplify  X x^,  X ni^  X w®. 

13.  What  is  the  quotient  when  a®  is  divided  by  a®?  How  many 
factors  remain? 

14.  Find  the  values  of  w®  w®,  x^, 

¥ ^ ^ W 

a®  6®  3m2  %d 

15.  What  does  (x®)^  mean?  What  is  its  value  when  x = 21 

16.  State,  without  the  use  of  brackets,  the  simplest  form  of 

(a2)2,  (y)2^  (^3)6^  (^2)7. 

17.  When  X = 2,  distinguish  between  the  values  of  Sx®  and  (3x)2. 
What  is  the  difference  in  meaning  between  xy^  and  {xyYl 

18.  When  a = 2,  b = S,  evaluate  ab"^,  a^,  a^b^,  (a^)^  (a^)®. 

Which  of  these  are  equivalents? 

19.  What  does  mean?  Write  without  brackets. 

20.  When  X = 3,  y = 2,  write  the  values  of 

X®  X x^ 

(-)•  Which  are  equivalents? 

3'  3'®  3'®  \y/ 

21.  Express  as  powers  of  10:  100,  1000,  10  X 100,  100  X 100, 
10®  X 10®. 

22.  Express  as  powers  of  2:  4,  8,  16,  4 X 16,  8 X 32,  2®  X 2®, 

23.  What  is  the  value  of  m if  2^  = 8,  10”*  = 10,000,  4”*  = 64? 

The  Laws  of  Indices 

From  our  examination  of  certain  particular  cases  we  arrived  at 
the  following  results  based  on  our  definition  of  x”*: 

(1)  x^  X x^  = 3i:®+2  = X® 

(2)  x^  -i-  x^  = x^-^  = x^ 

(3)  (:x:2)®  = x®*®  = X® 

(4)  (xy)®  = x®y® 
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These  statements  can  be  made  more  general  by  the  use  of  m 
and  n for  our  indices,  with  the  restrictions  (i)  that  m and  n are 
positive  integers  and  (ii)  that  in  (2)  below  m is  greater  than  n 
{m>  n). 


(1) 

(2) 

(3) 

(4) 

(5) 


X X' 

x”*  X 
(x"*)”  = X 


i+n 


X 

mn 


(xy)^  = x"*!/"* 


These  are  known  as  the  Laws  of  indices  or  the  Index  laws. 
The  formal  proofs  of  these  laws  in  their  general  form  may  be  de- 
veloped as  in  particular  cases. 


Law  I.  Law  of  Multiplication,  x"*  x x”  = x"*^” 

By  definition, 

= X.  X.  X.  ...  to  m factors, 
x^  = X.  X.  X.  ...  to  n factors, 

x”"  X x”  = (x.  X.  X.  ...  to  w factors)  (x.  x.  x.  . . . to  w factors), 
= X.  X.  X.  . . . to  (m  -f  n)  factors, 

= x”*"*"”,  by  definition. 

Similarly,  x"”  X x”  X x^  = x”*"'’”  X x^ 


Law  II.  Law  of  Division,  x”*^  x”  = x"*  ” 

x”*  X.  X.  X.  ...  to  w factors 
x”  X.  X.  X.  ...  to  n factors 

= X.  X.  X.  ...  to  {m—n)  factors,  if  w > w, 

= X"*-". 

Here  reduction  of  the  fraction  continues  until  the  n factors  in 
the  denominator  have  cancelled  an  equal  number  of  factors  in  the 
numerator,  leaving  m — n factors  in  the  numerator. 

Should  n>  m,  the  m factors  in  the  numerator  cancel  an  equal 
number  in  the  denominator,  leaving  n — m factors  in  the  denominator. 

.-.  for  OT  > w,  x"*  -r-  x”  = x”*~”, 
and  for  w > m,  x”*  x”  = • 

Xn-m 
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Law  III.  Law  of  Powers,  (x”*)"  = x”*” 

= x”*.  x”*.  x^.  ...  for  n factors, 

= (x.  X.  X.  ...  to  m factors)  (x.  x.  x.  . . . to  m factors)  . . . 

for  n sets  of  brackets, 

= X.  X.  X.  ...  to  mn  factors, 

= x”*”.  o 

Similarly,  {(x"*)”}^  = (x^y  = x”'”^ 


Law  IV.  Power  of  a Product,  (xy)^  = 

(xy)”*  = xy.  xy.  xy.  ...  to  w pairs  of  factors, 

= (x.  X.  X.  ...  to  m factors)  (y.  y.  y.  ...  to  m factors). 
= x”‘y"‘. 

Similarly,  (xy^)”*  = (xy)’”^”'  = x^y^z"^. 


Law  V.  Power  of  a Quotient 


ym 


© 


...  tom  factors. 


y y y 

X.  X.  X. 


to  m factors 


y.  y.  y. 

x"* 


to  m factors 


Relations  between  the  Index  Laws 

The  first  law  of  indices,  that  of  multiplication,  is  sometimes  called 
the  fundamental  index  law,  because  with  the  aid  of  axioms 
the  other  four  laws  may  be  deduced  from  the  first. 

Thus,  (i)  when  m > «,  x”*  = x”*””  X x”  by  Law  I. 

.*.  x”*  x"  = x^““,  which  is  Law  11. 

(ii)  x^  X x”*  = x^^"*  = X2"*,  by  Law  1. 

Similarly,  x”*  X x”*  X x"”  = - x^”*, 

and  x"”  X x”*  X x”*  . . . to  w factors 

_ ^m+tn+m  • • • to  « terms 
= X"'”. 

.*.  ex’”)"  = x”*”,  which  is  Law  III. 
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(iii)  Also  Law  V is  really  a variation  of  Law  IV,  since 

h'-i’t- 

m 

by  Law  IV, 


= X 


(S)' 


= — > which  is  Law  V. 

ym 


Exercise 


A.  (Oral) 

Simplify  the  following: 


1. 

a®  X a^. 

2. 

X k\ 

3. 

m^  X m^  X m^. 

4. 

X X X x^. 

5. 

2 X 2\ 

6. 

3 X 32  X 32. 

7. 

i-iy  (-1)2. 

8.  ( 

-1)=“  (-1) 

9. 

(-3)^  (-3)2. 

10. 

(-x)2  (-x)^ 

11. 

a®  4-  a^. 

12. 

^9  -1.  y6^ 

13. 

3x2. 

14. 

xr2  xr. 

15. 

rr^h  XT'. 

16. 

xr2  -4-  2xr. 

17. 

3^2  4-  3®. 

18. 

2®  -r-  2\ 

19. 

(_l)6^  (_1).. 

20. 

(-1)®^  (- 

-1)2. 

21. 

(-1)1.^  (-1) 

22. 

{—my  {—my. 

23. 

yh  X -7- 

y2. 

24. 

X®  X x^  X®. 

25. 

X X a^. 

26. 

x”*  X x”  X 

x^  , 

27. 

X a*. 

28. 

x”*  X x”  -h  x^. 

29. 

(32)2. 

30. 

(22)2. 

31. 

(a3)^ 

32. 

(262)2. 

33. 

{m^n^y. 

34. 

{m^y  -7-  m®. 

35. 

(a®)2  - a®. 

36. 

(-12)2. 

37. 

[(-i)’K 

38. 

6 

39. 

x”*.  x”.  x”*-”. 

40. 

a"-"  X a'’"+". 

41. 

x”*’'  X x'- 

-Q 

42. 

8x® 

4x^‘ 

43. 

(a‘)’ 

{a>/ 

44. 

oT 

{a‘^r 

45. 

{xyy 

(x4y)2 

46. 

a*+^  a‘*’. 

47. 

X"+P.  x'^~^. 

B.  (For  Written  Solutions) 

48. 

49. 

© 

50. 

x“+''  X x^+\ 

51. 

(a-y  ^ 

, (a")2  {a^y 

y.a+b+c 

^2m+n  ' ^2»+p  ^2p+m 
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52.  Express  as  a power  of  2:  (i)  4®  (ii)  S'”. 

53.  Express  as  a power  of  3:  (i)  9^  (ii)  27”. 

54.  Divide  32®  by  8®  by  expressing  each  as  a power  of  2. 

55.  Divide  8D  by  27®  by  expressing  each  as  a power  of  3. 

Standard  Numbers — Use  of  an  Index  to  Express 

Large  Numbers 

A standard  number  is  a number  expressed  with  only  one  digit 
in  front  of  the  decimal  place.  The  use  of  standard  numbers  is  of 
great  value  when  we  are  dealing  with  either  very  large  or  very  small 
numbers.  For  example,  a physicist  calculates  the  mass  of  the  sun 
to  be  24,000,000,000,000,000,000,000,000  tons.  Here  the  2 and 
4 are  significant  figures  but  the  role  of  the  zeros  is  only  to  give  place 
value  to  the  2 and  4.  If  this  number  is  to  occur  very  often  in  print 
or  in  a calculation  it  would  be  more  convenient  to  write  it  as 
2-4  X 102®. 

The  number  of  significant  figures  retained  after  the  decimal  is 
indicative  of  the  accuracy  claimed  for  the  measurement.  Thus, 
if  a measurement  is  given  as  2-537  X 10®  units,  it  implies  that  the 
correct  value  lies  between  2-5365  X 10®  and  2-5375  X 10®  units. 

For  the  use  of  an  index  in  expressing  very  small  numbers,  see 
page  122. 

Written  Exercise 

1.  Write  without  the  use  of  indices: 

3-4  X 10®:  1-73  X 10®;  2-7  x lO^®;  4-635  x 10^ 

2.  Express  as  “standard  numbers”: 

6,543,000;  497,600,000,000;  186,600. 

3.  The  distance  of  the  nearest  fixed  star  is  about  25  million 
million  miles.  Express  this  as  a standard  number. 

4.  A “light  year”  is  a measure  of  distance.  It  is  the  distance 
a beam  of  light  would  travel  in  one  year,  at  the  rate  of  186,000  miles 
per  second.  Express  as  a standard  number,  with  three  significant 
digits,  the  number  of  miles  in  one  light  year. 

5.  The  velocity  of  light  is  given  as  3 X 10^°  cm.  per  sec.  If 
1 inch  = 2-54  cm.  approximately,  find  the  velocity  of  light  in  miles 
per  second  correct  to  three  significant  figures. 
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6.  The  mass  of  the  sun  is  about  2-4  X 10^®  tons.  The  mass  of 
the  earth  is  estimated  at  six  thousand  million  million  million  tons. 
Express  the  mass  of  the  earth  (i)  as  a standard  number  and  (ii)  as 
a fraction  of  the  mass  of  the  sun. 

Extension  of  the  Index  Laws 

In  defining  x"*  as  x.  x.  x.  ...  to  a total  of  m factors,  we  imposed 
the  restriction  that  m must  be  a positive  integer.  The  question  now 
arises  of  a possible  meaning  for  x^  where  w is  a negative  integer, 
zero,  or  a fraction  either  positive  or  negative.  It  is  obvious  that 
the  definition  already  given  for  x”*  will  not  do,  since  to  say  that  x“‘* 
means  the  product  x.  x.  x,  ...  for  a total  of  -4  factors  has  no 
meaning.  Nevertheless,  the  quantities  x®,  x^,  x~^,  x~^  do  occur, 
and  it  would  be  most  convenient  if  the  meanings  assigned  to  these 
numbers  were  such  that  the  laws  of  indices  as  previously  established 
would  also  apply  to  them. 

Meaning  of  a Zero  Index 

By  Law  I,  x®  X x”*  = X0+”*  = x”*. 

This  says  that  x°  is  an  operator  such  that,  if  used  to  multiply 
the  number  x^,  it  leaves  the  number  unchanged.  The  only  such 
multiplier  is  one.  .-.  x°  = 1. 

Therefore  we  now  define  that  any  number  {except  zero)  to  the 
index  zero  is  equal  to  one.  We  may  now  apply  to  zero  indices  the 
same  laws  established  for  positive  integral  indices. 

Thus  3°  = 1,  ( -2)0  = 1,  5 X 40  = 5. 


Meaning  of  a Negative  Index 

By  Law  I,  x~®  X x*  = x~o+^  = x®  = 1, 

.-.  x-3  = 4- 


or,  by  Law  II,  x^  x^  = x^“^  = x~^, 

, X*  I 

but 
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Similarly  in  the  general  case, 

x-"*  X x"*  = = x®  = 1, 


Thus,  any  positive  number  raised  to  a negative  index  is  equal 
to  the  reciprocal  of  the  same  number  raised  to  the  corresponding 
positive  index.  This  law  also  holds  for  negative  numbers  where  a 
reciprocal  exists. 


Since 


--  and  x” 


it  would  appear  that  any  factor  can  be  transferred  from  the 
numerator  of  a fraction  to  the  denominator,  or  vice  versa,  by 
changing  the  sign  of  its  index.  Thus: 


3 X 5-^  ^ 3 X 10+^ 

10-2  52 

X2 


Standard  Numbers — Use  of  a Negative  Index 
to  Express  Small  Numbers 


Just  as  large  numbers  can  be  expressed  as  standard  numbers 
with  the  use  of  a positive  index,  small  numbers  can  be  expressed  as 
standard  numbers  with  the  use  of  a negative  index.  Thus,  if  we 
are  given  that  the  diameter  of  a hydrogen  molecule  is  0 - 000,000,0217 
cm.,  it  is  obvious  that  the  zeros  function  only  to  give  place  values 
to  the  2,  1 and  7.  Therefore  the  measurement  could  be  expressed 
conveniently  in  standard  form  as  2 17  X 10“®  cms.  Since  10~® 


means  — » the  number  2-17  is  to  be  divided  by  10  eight  times. 
108 


Since  division  by  10  moves  the  decimal  point  one  place  to  the  left, 
division  by  10®  moves  the  decimal  point  eight  places  to  the  left, 
and  we  have: 


2 17  X 10-8  = 0- 000,000,0217. 


INDICES 


123 


Written  Exercise 


1.  By  use  of  the  appropriate  negative  power  of  ten,  express 
each  of  the  following  as  a standard  number: 


{a)  0- 000,006. 
(c)  0-000,043,8. 


(b) 

id) 


0- 000,000,75. 
2,632 

10,000,000’ 


2.  One  unit  of  measuring  wave  length  of  light  is  the  Angstrom 
(1  A = 10“®  cm.).  The  wave  length  of  sodium  light  is  about  5760  A. 
Express  this  as  a decimal  fraction  of  a centimetre. 


3.  The  charge  on  an  electron  is  given  as  0 000,000,000,477  elect- 
rostatic units.  Express  this  as  a standard  number  of  e.s.u. 

4.  If  there  are  6 X 10^®  hydrogen  atoms  in  one  gram  of  hydrogen, 
express  in  standard  number  form  correct  to  three  significant  digits 
the  mass  of  a hydrogen  atom. 


Meaning  of  a Fractional  Index 

By  Law  I.  x”*  x 

Assuming  that  the  same  law  holds  for  fractional  indices, 

X = x^+^  = = X. 

That  is,  xi  is  the  number  which  when  multiplied  by  itself  gives  x. 

But  we  have  previously  called  such  a number  the  square  root 
of  X.  _ 

.-.  = \/x,  (x  ^ 0). 

Similarly,  xf  X X x^  = x^+^+^  = x. 

.*.  x^  = -^x  (the  cube  root  of  x). 

In  general,  where  w is  a positive  integer, 

1 n / — 

Xn  = 

X can  be  any  number  if  n is  odd,  but  x cannot  be  negative  if  n is  even. 

Thus,  9^  = = 3,  64®  = -^64  = 4, 

8li  = = 3. 

In  each  of  the  above  cases  the  index  is  a fraction  with  numerator 


one. 
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Let  us  consider  the  meaning  to  be  given  27^. 

By  Law  III.  (27t)3  = 27t>‘3  = 27\ 

27t  = ^W\ 

p 

In  general,  {x^Y  = 

p 

x~^  = -^x^,  ^ 

where  p and  q are  positive  integers.  Thus,  if  the  index  is  a fraction, 
the  denominator  of  the  fraction  tells  the  root  to  be  taken  and  the 
numerator  tells  the  power.  It  is  possible  to  express  this  result  in 
two  ways. 

By  Law  HI.  x~^  = {x^Y  = 

Example:  27^  = {-^^Y  = 3^  = 9, 
or  27^  = = ^7^  = 9. 

It  will  be  seen  that,  in  general  it  is  easier  to  take  the  root  first. 

Thus,  165  = (v'l6)=  - 2*  - 8. 

Exercise 

A.  (Oral) 


State  the  meaning  assigned  to  each  of  the  following: 


1. 

2.  y-2. 

3.  a~K 

4.  6-0. 

5.  5°. 

6.  a^. 

7.  mi. 

8.  yi. 

9.  XK 

10.  aL 

11.  et 

12.  di. 

13.  x-'*. 

14.  y-i 

15.  a-i. 

16.  p-i. 

Find  the  value  of  each  of  the  following: 

17.  9i 

18.  8i 

19.  25i. 

20.  16L 

21.  5-2. 

22.  4-i 

23.  27l 

24.  125i 

25.  4i 

26.  8-^. 

27.  (-6)0. 

28.  32^. 

29.  20.3°. 

30.  .10,000i 

31.  (-2)-L 

32.  30.3-'*. 

33.  20.2-'*. 

34.  (-27)i 

••■(S)* 
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Express  each  of  the  following  with  fractional  indices: 

37.  \/l.  38.  ^/x.  39.  ^a.  40. 

41.  -s/x^.  42.  43.  \/m^.  44.  (\/a®)^. 

Read  the  following  with  positive  indices: 

45.  x^y~‘^.  46. 

49.  50.  J_. 

by~‘^  a~^b 


47.  45-3. 

48.  - 

3,-2 

51. 

52. 

2y-2 

y-3  a~* 

Solve  the  following  equations: 

53.  x^  = 3.  54.  m3  = 3.  55.  y^  = 9. 

56.  b^  = 16.  57.  x^  = 58.  = 8. 


B.  (For  Written  Solutions) 

Find  the  value  of  each  of  the  following  when  x = \,  y = 2,  m = ^\ 
59.  {xy)^.  60.  xy'^.  61.  x^y. 

63.  (xV-^)’".  64.  {my.  65.  {xy. 

\ 67.  68.  ^ b9.x^y^. 

\y"J 

Simplify  the  following: 

71.  32“i  72. 

74.  (0-5)-2.  75.  (-8)-i 

I Prove  the  following  identities: 

I 77.  503  = 5 X 2K  78.  108^  = 3 X 2i 

Summary 

I In  this  chapter  we  proved  the  “fundamental  index  law”  and 
developed  from  it  four  other  laws.  These  laws,  which  were  de- 
veloped for  positive  integral  indices,  we  extended  to  include 
fractional,  zero  ^and  negative  indices.  Meanings  were  assigned  to 
x”*  and  on  the  basis  of  the  fundamental  index  law. 
, Trial  shows  that  we  can  use  the  other  four  laws  with  these  indices. 


66. 

70.  (mxy)°. 


73.  (0-05)2. 
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The  term  “standard  number”  was  introduced,  and  very  large 
and  very  small  numbers  were  conveniently  written  with  the  aid 
of  powers  of  10.  This  is  a practical  application  of  indices  now 
commonly  used  by  scientific  workers. 

Another  very  useful  application  of  indices  will  be  found  in 
the  chapter  on  logarithms  which  follows. 


Review  Exercise 

A.  (Oral) 


1.  State  the  five  laws  of  indices. 

2.  The  first  law  of  indices  is  stated  in  words  as  follows:  “The 


product  of  two  powers  of  the  same  number  is  the  power  of  that 
number  in  which  the  index  is  the  sum  of  the  indices  of  the  two 


powers.”  State  the  other  index  laws  in  words. 

3.  Why  must  we  assign  meanings  to  x^,  and  x~^?  Explain 
how  these  meanings  are  assigned. 


B.  (For  Written  Solutions) 

4.  Write  as  standard  numbers: 

0- 0000362;  46,320,000; 

0- 000538;  29,700,000,000. 

5.  Write  without  the  use  of  indices: 

6-3  X 103;  5-47  X 10-^ 

8-37  X 10-«;  6-4  x 10^ 

6.  When  a = 9,  6 = 4,  write  the  values  of: 


7.  Find  the  numerical  values  of: 


27^  16-^,  (-125)-i 


8.  Simplify  2^  + 10®  — 9^  - (i)“2  + 0®  + 

9.  Show  that  -^27^  X '^16®  = 72. 

10.  Simplify  8^  + 8^  - 8“^  — 8“^. 

11.  Solve  x^  = 125. 

12.  Solve  2”*  X 4”’  = 512. 


CHAPTER  X 


LOGARITHMS 

Review  of  the  Laws  of  Indices 


In  Chapter  IX  five  index  laws  were  developed. 


1. 

Law  of  Multiplication. 

x”*  X x”  = 

2. 

Law  of  Division. 

x”*  ^ x”  = x"*'”. 

3. 

Law  of  Powers. 

{x^Y  = 

4. 

Power  of  a Product. 

(xyr  = x-y-. 

5. 

Power  of  a Quotient. 

(xy  _ x^^ 

ynt 


Three  extensions  of  these  laws  were  made  to  give  meanings 
to  zero,  negative  and  fractional  indices.  Thus, 

(1)  = 1. 

(2)  X-”  = J_. 

(3)  X 3 = xY  or  ^x^. 

We  are  now  going  to  use  these  laws  to  shorten  certain  arithmetical 
calculations. 

The  Index  Laws  in  Arithmetical  Calculations 

The  following  table  gives  the  powers  of  the  base  2 from  2° 
to  2^®.  A similar  table  can  be  constructed  for  any  desired  base. 


2° 

= 1 

29  = 512 

21®  = 262,144 

21 

= 2 

219  = 1,024 

219  ^ 524,288 

22 

= 4 

211  ^ 2,048 

229  ^ 1,048,576 

2® 

= 8 

212  ^ 4 096 

221  ^ 2,097,152 

2^ 

= 16 

212  ^ 8J92 

222  = 4,194,304 

2® 

= 32 

21^  = 16,384 

222  = 8,388,608 

2® 

= 64 

21®  = 32,768 

224  ^ 16,777,216 

27 

= 128 

21®  = 65,536 

22®  = 33,554,432 

28 

= 256 

217  = 131,072 

22®  = 67,108,864 

127 
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This  table  can  be  used  with  the  index  laws  to  shorten  certain 
arithmetical  operations  as  in  the  following  examples. 


Example  1:  Multiply  256  by  32,768. 

From  the  table  256  = 2®, 
and  32,768  = 

By  the  index  law  of  multiplication, 

256  X 32,768 

= 2®  X 

_ 28+15  — 2^5 

= 8,388,608  (from  the  table). 


Example  2:  Divide  1,048,576  by  16,384. 

As  before  1,048,576  = 2^°, 
and  16,384  = 

1,048,576  + 16,384, 

= 22°  4-  2^^  = 2®, 

= 64  (from  the  table). 


Example  3:  Find  v^262144. 

From  the  table  262144  = 2i®. 

^262144  = 

= 2^  = 2°, 

= 64  (from  the  table). 


Example  4'-  Find  the  value  of  (32)®. 


From  the  table  32  = 2°. 


(32)®  = (2®)®, 

= 2^®, 

= 32,768  (from  the  table). 
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Example  5: 


Evaluate 


(128)"  X 1024  X ^262144 
^3^  X 256  X (4096)^' 


From  the  table,  the  expression 


(2")2  X 210  X (218)^ 
(210)1  X 28  X (212) t 


_ ^7 

= 26, 


= 64. 


214  X 210  X 28 
20  X 28  X 28 


Note  that  in  each  of  the  above  examples  the  student  goes  to  the 
tables  twice:  first  to  change  all  the  given  numbers  to  powers  of  the 
base  2,  and  then  to  change  the  answer  (which  is  a power  of  2)  to  its 
equivalent  without  an  index. 


Oral  Exercise 

Use  the  given  table  to  perform  the  operations  required  in  the 
following  questions: 


1.  32  X 128. 

4.  128  X 256. 

7.  4,096  4-  128. 
10.  (16)8. 

13.  V40%. 


2.  64  X 1,024. 

5.  512  X 64. 

8.  131,072  4-  1,024. 
11.  (256)8. 

14.  ^262144. 


3.  16  X 2,048. 
6.  8,192  4-  512. 
9.  (128)2. 

12.  (82)8. 

15.  (512)i 


Numbers  as  Powers.  Logarithms 

If  we  are  to  use  the  method  of  calculation  suggested  above, 
we  must  be  able  to  express  any  (positive)  number  we  wish  to  use 
as  a power  of  a given  (positive)  base.  When  so  arranged,  the  index 
or  exponent  of  the  power  is  called  the  logarithm  of  the  number 
with  respect  to  that  particular  base. 

Thus,  if  the  given  number  is  64  and  the  base  is  2,  we  have  that 
64  = 2®,  and  the  exponent  or  logarithm  of  64  to  the  base  2 is  6. 
This  statement  may  be  written  in  two  different  ways,  but  with  the 
same  meaning.  64  = 2®  or  log2  64  = 6. 
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The  first  statement  is  in  the  exponential  form  and  is  read  “64 
is  equal  to  the  sixth  power  of  2”.  The  second  is  the  logarithmic 
form  of  the  equation  and  is  read  “the  logarithm  of  64  to  the  base  2 
is  6”. 

Oral  Exercise 


State  the  exponential  form  of  these  equations: 


1.  log2  16  = 4. 

3.  logs  125  = 3. 

5.  log2  64  = 6. 

7.  logic  1000  = 3. 

9.  logic  0 01  = —2, 

11.  logic  M = X. 


2.  logs  27  = 3. 

4.  logs  81  = 4. 

6.  logic  10  = 1. 

8.  logs  243  = 5. 

10.  logic  0 001  = -3. 
12.  logic  N = y. 


State  the  logarithmic  form  of  these  equations: 


13.  32  = 2\ 

15.  1,000  = 103. 
17.  1 = 10°. 


14.  243  = 3°. 

16.  256  = 28. 

18.  0 0001  = 10-^ 


Find  the  logarithm  in 

19.  loge  36. 

21.  logic  1,000. 

23.  logic  0 001. 


each  of  the  following: 

20.  log2  128. 
22.  logic  1- 
24.  logic  01. 


Historical  Note.  The  discovery  of  logarithms  was  due  to  John 
Napier,  Baron  Merchiston,  of  Scotland  (1550-1617).  He  was  there- 
fore a contemporary  of  Queen  Elizabeth  I and  of  William  Shakes- 
peare. The  Scottish  barons  of  that  time  lived  mostly  by  their 
wits  and  by  the  sword,  and  it  is  interesting  to  draw  a mental  picture 
of  a man  who,  in  the  midst  of  one  of  the  most  lusty,  swashbuckling 
periods  in  British  history  found  time  to  devote  several  years  of  his 
life  to  the  compilation  of  a set  of  mathematical  tables.  Napier’s 
slender  quarto  volume,  Mirifici  Logarithmorum  Canonis  Descriptio, 
was  published  in  Edinburgh,  1614,  and  consisted  of  57  pages  of 
explanatory  matter  and  90  pages  of  tables.  Intended  chiefly  for  the 
use  of  astronomers,  his  tables  are  very  like  our  modern  “logarithms 
of  sines”.  In  his  honour  logarithms  to  the  base  e = 2-718281... 
are  called  Napierian  or  natural  logarithms. 
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Napier’s  work  attracted  the  attention  of  the  two  foremost 
English  mathematicians  of  the  time,  Edward  Wright  and  Henry 
Briggs.  Wright  translated  Napier’s  work  into  English  and  in  1615 
published  a treatise  on  the  use  of  logarithms  as  an  aid  to  calculations 
in  navigation,  a field  in  which  he  was  an  authority.  A letter  of  Briggs 
is  still  in  existence  in  which  he  says:  “Napper,  lord  of  Markinston, 
hath  set  my  head  and  hands  awork  with  his  new  and  admirable 
logarithms.  I hope  to  see  him  this  summer  if  it  please  God,  for  I 
never  saw  book  which  pleased  me  better  or  made  me  more  wonder.” 

Briggs  did  see  Napier  and  suggested  the  use  of  10  as  the  base, 
and  in  the  next  few  years  made  the  original  calculations  for  the  tables 
we  nxDW  use.  In  1624  he  published  his  Arithmetica  Logarithmorum 
containing  the  logarithms  of  the  numbers  from  1 to  20,000  and  from 

90.000  to  100,000,  each  to  14  places  of  decimals.  The  gap  between 

20.000  and  90,000  was  filled  in  by  Adrian  Vlacq  (Gouda,  Holland) 
and  his  pupils  in  1628.  However,  Vlacq  and  his  students  took  their 
tables  to  only  ten  figures,  which  annoyed  Briggs  exceedingly. 
Logarithms  to  the  base  10  are  called  Briggsian  or  common 
logarithms. 

Almost  as  this  note  was  being  written  an  announcement  was 
made  of  the  translation  of  some  recently  discovered  Babylonian 
fragments  of  about  the  year  1800  b.c.  These  amazing  cuneiform 
inscriptions  seem  to  prove  that  the  ancients  had  a table  of  numbers 
expressed  as  powers  with  fractional  indices.  Thus,  as  early  as  34 
centuries  before  Napier,  Babylonian  mathematicians  were  at  least 
close  to  the  idea  of  logarithms.  Was  it  Solomon  who  suggested: 
“There  is  no  new  thing  under  the  sun”? 


The  Characteristic  in  Common  Logarithms 

The  base  of  the  system  of  common  logarithms  is  10.  However, 
most  numbers  are  not  exact  powers  of  10;  therefore  our  problem  is 
to  find  a method  of  expressing  the  numbers  we  wish  to  use  as  powers 
of  10. 

Consider  the  number  67.  Since  it  lies  between  10^  and  10^, 
it  is  evident  that  if  67  is  expressed  as  a power  of  ten,  then  67  = 

JQI+  a decimal  fraction. 

The  whole  number  or  integral  part  of  the  index  is  called  the 
characteristic  of  the  logarithm.  One  of  the  great  advantages  of 
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Briggsian  or  common  logarithms  is  that  the  characteristics  may  be 
determined  by  inspection.  Thus,  670  lies  between  10^  and  10®; 
therefore 

670  = lO®"*”  ^ decimal  fraction. 

Similarly  6,700  = 10®+  ^ decimal  fraction, 
and  67,000  = 10^+  a decimal  fraction. 


The  characteristic  of  the  logarithm  of  a number  greater 
than  one  is  positive  and  one  less  than  the  number  of  digits 
to  the  left  of  the  decimal  point.  It  is  also  interesting  to  note 
that  when  a number  is  expressed  as  a standard  number  the  characteris- 
tic of  its  logarithm  is  the  index  of  10  in  the  standard  number. 

Let  us  now  consider  the  characteristics  of  the  logarithms  of 
numbers  less  than  one. 

10°  =1,  .-.log  1 =0. 

10-1  = 01,  .-.log  01  = -1. 

10-2  = 0 01,  .-.log  0 01  = -2. 

10-®  = 0 001,  .-.  log  0 001  = -3,  etc. 

Since  0-67  lies  between  10°  and  lO-i,  it  is  evident  that 

Q . 0y  _ 10—1+  ^ decimal  fraction. 


Since  only  the  characteristic  of  the  logarithm  is  negative,  it  is 
usual  to  place  the  negative  sign  above  the  characteristic,  thus: 

0 . 07  = 101+  ^ decimal  fraction, 

and  the  1 is  read  “bar  one". 

Similarly,  0-067  = 10®+ a decimal  fraction. 

0 • 0067  = 10®+  ^ decimal  fraction. 


and  the  characteristic  of  the  logarithm  of  0- 00067  is  “bar  4”. 
Hence  the  rule,  the  characteristic  of  the  logarithm  of  a number 
less  than  one  is  negative,  and  is  one  more  than  the  number 
of  zeros  between  the  decimal  point  and  the  first  significant 
figure.  Note  that  again  the  characteristic  is  the  index  of  10  when 
the  number  whose  logarithm  is  required  is  written  as  a standard  number. 
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Oral  Exercise 

State  the  characteristics  of  the  common  logarithms  of  the  fol- 
lowing numbers: 


1.  326  -42. 

4.  0-057. 

7.  5,386,200. 
10.  100. 


2.  47-65. 
5.  9-38. 

8.  0-3852, 
11.  38-3. 


3.  9,326-2. 
6.  0-00624. 
9.  0-00073. 
12.  1. 


Mantissas  of  Common  Logarithms 

The  decimal  part  of  a logarithm  is  called  the  mantissa. 

Here  again  the  system  of  common  logarithms  has  an  advantage 
over  other  systems.  By  using  10  as  the  base,  all  numbers  having 
the  same  sequence  of  significant  digits  have  logarithms  with  the 
same  mantissa.  This  is  because  (i)  one  number  is  an  integral  power 
of  10  times  the  other  number,  therefore  a shift  in  the  decimal  point 
alters  only  the  characteristic,  and  (ii)  it  is  agreed  to  express  loga- 
rithms so  that  the  mantissas  are  positive. 

For  example,  673  = 6-73  X 10^ 

Expressing  both  sides  as  powers  of  10, 

I Q2  + a decimal  _ 2Q0+ a decimal  ^ ]^Q2 

Thus,  the  decimal  parts  of  the  exponents  are  the  same  and  hence 
the  mantissas  of  logio  673  and  logio6  -73  are  the  same. 

In  common  logarithms  the  characteristics  of  the  logarithms  are 
written  down  by  inspection,  but  in  order  to  find  the  mantissas  we 
use  a “table  of  logarithms”.  These  tables  may  be  constructed  to 
give  the  mantissas  to  any  required  number  of  digits,  depending  on 
the  accuracy  required  in  the  calculation.  Standard  engineering 
practice  is  to  use  7-figure  tables;  some  banks  and  insurance  com- 
panies use  up  to  20-figure  tables.  For  our  purposes  we  shall  use  a 
set  of  5-figure  tables  (see  pages  488  and  489).  The  following  is 
an  extract  from  the  tables. 
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The  mantissa  of  log  34  is  0-53148.  Note  that  the  decimal  point 
is  omitted  in  the  tables. 

Thus,  34=  ancj  log  34  = 1-53148. 

Similarly,  340  = 102*®®^^®,  .*.  log  340  = 2-53148; 

3400  = 103-®3^48,  .-.  log  3400  = 3 -53148; 

and  0 -34  = 10^'®®^^*  and  log  0 -34  = 1-53148. 

The  mantissa  of  the  logarithms  of  all  numbers  starting  with  the 
digits  34  may  be  found  in  the  same  horizontal  line. 

Thus,  346  = 102  63908^  the  mantissa  being  found  in  the  vertical 
column  headed  6. 

Similarly,  348  = lO^-®^®®  .-.  logio  348  = 2-54158; 

also  3-42  = 10°®®“®®  .-.  logic  3-42  = 0-53403; 

and  0-00349  = 10®'®^®®®  and  logic  0-00349  = 3-54283. 

Let  us  now  investigate  the  logarithm  of  a number  with  four  or 
five  significant  digits,  for  example  3,447.  From  the  tables  we  see 

log  3,440  = 3 -53656, 
log  3,450  = 3 -53782, 
and  log  3,460  = 3 -53908. 

In  going  from  the  first  of  these  logarithms  to  the  second  we  add 
0 -00126,  and  in  going  from  the  second  to  the  third  we  add  the  same 
amount.  It  would  appear  that  the  increase  in  the  logarithm  is 
proportional  to  the  increase  in  the  number.  Therefore,  if  an  increase 
of  10  in  the  number  gives  rise  to  an  increase  of  0 -00126  in  the  loga- 
rithm, an  increase  of  7 in  the  number  should  give  an  increase  of 
0*7  X 0-00126  = 0-00088  in  the  logarithm. 

To  simplify  this  procedure,  the  Table  does  the  multiplication 
for  us  in  the  nine  columns  headed  Mean  Differences.  The  numbers 
which  appear  in  the  columns  headed  1,  2,  3,  4. . .9  are  the  products 
of  126  by  0 - 1 , 0 • 2,  0 - 3 ..  . 0 - 9,  to  the  nearest  unit.  Thus,  to  obtain  the 
0 -00088  in  our  problem  we  look  in  the  column  of  mean  differences 
headed  7,  find  88  and  remember  that  the  final  digit  occurs  in  the 
fifth  place  of  decimals.  The  procedure  will  be  made  clear  in  the 
following  examples. 
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Example  1:  Find  the  logarithm  of  3,447. 

The  mantissa  for  the  figures  344  is  -53656 
Add  the  mean  difference  for  7,  88 

the  mantissa  for  3,447  is  -53744 
3,447  = 103-W744. 
or  logio  3,447  = 3-53744. 

If  the  number  whose  logarithm  is  required  has  five  significant 
digits,  we  add  one-tenth  of  the  mean  difference  listed  for  the  fifth 
digit. 

Example  2:  Find  the  logarithm  of  34,475. 

The  mantissa  for  344  is  -53656 

Add  the  mean  difference  for  7,  88 

Add  IT  the  mean  difference  for  5,  613 

.'.  the  mantissa  for  34,475  is  -53750  approx. 

Since  our  tables  are  correct  only  to  five  places,  we  drop  the  digit 
in  the  sixth  place  if  it  is  less  than  5.  If  the  sixth  digit  in  the  man- 
tissa is  5 or  more,  we  drop  it  but  increase  the  fifth  digit  by  one. 

Example  3:  Find  the  log  of  343-56. 

The  mantissa  for  343  is  -53529 

Add  the  mean  difference  for  5,  63 

Add  the  mean  difference 
for  6 (7-6)  8 

•53600 

.-.  log  343  -56  = 2 -53600. 

Exercise 

Using  the  tables,  express  the  following  numbers  as  powers  of  10: 
1.  83-572.  2.  4384-5.  3.  9-3847. 

4.  0-058275.  5.  313-67.  6.  0-83547. 

Write  the  logarithms  of  the  following  numbers: 

7.  38-472.  8.  14-563.  9.  0-00268. 

10.  0-76825.  11.  8-3624.  12.  1326-5 
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Antilogarithms 

If  we  wish  to  find  the  number  corresponding  to  a given  logarithm 
we  have  the  choice  of  two  methods;  (i)  using  the  Table  of  Logarithms 
we  may  reverse  the  steps  by  which  we  arrived  at  the  logarithm. 
This  method  is  obligatory  with  seven-figure  tables  since  it  would  be 
uneconomical  to  publish  a Table  of  Antilogarithms;  (ii)  we  may 
consult  a Table  of  Antilogarithms.  Such  a table  is  given  on  pages 
490  and  491.  An  extract  from  this  table  follows: 
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70  80  89 

Example  1:  Find  the  value  of 

Since  only  the  mantissa  was  obtained  from  the  tables,  we  neglect 
the  characteristic  temporarily  and  take  the  -634  to  the  table.  In 
the  left-hand  column  we  find  -63,  and  in  the  same  horizontal  row, 
in  the  vertical  column  headed  4,  we  find  the  digits  43,053.  These 
are  the  digits  in  a number  the  mantissa  of  whose  logarithm  is  • 634. 
Since  the  characteristic  of  the  logarithm  was  2,  the  number  must 
have  three  digits  to  the  left  of  the  decimal  point.  Hence  the  required 
number  is  430-53,  or  102‘®34  ==  430-53.  To  verify  this  we  may  find 
log  430-53  from  the  Table  of  Logarithms. 

Example  2:  Find  the  number  whose  logarithm  is  2-63679. 

In  the  horizontal  line  through  63  in  the  vertical  column  headed  6 

43251 

Add  the  mean  difference  for  7,  70 

Add  tV  the  mean  difference  for  9 (8  -9)  9 

43330 

Since  the  characteristic  is  negative,  the  number  required  is  less 
than  one,  and  since  the  characteristic  is  bar  2 there  must  be  one  zero 
between  the  decimal  point  and  the  first  significant  figure. 

Hence,  the  required  number  is  0 -043330. 
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Exercise 

Find  the  value  of  each  of  the  following: 

1.  2.  3. 

4.  5.  102'3®®24^  ]^Q2-12736^ 

Find  the  numbers  of  which  the  following  are  the  logarithms: 
7.  2-35487.  8.  r-26285.  9.  1-62656. 

10.  0-48343.  11.  3-12334.  12.  2-78465. 


Use  of  Logarithms  in  Computations 

In  the  early  days  of  logarithms  it  was  said  that  “their  discovery 
added  ten  years  to  the  life  of  every  astronomer”  by  reducing  the 
time  used  in  laborious  arithmetical  calculations.  This  might  also 
be  said  of  navigators,  surveyors,  ballistics  experts,  and  almost  any 
type  of  engineer.  By  applying  the  laws  of  logarithms  (which  corres- 
pond to  the  index  laws)  we  may  change  the  operations  of  multipli- 
cation and  division  to  those  of  addition  and  subtraction,  and  replace 
the  operations  used  in  finding  powers  and  roots  by  those  of  multipli- 
cation and  division. 


The  Logarithm  of  a Product 

The  logarithm  of  a product  is  equal  to  the  sum  of  the 
logarithms  of  its  factors,  i.e., 

lOQa  PQ  = loga  P + loga  Q- 

Proof:  Let  P = then  log^  P = x, 

and  let  Q = a^,  then  loga  Q = y- 
PQ  = a\a^ 

= (Index  Law  I). 

.-.  by  definition,  loga  PQ  = x + y 

= loga  P + loga  Q- 

Similarly,  loga  PQR  = loga  P + loga  Q + loga  R- 
This  rule  holds  true  for  any  number  of  factors. 
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Example  1:  Multiply  86-4  by  6-57. 


Let  rJc  = 86-4  X 6-57. 

Take  logarithms  of  both  sides. 

log  X = log  86  • 4 + log  6 • 57. 
log  86 -4  = 1-93651 
log  6 -57  = 0 -81757 

log^c  = 2-75408 
.-.  X = antilog.  2 -75408, 

= 567-65. 


Example  2:  Multiply  67-435  by  0-00053162. 

Log  A ns.  = log  67  -435  + log  0 -00053162 
= 1-82866 


19 

3 

4-72509 

49 

2 


2-55448 


A ns.  = antilog.  2 -55448 
= 0-035850. 


Exercise 

(For  Written  Solutions) 


Use  logarithms  to  find  the  value  of  each  of  the  following. 


1.  83  X 57. 

3.  5-385  X 61-483. 

5.  65-937  X 0-08435. 

7.  463-56  X 0 -0003836. 


2.  436  X 3-72. 

4.  386  -42  X 0 -8275. 

6.  0-007643  X 58-738. 
8.  58-372  X 12-618. 


9.  6-37  X 9-45  X 16-132.  10.  8-62  x 59-37  x 0-056473. 

The  Logarithm  of  a Quotient 

The  logarithm  of  a quotient  is  the  logarithm  of  the 
dividend  minus  the  logarithm  of  the  divisor. 
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Proof:  Let  P = a"",  then  log^P  = x, 
and  Q = a^,  then  log^Q  = y, 

^ ^ (Index  Law  II). 


by  definition  log^  = x-y, 


= log<,P  - logaQ- 


Example  1:  Find  the  value  of  395  28  -7. 

T . 395 

Letx  28.7* 

Then  the  log  x = log  395  - log  28-7, 
log  395  = 2-59660, 
log  28-7  = 1-45788, 

log  X = 1-13872, 

X = 13-763.  (From  antilogs.) 


Example  2: 


Evaluate  67-42  ^ 0-0004625. 


Let  X = 


67-42 

0-0004625* 


Then  log  = log  67-42  — log  0-0004625, 
log  67-42  = 1-82879, 
log  0-0004625  = 4-66511, 


log  X = 5 - 16368, 

X = 145,780.  (From  antilogs.) 


When  either  or  both  characteristics  are  negative,  the  rules  of 
algebra  with  regard  to  the  subtraction  of  negative  numbers  apply. 


Example  3: 


Divide  0-8425  by  0-00637. 


Let 


^ 0-8425 
0-00637’ 


Then  log  X = log  0 -8425  - log  0-00637, 
log  0-8425  =1-92557, 
log  0-00637  = 3-80414, 


log  X = 2 -12143, 
X = 132-26. 
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Special  Logs:  Log^  1 and  Log^  a 

Since  = 1,  the  logarithm  of  one  with  respect  to  any  base  is 
zero,  i.e.,  log^  1 = 0. 

Since  = a,  the  logarithm  of  any  (positive)  number  with  respect 
to  itself  as  base  is  one,  i.e.,  logo  a = 1. 

Exercise 

Evaluate  by  logarithms: 


58-63 

2 926-59 

^ 1-6825 

2-54 

56-325 

0-49273 

0-67537 

^ 0-03476 

6.  -L-. 

0 0385 

0-7243 

56-7 

7.  825-63  ^ 96-8.  8.  74318  - 516-62. 

9.  213-63  14-384.  10.  56-324  ^ 827-65. 

The  Logarithm  of  a Power 

The  logarithm  of  a power  of  a number  is  equal  to  the 
logarithm  of  the  number  multiplied  by  the  index  of  the 
power. 

loQa  P"*  = m loga  P 

Proof:  Let  P = a*,  then  loga  P = x, 

(Pr  = (aT  = (Index  Law  III), 
by  definition  logaP^  = mx  = m loggP. 

Example  1:  Evaluate  (2-5683)®. 

Let  = (2-5683)®. 

Then  log  x = 5 log  2-5683, 

= 5 X 0 -40965, 

= 2-04825. 

. . X = 111-75.  (From  antilogs.) 

Example  2:  Find  the  value  of  (0-0856)h 
Let  X = (0-0856)h 
Then  log  x = 4 log  0-0856, 

= 4 X 2 -93247, 

= 5-72988, 

.\x  = 0-000053688.  (From  antilogs.) 
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Exercise 


Use  logarithms  to  find  the  value  of  the  following: 


1.  (3-7)^ 

4.  (24-7)2. 

7.  (0-0532)^ 


2.  (4-4)6. 

5.  (1-05)14. 

8.  (1-025)18. 


3.  (13-2)8. 

6.  (0-465)8. 

9.  (3-4862)4. 


The  Logarithm  of  a Root 

The  logarithm  of  a root  of  a number  is  equal  to  the 
logarithm  of  the  number  divided  by  the  root  index. 

lOQa  ^ P- 


Proof:  Let  P 


a*,  then  log^  P = x, 

= (P)3  = (a*)?  = a?. 


.'.  by  definition  \oga'^  ^ 


= - log.  p 


Example  1:  Evaluate  '>^32- 6. 

Let  = >^32  -6. 

Then  log  x = i log  32-6, 

= i (1-51322), 

= 0-50441. 

.'.  X = 3 -1946.  (From  antilogs.) 


Example  2:  Find  the  cube  root  of  0-06457. 

Let  X = A^O- 06457, 

Then  log  x = i log  0-06457, 

= i (2-81003). 

A minor  difficulty  arises  in  the  division  due  to  the  fact  that  only 
the  characteristic  is  negative,  the  mantissa  being  always  positive. 
Here  we  increase  the  characteristic  until  it  is  a multiple  of  the  divisor 
in  the  manner  following: 
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log  X = i (2-81003), 

= i (3  + 1-81003), 

= 1 + 0-60334, 

= 1-60334, 

X = 0 -40119.  (From  antilogs.) 


Example  3:  Evaluate  '^0-0006835. 

Let  = A^O- 0006835. 

Then  log  x = i log  0 -0006835, 

= i (4-83474), 

= i (6  + 2-83474), 

= 2-94491. 

.\x  = 0-088087.  (From  antilogs.) 


Exercise 


Use  logarithms  to  find  the  roots  indicated.  Check  the  first  three 
(i)  by  squaring,  (ii)  by  finding  the  square  root  by  the  formal  method. 


1.  \/628. 

4.  Vo -06834. 
7.  V456-8. 

10.  Vo -03464. 
13.  V2^. 


2.  V5^. 

5.  Vo -588. 

8.  V^- 

11.  Vo -00063. 
14.  V186-48. 


3.  V2^. 

6.  V3^. 

9.  Vs -67. 

12.  Vo -00865. 
15.  V1056-8. 


Logarithms  in  Problems  Involving  Formulas 

Logarithms  provide  a useful  means  of  carrying  out  the  calcu- 
lations connected  with  a formula  when  the  only  operations  involved 
are  multiplication,  division,  extracting  a root  or  raising  to  a power. 
If  the  unknown  required  is  not  already  the  subject  of  the  formula 
it  is  frequently  convenient  to  first  transform  the  formula. 


Example:  The  period  of  a pendulum  is  given  by  / = 2:: 


Given  t = 2-21  sec.,  x = 3-1416,  I = 119-6  cm.,  find  g. 

Square  both  sides,  = 4x2 1, . 

g 

4x2  I 


Solve  for  g. 
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Take  logarithms  of  both  sides. 

log  g = log  4 + 2 logx  + log  1-2  log  t, 

= log  4 + 2 log  (3  • 1416)  + log  1 19  • 6 - 2 log  (2  -21). 
log  g = 0-60206 
0-49715 
0-49715 

2- 07555 

222  0-34439 

0 34439 

3- 67413  

0-68878  0-68878 


2-98535 

Whence  g = 966-83.  (From  antilogs.) 


Exercise 

B.  (For  Written  Solutions) 

Find  the  value  of  each  of  the  following  correct  to  5 significant 


figures: 


1.  (283 -5)  (0-1629). 

2.  (568 -92)  (0-26485). 

3.  (0-03852) (7 -34) (2 -1895). 

4.  (14-2)(168-5)(18). 

5.  (83-726)(0-0038435)(l-2762). 

6.  (243 -82) (0-93624) (0-056273). 

7.  (0-08368)(4-2972)(168-29). 

8.  (0-0576)-r-(27-23). 

9.  (32-968)^(19-754). 

10.  (98-762)-(14-206). 

11.  (84-627)^(14-593). 

12.  (0-03729)^(18-16). 

13.  ^ • 

1 

14.  —71. 

82-34 

62-7 

15.  (1-035)^2. 

16.  (1-055)1^ 

17.  V5-2648. 

18.  Vo -0029627. 

19.  V16-317. 

20.  V46-452. 

21.  V927-62. 

22.  V87-562. 

23.  \/64-666. 

24.  VO-086491. 

25. 

26.  J (656-39) 

VO-0178 

V (0-98362) 

^ /O- 056289. 

/(28-45)(23-3) 

‘ V 0-89328 

M (18-7)(14-9)  ' 
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(15  • 382)  (0- 023). 

‘ (195)  (0- 013724) 
(0-083625)  (286 -35) 
(862 -76)  (0-0003833)* 


(854 -8)  (0-057) (100) 

‘ (0  - 00347)  (625 -64)  ' 
(29 -685)  (0-23427) 

(5-1263)(115-49)  ‘ 


33. 


34. 


35. 


36. 


37. 


38. 


(5 -4276)  (929 -81)  (2 -0202) 

(0  - 0062547)  (8  - 8888)  (46  • 957)  ‘ 
(0-62859)  (3 -8426)  (101 -05) 
(96  • 287)  (0  • 00046253)  (22  - 222)  ‘ 

^0  -016824  X (3  -2728)^ 


If  / = — find  t when  x = 3-1416 

Vk 

j I.  32-19 
“ 3957  X 5280* 

(0-038725)^  (565-67)^  (1-1005) 
>yb-036824\/6-276  (63362) 
(1-0004)  (8  3976)3  \/225-02 
^0-013657  (56-837)2  (0-36968)’ 


C.  (For  Further  Study) 

39.  The  volume  of  a sphere  of  radius  “r”  is  given  by  F = Ixr*. 
Find  ‘V”  for  a sphere  whose  volume  is  33-87  cc.  (x  = 3-1416). 

40.  From  electro-chemistry,  Q ^ Yt 

Find  Q when  D = 1-523,  I = 10-37  and  t = 450. 

41.  The  velocity  of  sound  in  cm.  per  second  is  given  by  the 
formula  V 

Find  V when  7 = 1-40,  />  = 76  X 13-6  X 981  and  r = 0-001293. 

42.  The  space  “j”  traversed  by  a falling  body  in  a time 

seconds  is  given  by  the  formula  s = Find  the  time  taken  for 

an  object  to  fall  1,167  ft.  if  g = 32-2  ft. /sec. /sec. 

43.  Find  M,  the  coefficient  of  viscosity  of  water,  given  M = 
if  P = 39-25  X 981,  P2  = 0-00788,  t = 47  sec.,  L = 23-3  cm., 

SLV 

and  F = 102-5  cc.  (Use  x = 3-142.) 
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44.  Given  the  area  of  a triangle  with  sides  a,  b,  r,  is  A = 
\/s{s-a){s-b){s-c)  where  5 = --  — ^ find  the  area  of  a triangle 
with  sides  485-36  ft.,  298-45  ft.  and  313-33  ft. 

45.  Given  the  period  of  a pendulum  t in  sec.  where  t = 2x.*/ 

\ g 

find  the  length  in  cm.  of  a pendulum  swinging  once  per  second  if 
g = 980-6  cm. /sec. /sec.  and  x = 3-1416. 


46.  The  modulus  of  torsion  in  a wire  is  given  hy  n = 


SPL% 


Find  “n”  if  L = 144  -15,  t = 4-1062,  a 
„ (60625)  (4 -1262)2 


0-056932,  X = 3-1416  and 


CHAPTER  XI 


THE  SLIDE  RULE 

Introduction 

The  slide  rule  is  an  instrument  designed  to  save  time  and  labour 
in  the  operations  involving  multiplication,  division,  powers  and 
roots.  Essentially,  it  consists  of  two  identical  logarithmic  scales. 
On  each  of  these,  distances  are  marked  at  positions  proportional  to 
the  mantissas  of  the  logarithms. 


Number 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

Logarithm 

000 

0-30 

0-48 

0-60 

0-70 

0-78 

0-85 

0-90 

0-95 

1-00 

Let  us  construct  a simple  10-inch  slide  rule.  This  will  help  us  to 
understand  the  underlying  principles.  On  each  of  two  pieces  of 
cardboard,  draw  inch  divisions  for  10  inches  along  adjacent  edges. 
Then  mark  the  numbers  from  1 to  10  as  described  below  and  as 
shown  on  the  accompanying  diagram. 


Id  _____ 

2 

3 

4 

r 

5 

6 

1 

7 

8 9 loj 

Id! 

r — 

2 

1 

3 

"T 

4 

1 — " 

5 

— r- - 

6 

7 

8 9 1o{ 

Since  the  mantissa  for  1 is  • 000,  mark  1 at  the  0 position.  Since 
the  mantissa  for  2 is  -30,  mark  2 at  the  3 - 0-inch  position.  Since 
the  mantissa  for  3 is  -48,  mark  3 at  the  4 • 8-inch  position.  Similarly, 
mark  4,  5,  6,  7,  8,  9,  1 (10)  at  the  6 0,  7 0,  7-8,  8-5,  9 0,  9-5, 
10-inch  positions  respectively. 

The  left  1 is  called  the  left  index;  the  right  1,  the  right  index. 
Now  let  us  use  this  slide  rule  for  simple  multiplication  and  division. 

Exercise 

|c;  ? ■? 

Id!  i i T 

Fig.  1.  2x3  = 6. 

1.  To  multiply  2 by  3,  set  the  left  index  of  the  C scale  over  2 
on  the  D scale.  Read  the  product  on  the  D scale  under  the  3 of  the 
C scale.  Why? 
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Set  your  scales  to  read:  (a)  2x3.  (b)  2 x 4.  (c)  3x3. 

(d)  2x5. 


Fig.  2.  8 4 = 2. 

2.  To  divide  8 by  4,  set  4 of  the  C scale  over  8 on  the  D scale. 
Read  the  quotient  on  the  D scale  under  the  left  index  of  the  C scale. 
Why? 

Set  your  scales  to  read:  (a)  8^4.  (b)  8 2.  (c)  9-^-3. 

(d)  6^2.  (e)  10  ^ 5. 


f 1 

1 1 ] 

1 

la.l L J,  „ r„ll,„l , 1 , 1 , 1 , 1 ^ 

{ U 

Fig.  3. 


Parts  of  the  Slide  Rule 

Figure  3 shows  the  front  of  a Polyphase  Mannheim  Slide  Rule. 
It  consists  of  three  parts: 

(1)  the  main  rule,  body  or  stock,  containing  the  A,  D,  and  K 

scales; 

(2)  the  slide,  containing  the  B,  C,  and  Cl  scales  on  the  front 
and,  generally,  the  S,  L,  and  T scales  on  the  back; 

(3)  the  cursor,  runner,  or  indicator  with  a hair-line  in  the  centre. 
Reading  on  C and  D Scales 

For  slide  rule  readings,  disregard  the  position  of  the  decimal  point 
and  read  three  significant  digits.  Thus,  153,  15-3,  0 153,  0- 000153, 
1530000,  etc.,  are  all  read  at  the  same  position  on  the  scales,  153, 
because  they  all  have  the  same  significant  digits.  Similarly,  17-0, 
1-70,  0 0017,  etc.,  are  all  read  at  the  same  position  170  (see  Fig.  4). 

Consider  the  left  1 as  100  and  the  successive  main  divisions  as 
200,  300,  etc.,  up  to  1,000.  Secondary  divisions  mark  the  inter- 
vening tens. 
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Between  100  and  200,  1,  2,  etc.,  mark  the  positions  for  110,  120, 
etc.  The  smallest  divisions  mark  the  successive  integers  101,  102, 
etc.  Figure  4 shows  the  scale  from  100  to  210. 


Fig.  4. 


Exercise 

Remove  the  slide  and  use  the  cursor  hair-line  to  locate  the  follow- 
ing numbers  on  the  D scale:  110,  140,  170,  117,  126,  134,  162,  188. 


Between  200  and  400  the  smallest  divisions  mark  every  second 
integer  (e.g.,  next  division  beyond  200  is  202;  next  beyond  350  is  352; 
next  beyond  370  is  372).  Figure  5 shows  the  scale  from  214  to  480. 


Fig.  5. 
Exercise 


Locate  the  following  numbers  on  the  D scale:  220,  280,  350,  370, 
23-4,  35-8,  38-6,  0-251,  0 0327,  3-57,  0-289,  0-00305,  2-07,  0-201. 


Between  400  and  1,000  the  smallest  divisions  mark  the  integers 
which  end  in  5 (e.g.,  next  division  beyond  400  is  405;  next  beyond 
850  is  855).  The  intervening  integers  are  read  as  proportional 
distances  between  these  divisions.  Thus,  473  is  estimated  at  f 
of  the  distance  between  the  470  and  the  475  scale  marks;  827  is 
estimated  at  I of  the  distance  between  the  825  and  the  830  scale 
marks.  Figure  6 shows  the  scale  from  490  to  1,000. 


Fig.  6. 
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Exercise 

Locate  the  following  numbers  on  the  C scale:  550,  680,  770, 
45-5,  58-5,  875,  955,  523,  63-7,  7-39,  8-42,  8-91,  9 01,  5 07,  6 03, 
70-7,  0-804,  9-08. 


Practice  Exercise 

With  the  slide  in  your  rule,  locate  the  following  numbers  on 
both  C and  D scales: 


1. 

156. 

2. 

17-8. 

5. 

10  5. 

6. 

7-05. 

9. 

4-72. 

10. 

6-83. 

13. 

0-0837. 

14. 

0-00905. 

17. 

0 0381. 

18. 

0-00822. 

21. 

0-0401. 

22. 

110-5. 

3. 

2-74. 

4. 

38-6. 

7. 

9-45. 

8. 

2 33. 

11. 

0-0207. 

12. 

0-503. 

15. 

4780. 

16. 

6562. 

19. 

0-902. 

20. 

0-922. 

23. 

809. 

24. 

85-5. 

Historical  Sketch  of  the  Slide  Rule 

The  slide  rule  probably  began  in  1620  with  the  construction  by 
Edmund  Gunter  of  London  of  a single  logarithmic  scale  laid  off 
on  a piece  of  wood. 

In  1630  the  Reverend  William  Oughtred  combined  a pair  of 
Gunter’s  Rules  to  make  the  first  slide  rule.  Oughtred  was  also 
the  first  to  bend  the  scales  along  the  circumferences  of  two  concentric 
circles  to  make  a circular  slide  rule.  Sir  Isaac  Newton  introduced  the 
cursor  and  invented  a rule  with  three  movable  scales  which  would 
solve  third  degree  equations.  In  1775  James  Watt,  the  inventor  of 
the  steam  engine,  had  a very  fine  rule  constructed  for  his  own  use 
in  engine  design.  For  some  reason  the  slide  rule  fell  into  disuse 
in  England  and  was  re-invented  in  France. 

The  slide  rule  did  not  become  popular  until  about  1859  when 
Amed6e  Mannheim  (1831-1906),  a French  artillery  officer,  invented 
the  modern  type  rule  which  bears  his  name  and  had  it  adopted  by 
the  French  army.  It  was  first  introduced  into  the  United  States 
about  1880,  although  a circular  rule  had  appeared  as  a “Computing 
Scale”  in  Boston  in  1844.  A cylindrical  rule  was  patented  in  1881 
by  Edwin  Thacher,  a bridge  engineer.  But  in  spite  of  the  addition 
of  many  scales  and  some  modifications  in  design,  the  modern  slide 
rules  are  all  variations  of  the  original  Mannheim  rule. 
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Multiplication 

In  multiplying  numbers  we  add  their  logarithms.  On 
the  slide  rule  we  add  the  lengths  corresponding  to  their 
mantissas. 

Procedure: 

1.  Calculate  the  approximate  value  using  the  rounded-off  first 
significant  digit,  or  using  standard  numbers.  (Seepage  120  and  122.) 

2.  Set  the  left  index  of  the  C scale  above  one  of  the  factors  on 
the  D scale. 

3.  Move  the  cursor  so  that  the  hair-line  is  over  the  other  factor 
on  the  C scale. 

4.  On  the  D scale,  under  the  hair-line,  read  the  significant  digits 
of  the  product. 

5.  Place  the  decimal  point  in  the  product  according  to  the 
approximate  value. 

6.  Check  by  a second  setting,  using  the  factors  in  reverse  order. 


m 

ililililililil 

lillililiMilih 

q 

T] 

idip 

* 2 KfurrciaCsJcRC?  N.Y.  ^ 1 4 1 i 

''['iTp'; 

I'M 

Fig.  7.  18  0 x 0-34  = 6 12. 


Example  1:  Multiply  18  0 by  0-34. 

1.  Approximate  value  = 20x0-3  = 6*0; 

or  = 1-8  X 10  X 3-4  X 10-1  = 6 X lO®.* 

2.  Set  the  left  index  of  the  C scale  above  180  on  the  D scale. 

3.  Move  the  cursor  so  that  the  hair-line  is  over  340  on  the  C 
scale. 

4.  On  the  D scale  under  the  hair-line,  read  612. 

*For  other  methods  of  placing  decimal  points,  see  pages  173  and  175. 
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5.  18-0  X 0-34  = 612. 

6.  Check  by  a setting  using  340  on  the  D scale  and  180  on  the 
C scale. 


Exercise 

1.  Copy  and  complete  the  following  multiplication  table: 


12 

13 

14 

15 

16 

17 

18 

19 

20 

11 

13 

15 

17 

19 

21 

2.  Copy  and  complete  the  following  multiplication  table. 
Note  the  convenience  of  your  slide  rule  when  one  factor  is  used 
with  several  multiplicands. 


31 

35 

27 

26 

23 

21 

25-6 

30-8 

24-4 

16-7 

18-5 

22-5 

1-93 

15 

1-8 

1-96 

2- 14 

2-36 

24-4 

0-265 

Use  of  the  Right  Index 

For  25  X 62,  set  the  left  index  of  the  C scale  above  25  on  the  D 
scale.  You  find  the  factor  62  is  beyond  the  D scale  to  the  right. 
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Hence  we  must  use  the  right  index  of  the  C scale  over  25  on  the  D 
scale  and  follow  steps  3,  4 and  5 as  before.  Obtain  the  product  1,550. 


Example  1:  Multiply  2-18  by  0-062. 

1.  Approximate  value  = 2x006  = 012; 

or  = 2-2  X 10°  X 6-2  X lO’^ 

= 12  X 10-2  = 1-2  X 10-b* 

2.  Set  the  right  index  of  the  C scale  above  218  on  the  D scale. 

3.  Move  the  cursor  so  that  the  hair-line  is  over  620  on  the  C 
scale. 

4.  On  the  D scale  under  the  hair-line,  read  135. 

5.  2-18  X 0-062  = 0-135. 

6.  Check  by  a setting  using  620  on  the  D scale  and  218  on  the 
C scale. 


Choice  of  Right  or  Left  Index 

If  the  product  of  the  first  significant  digits  is: 

{a)  less  than  10,  use  left  index. 

{b)  greater  than  10,  use  right  index. 

(c)  close  to  10,  use  whichever  index  brings  the  second  factor 
on  scale. 

*For  other  methods  of  placing  decimal  points,  see  pages  173  and  175. 
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Exercise 

1 Copy  and  complete  the  following  multiplication  table: 


4-1 

43-6 

4-52 

634 

6-34 

7-75 

8-47 

5-32 

5-64 

6-85 

9-35 

8-72 

Find  the  values  of  the  following: 


2.  55-5  X 62-3. 

4.  0-763  X 0-485. 

6.  15-4  X 5-45. 

8.  45-5  X 0-156. 

10.  0-369  X 0-352. 

12.  8-87  X 3-52. 

14.  0-052  X 0-56. 

16.  5-62  X 22-5. 

18.  0-772  X 5-33. 

20.  6-34  X 1-59. 

22.  9-07  X 0-111. 

24.  28-6  X 76-3. 

26.  72-6  X 62-3. 

28.  0-38  X 0-0485. 

30.  4-70  X 2-86. 

32.  11-7  X 26-8. 

34.  38-8  X 47-5. 

36.  7 -85  X 23  -2. 

38.  0-00053  X 0-00105. 


3. 

17-5  X 23-4. 

5. 

0 

■835  X 4-85. 

7. 

58-4  X 0-00623. 

9. 

3- 

69  X 0-623. 

11. 

3 

98  X 1-54. 

13. 

1 

97  X 0 -0507. 

15. 

0 

187  X 3-66. 

17. 

0 

564  X 0 -0286. 

19. 

0 

198  X 0-387. 

21. 

0 

0367  X 0 -158. 

23. 

48-5  X 55-5. 

25. 

83 

(-5  X 35-2. 

27. 

58 

1-4  X 48-5. 

29. 

0- 

0047  X 0 352. 

31. 

3 

69  X 0 -286. 

33. 

55 

-5  X 31. 

35. 

0- 

125  X 15  -4. 

37. 

0- 

0785  X 15  -6. 

39. 

8- 

87  X 0-00000546. 
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Multiplication  of  Three  or  More  Factors 

Example  1:  3-4  x 0-476  X T58. 

1.  Approximate  value  = 3 X -5x2  = 3 -00. 

2.  Set  for  the  product  of  the  first  two  factors, 

3.  Set  the  left  index  of  the  C scale  under  the  hair-line  to  hold 
the  product  of  the  first  two  factors  on  the  D scale. 

4.  Move  the  cursor  so  that  the  hair-line  is  over  158  on  the  C 
scale. 

5.  On  the  D scale  under  the  hair-line,  read  256. 

6.  .•.3-4  X 0-476  X 1-58  = 2-56. 

7.  Check  by  using  a different  pair  of  factors  first. 

Proceed  similarly  for  any  additional  factors. 

Exercise 

Evaluate  the  following  products: 

1.  15-5  X 16-3  X 1-5. 

2.  3-1  X 1-7  X 2-4. 

3.  15-7  X 8-6  X 0-94. 

4.  0-0134  X 5-75  X 0-83. 

5.  8-75  X 1-32  X 5-8  x 8-34. 

6.  41  X 0-56  X 2-6  X 4-9. 

7.  32  x 0-71  X 0-42  X 1-56  x 2-3. 

8.  5-4  X 3-06  X 4-8. 

9.  6-2  X 0-0042  X 0-0375. 

10.  25-6  X 0-0038  X 7-13  X 1-55. 

11.  0-037  X 4-75  X 2-93  x 1-46. 

12.  38-4  x 27-6  x 82  x 9-76  x 3-1416. 

13.  1-3  x 4-9  x 2-6  x 0-0347. 

14.  3-1416  x 4-7  x 4-7  x 8-2  x 62-321. 
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Exercise 

1.  Find  the  circumferences  of  the  circles  which  have  diameters 
as  follows:  4-0  ins.,  3-5  ins,,  2-8  ins.,  7-6  ins.,  0-35  cm.,  1-75  ft., 
2-62  m.,  5-72  m.,  5-6  mils,  0-584  yds.,  0-0346  ins. 

2.  Find  the  areas  of  the  rectangles  of  which  the  lengths  and 
widths  respectively  are  as  follows:  (a)  3-56  ins.,  2-79  ins. 

(b)  0-487  m.,  0-364  m. 

(c)  1 -035  ins.,  0-986  ins. 

3.  Find  the  areas  of  triangles  with  base  and  height  respectively 

as  follows:  (a)  6 • 23  cm.,  5 - 78  cm.  (b)  4 -39  ft.,  2-86  ft. 

(c)  10-7  ins.,  7-84  ins.  (d)  3 -4  ins,,  1 -97  ins. 

4.  Find  the  heights  of  equilateral  triangles  having  sides  as 
follows:  3 ins.,  5-5  ins.,  6-3  ins.,  0-744  ins.,  12-5  cm. 

5.  Find  the  volume  of  a rectangular  tank  which  is  65  - 5 cm.  long, 
43-5  cm.  wide,  and  37  -4  cm.  deep. 

6.  Find  the  number  of  board  feet  of  lumber  in  a square  timber 
12  ins.  square  and  16  feet  long. 

7.  Find  the  cubical  content  of  a building  with  a flat  roof  which 
is  30-5  ft.  long,  21-5  ft.  wide,  and  18-5  ft.  high. 


Division 

In  dividing  numbers,  we  subtract  the  logarithm  of  the 
divisor  from  the  logarithm  of  the  dividend.  On  the  slide 
rule,  we  set  the  scales  to  subtract  the  lengths  corresponding 
to  their  mantissas. 

Procedure: 

1,  Calculate  the  approximate  value,  using  the  nearest  first 
significant  digit  only,  or  using  standard  numbers. 

2.  Move  the  cursor  so  that  the  hair-line  is  over  the  dividend 
on  the  D scale. 

3.  Set  the  slide  so  that  the  divisor  on  the  C scale  is  under  the 
hair-line. 

4,  On  the  D scale  under  either  index  of  the  C scale,  read  the 
significant  digits  of  the  quotient. 
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5.  Place  the  decimal  point  in  the  quotient  according  to  the 
approximate  value. 


6.  Check  by  multiplying  the  quotient  by  the  divisor.  Your 
product  should  be  the  dividend. 
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Fig.  9.  0-38  ^ 0 021  = 18.1 


Example  1:  Divide  0 • 38  by  0 • 021. 

1.  Approximate  value  = 0 -4  -L  0 ■ 02  = 20; 

or  = (4  X 10-1)  ^ (2  X 10-2)  = 2 X lOb* 

2.  Move  the  cursor  so  that  the  hair-line  is  over  380  on  the  D 
scale. 

3.  Set  the  slide  so  that  210  on  the  C scale  is  under  the  hair-line. 

4.  On  the  D scale  under  the  left  index  of  the  C scale,  read  181. 

5.  0-38  -L  0 -021  = 18  -1. 

6.  Check  by  multiplying  18  • 1 X 0 -021.  Your  product  should 
be  0 -38. 

Exercise 

1.  Copy  and  complete  the  following  division  table: 


-r  14 

^ 49 

4-  7 

^ 15 

^ 35 

43  -5 

196 

245 

22-5 

12-5 

10-7 

675 

*For  other  methods  of  placing  decimal  points,  see  pages  173  and  175. 
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2.  Copy  and  complete  the  following  division  table: 


^ 38  -6 

^ 49  -6 

-4-  27  -5 

-4-  87  -6 

95-7 

48-9 

3-87 

515 

6-82 

Evaluate: 

3.  58  ^ 14-5.  4.  38-7  -f-  86.  5.  0-585  0-34. 

6.  0-036  ^ 0-23.  7.  3-67  -4-  56.  8.  5-47  - 0-764. 

9.  In  each  of  the  following,  express  your  answer  as  a percentage: 
^8  ^ 0j_^  0^  0-00051  3-56  0-75  0-342 
58’  98-7’  0-42’  2-54’  0-00196’  85-7’  46-8’  38-9* 

10.  Find  the  diameters  of  the  circles  which  have  circumferences 
as  follows:  197  ft.,  355  ins.,  27 -4  ft.,  43-7  cm.,  36-4  cm.,  0-845  cm. 

11.  Find  the  length  of  a rectangle  which  contains  42-8  sq.  ins. 
and  has  a width  of  5 -44  ins. 

12.  Find  the  length  of  the  base  of  a triangle  which  contains  36  -5 
sq.  ins.  and  has  an  altitude  of  9-7  ins. 

13.  Find  the  length  of  the  base  of  an  equilateral  triangle  with  a 
height  of  1-43  ins. 

Combined  Multiplication  and  Division 

Start  with  a division  setting.  Then  proceed  alternately  with 
multiplication  and  division. 

^ , 38-4  x 42-6 

Example  1 : 

56-5  X 22-6 

1 A • . 1 40  X 40  4 . 

1.  Approximate  value  = = - = 1-33, 

60  X 20  3 

3-84  X 10^  X 4-26  X 10^  16 

or  = — X 10° 

5-65  X 101  X 2-26  X 101  12 


= 1 33. 
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2.  Set  for  384  -j-  565.  (Quotient  is  now  680  on  the  D scale.) 

3.  Move  the  cursor  so  that  the  hair-line  is  over  426  on  the  C 
scale.  (Product  is  now  289  on  the  D scale.) 

4.  Move  the  slide  so  that  226  on  the  C scale  comes  under  the 
hair-line. 

5.  On  the  D scale  under  the  left  index  of  the  C scale,  read  128. 

6.  ...3Al2iiT6=,.28. 

56-5  X 22-6 


Example  2: 


46-5 


^ 760  ^ 293* 


1. 


Approximate  value 


800  300 

50  X — X — = 50, 
800  300 


or  4 -65  X 10^  X 


7-80  X 10^ 
7-60  X 102 


X 2-73  X 102 

^ 2-93  X 102 


= 5 0 X lOh 


2.  Set  for  465  -4-  760.  (Quotient  is  now  613  on  the  D scale.) 

3.  Move  the  cursor  so  that  the  hair-line  is  over  780  on  the  C 
scale.  (Product  is  now  477  on  the  D scale.) 

4.  Move  the  slide  so  that  293  on  the  C scale  comes  under  the 
hair-line.  (Quotient  is  now  163  on  the  D scale.) 


5.  Move  the  cursor  so  that  the  hair-line  is  over  273  on  the  C 
scale. 


6.  On  the  D scale  under  the  hair-line,  read  445. 


7. 


^ 780  273 

.-.  46-5  X X 

760  293 


44-5. 


Exercise 


Evaluate  the  following: 


11  X 402 

, 14  X 525 

36 

47  X 39 

, 24-5  X 43-4 
'1 

4 1-35X3-16 

3620 

6-2  X 1-75 
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53-6  X 12-4 
42-7  X 35-8' 


7. 


42-7 


^ 315 

^ 780  ^ 273 


25-3  X 46-2  X 35  5 
21-3  X 56-2  X 15-5‘ 


2450  X 740  X 273 
760  X 363 


8-  15-6  X 


™ 273 

760  ^ 373’ 


Practice  Test  Exercise 


1.  177  X 0-35. 

3.  0-866  X 3-46. 
5.  83-5  58-9. 

7.  4-37  - 0-866. 


2.  0-022  X 0-018. 
4.  3-1416  X 1-07. 
6.  59-7  - 3-1416. 
8.  0-987  - 46-4. 


17-5  X 32 
15 


45-6  X 38-2  X 27-4 
29-5  X 246  X 38-7  * 


11. 


27-8  X — X 
760 


273 

315* 


12.  3780  X X — • 
790  273 


Reading  on  the  A and  B Scales 

The  A and  B scales  are  drawn  to  one-half  scale  so  that  there  are 
really  two  scales  end  to  end.  The  A and  B scales  each  have  a left 
and  a right  half  and  three  indexes,  left,  middle  and  right.  Read 
three  significant  digits  as  before.  A and  B scales  are  necessary  for 
squares  and  square  roots,  but  may  also  be  used  for  multiplication 
and  division. 

Between  100  and  200  the  smallest  divisions  mark  every  second 
integer.  Between  200  and  500  the  smallest  divisions  mark  every 
fifth  integer.  Between  500  and  1,000,  the  tens  only  are  marked. 

Exercise 

Locate  the  following  numbers  on  each  half  of  both  A and  B 
scales:  150,  180,  270,  480,  560,  102,  118,  164,  175,  193,  215,  465,  665, 
735,  845,  263,  382,  436,  623,  757,  863,  902. 
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Squares  of  Numbers 

In  finding  the  square  of  a number,  we  double  its  logarithm. 
Hence  the  square  will  be  found  on  the  A scale  directly  over 
the  number  on  the  D scale. 

Why  is  this  equivalent  to  doubling  the  logarithm? 

Procedure: 

1.  Calculate  the  approximate  value. 

2.  Move  the  cursor  so  that  the  hair-line  is  over  the  number  on 
the  D scale. 

3.  On  the  A scale  under  the  hair-line,  read  the  significant  digits 
of  the  square. 

4.  Place  the  decimal  point  according  to  the  approximate  value. 
Note  that  the  C and  B scales  may  be  used  in  the  same  way. 


1 

1 ^ -7 1 1 1 1 1 1 111  1 
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Fig.  10.  1282=16400. 


Example  1:  Find  the  value  of  1282. 

1.  Approximate  value  = 100  x 100  = 10000; 

or  = 1 X 102  X 1 X 102  = 1 X 10'.* 

2.  Move  the  cursor  so  that  the  hair-line  is  over  128  on  the  D 
scale. 

3.  On  the  A scale  under  the  hair-line,  read  164. 

4.  .-.  1282  = 16400. 

*For  other  methods  of  placing  decimal  points,  see  pages  174  and  175. 


THE  SLIDE  RULE 


161 


Exercise 

1.  Find  the  squares  of  the  following  numbers:  15,  22,  27,  35, 
42,  57,  61-5,  7-75,  8-23,  9 05,  9-67,  55-5,  1-75,  3-84,  4-65,  9-54. 

2.  Find  the  areas  of  the  squares,  having  sides  of  the  following 
dimensions:  3 ■ 2 ft.,  1-84  ins.,  7 • 45  cm.,  4 • 88  yds.,  2 -57  m.,  3 • 68  rds. 

3.  Find  the  areas  of  the  cross-sections  of  wires  in  circular  mils, 
when  the  diameters  of  the  wires  are  as  follows:  {A  = d"^)  14  mils, 
36  mils,  114  mils,  229  mils,  0182  ins.,  0-325  ins.,  0-0056  ins., 
0-018  ins. 


4.  Evaluate: 


{a)  (0-325)2. 
{d)  (0-0141)2. 
(^)  (0-374)2. 


{b)  (0-147)2. 
{e)  (0-154)2. 
Qi)  (0-00532)2, 


(c)  (0-0235)2. 
(/)  (0-402)2. 
(i)  (0-0202)2. 


,,,  /31-4X12-7V 
\ 5-84  J 


Problems  Involving  Squares 

Example  1:  Find  the  area  of  a circle  with  a radius  of  14  ins. 

1.  Substitute  in  the  formula  /l  = xr2.  i.e.,  A = % x 142. 

2.  Calculate  the  approximate  value  = 3 x 10  x 10  = 300, 

or  3 X 1-4  X 10  X 1-4  X 10  = 3 X IO2. 

3.  Set  the  left  index  of  B scale  under  x on  the  A scale. 

4.  Move  the  cursor  so  that  the  hair-line  is  over  14  on  the  C 
scale. 

5.  On  the  A scale  under  the  hair-line,  read  616. 

6.  area  of  the  circle  in  sq.  ins.  = 616. 

Example  2:  Find  the  volume  of  a cylinder  4-5  ins.  long  and  3-5 
ins.  in  diameter. 

1.  Substitute  in  the  formula  V = ^ = 0'7854d^  h. 

i.e.,  F=  0-7854  X 3-52  ^ 4-5. 

2.  Approximate  value  = 0-8x4x4x4  = 50, 

or  7-85  X 10-1  x3-5x3-5x4-5  = 480  x lO'i 
= 4-8  X 10. 
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3.  Set  the  right  index  of  the  B scale  under  0-7854  near  the  right 
end  of  the  A scale. 

4.  Move  the  cursor  so  that  the  hair-line  is  over  350  on  the  C 
scale. 

5.  Set  the  middle  index  of  the  B scale  under  the  hair-line. 

6.  Move  the  cursor  so  that  the  hair-line  is  over  450  on  the  B 
scale. 

7.  On  the  A scale  under  the  hair-line,  read  435. 

8.  .-.  volume  of  the  cylinder  in  cu.  ins.  = 43-5. 

Exercise 

1.  Find  the  areas  of  the  circles  which  have  radii  as  follows: 
3-5  cm.,  4-65  ins.,  7-35  ft.,  4-15  ins.,  1 05  ins.,  8-45  ins.,  0-66  cm., 
2-95  m.,  0 0563  m.,  8-34  m. 

2.  Find  the  areas  of  the  circles  which  have  diameters  as  follows: 
5-4  cm.,  3-86  cm.,  9-65  ins.,  1-57  ft.,  3-85  ins.,  4-83  ft.,  0 0382  m., 
0 • 832  cm.,  3 -46  yds.,  1-11  ins.,  4 • 23  ft. 

3.  Find  the  areas  of  the  surfaces  of  the  spheres  {A  = 4%r'^  = xd}) 
which  have  diameters  as  follows:  4-6  ins.,  5-87  ft.,  7,920  miles, 
12,700  km. 

4.  Find  the  areas  of  equilateral  triangles  {A  = O' 433  s^) 
with  sides  as  follows:  3-5  ins.,  2-75  ins.,  5-5  cm.,  6-4  cm. 

Square  Roots  of  Numbers 

In  finding  the  square  root  of  a number  we  divide  its  loga- 
rithm by  2.  Hence  the  square  root  will  be  found  on  the  D 
scale  directly  below  the  number  on  the  A scale. 

Procedure: 

1.  Mark  the  number  into  groups  of  two  digits,  starting  from  the 
decimal  point.  Note  that  the  left  group  in  the  whole  number  part 
or  the  right  group  in  the  decimal  part  may  have  only  one  digit. 

2.  Calculate  the  approximate  value.  For  each  group  of  digits, 
there  will  be  one  digit  in  the  square  root. 

3.  (a)  If  the  left  group  has  a single  digit,  move  the  cursor  so 
that  the  hair-line  is  over  the  number  on  the  left  half  of  the  A scale. 

(6)  If  the  left  group  has  two  digits,  move  the  cursor  so  that 
the  hair-line  is  over  the  number  on  the  right  half  of  the  A scale. 
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4,  On  the  D scale  under  the  hair-line,  read  the  square  root. 

5.  Place  the  decimal  point  according  to  the  approximate  value. 
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Fig.  11.  -v/SOOO  = 5-48. 


Example  1:  Find  the  square  root  of  30  00. 

1.  I 30  - I 00 1 There  are  2 digits  in  the  left  group. 

2.  Approximate  value  = \/30  • 00  = 5 -f-  . 

3.  Move  the  cursor  so  that  the  hair-line  is  over  300  on  the 
right  half  of  the  A scale. 

4.  On  the  D scale  under  the  hair-line,  read  548. 

5.  .'.  \/30  00  = 5-48. 
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Fig.  12.  VO- 0800  = 0-283. 


Example  2:  Find  the  square  root  of  0-0800. 

1.  0- I 08  I 00  I There  is  only  one  significant  digit  in  the  left 

group. 


2.  Approximate  value  = •\/0-0800  = 0 -2  -f,  but  less  than  0-3. 
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3.  Move  the  cursor  so  that  the  hair-line  is  over  800  on  the  left 
half  of  the  A scale. 

4.  On  the  D scale  under  the  hair-line,  read  283. 

5.  .-.  Vo  0800  = 0 -283. 


Exercise 

1.  Determine  the  square  root  of  each  of  the  following  numbers; 
3-51,  0 1764,  0- 000351,  1,764,  1-764,  35-1,  45-2,  0-452,  0-0452, 
45,200. 

2.  Find  the  length  of  the  side  of  each  of  the  following  squares 
which  have  areas  in  sq.  ins.  as  follows:  15-1,  0-7854,  3-1416,  26-4-, 
2-64,  3 -86,  0-386,  386,  58-9,  7-36,  0- 00255. 

3.  For  each  of  the  following  areas  of  the  cross-sections  of  wires 

given  in  circular  mils,  determine  the  diameter  in  mils  (tf  = a/A)  : 
484,  1,024,  2,025,  6,561,  20,736,  41,600,  105,625,  36,049, 

26,244. 


Problems  Involving  Square  Roots 


Example  1:  Find  the  diameter  of  a circle  which  has  an  area  of 
35-6  sq.  cm. 


1. 

2. 


Substitute  in  the  formula  d = 


Approximate  value  = 


/40-0 

V 0-8 


- y g - Vso  - 


V 


35-6 

0-7854’ 


7-0  -f-. 


3.  Set  the  slide  so  that  0-7854  on  the  B scale  is  under  35  -6  on 
the  right  half  of  the  A scale.  (Had  the  area  been  3-56  sq.  cm., 
you  would  set  under  356  on  the  left  half  of  the  A scale.) 


4.  Move  the  cursor  so  that  the  hair-line  is  over  the  right  (or 
left,  if  on  scale)  index  of  the  B scale. 


5.  On  the  D scale  under  the  hair-line,  read  675. 

6.  .-.diameter  of  the  circle  in  cm.  = 6-75. 


Example  2:  Find  the  area  of  a triangle  with  the  lengths  of  its 
sides  3-5  ins.,  4-7  ins.  and  5-4  ins.  respectively. 
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1.  Substitute  in  the  formula  A = \/s(s-a)(s-b)(s-c)  where 
2s  = a -h  b + c. 

s-a  =3-3 
s-b  = 21 
= 1-4 


^ = 6-8 

(A  good  check  on  accuracy.) 
a A - Ve-S  X 3-3  X 2-1  X 1-4 

2.  Approximate  value  a/7x3x2x1  = \/42  = 6-5  (approx.). 

3.  Evaluate  the  product  on  C and  D scales  to  get  66  - 1.  A and 
B scales  may  be  used. 

4.  Evaluate  -\/66-l  = 8-13. 

5.  .'.  area  of  the  triangle  in  sq.  ins.  = 8-13. 

Exercise 

1.  Find  the  diameters  of  the  circles  which  have  their  areas  as 
follows:  0-356  sq.  ft.,  3-56  sq.  ins.,  854  sq.  ins.,  45  sq.  cm.,  2-87 
sq.  cm.,  9-86  sq.  cm.,  18-4  sq.  ft.,  27-8  sq.  m. 

2.  Find  the  radii  of  the  circles  which  have  the  following  areas: 
4-60  sq.  ft.,  27-2  sq.  ins.,  0-562  sq.  m.,  5-62  sq.  cm.,  2-73  sq.  ft. 

3.  Find  the  length  of  the  side  of  each  of  the  following  equi- 
lateral triangles,  which  have  areas  as  follows:  2-57  sq.  ft.,  49-8 
sq.  ins.,  0-386  sq.  ins.,  0-0297  sq.  km.,  0-325  sq.  ins.,  0- 1427  sq.  cm. 

4.  Find  the  areas  of  the  triangles  with  the  following  sets  of  sides: 


(a) 

a = 2 ins. 

5 = 3 ins. 

c = 4 ins. 

(b) 

a = 5 ft. 

5 = 7 ft. 

c = 6 ft. 

(c) 

a = 2 - 5 cm. 

b = 3-7  cm. 

c = 5-4  cm. 

id) 

a = 2-54  ch. 

5 = 3-67  ch. 

c = 4-35  ch. 

5.  Find  the  side  of  a square  equal  in  area  to  a rectangle  2 -56 
cm.  wide  and  3-89  cm.  long. 

6.  Find  the  radius  of  a sphere  of  which  the  surface  area  is  436 
sq.  ins. 


a = 3-5 
b = 4-7 
c = 5-4 

2)13-6 

5 = 6-8 
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A Summary  of  Settings 

1.  To  multiply  two  numbers  on  A and  B or  on  C and  D scales, 
set  the  index  of  one  scale  to  the  one  factor  on  the  adjacent  scale. 
Move  the  cursor  so  that  the  hair-line  is  over  the  second  factor  on 
the  scale  whose  index  is  used.  Read  the  product  on  the  adjacent 
scale. 

2.  To  divide  one  number  by  another,  set  the  two  numbers 
together  on  the  C and  D or  A and  B scales.  Read  the  quotient 
opposite  the  index  of  the  scale  that  contains  the  divisor. 

3.  To  solve  a proportion,  such  as  | ==  set  ^ as  for  division. 
Along  the  scale  containing  15,  move  the  cursor  until  the  hair-line 
is  over  8.  Read  the  value  of  x under  the  hair-line  opposite  the  8. 

4.  To  get  the  square  of  a number,  set  the  hair-line  of  the 
cursor  over  the  number  on  D or  C scales  and  read  the  square  on 
A or  B scales  respectively. 

5.  To  get  the  square  root  of  a number,  mark  off  groups  of 
2 digits,  starting  from  the  decimal  point.  If  there  is  1 digit  in  the 
left  group  of  significant  digits,  set  the  hair-line  over  the  number 
on  the  left  half  of  A or  B scale;  if  there  are  2 digits,  on  the  right  half. 
Read  the  square  root  on  the  D or  C scale  respectively. 

Review  Exercise 

A.  1.  0 022  X 0 018.  2.  177  x 0-35.  3.  3-44  x 0-246. 

4.  17-6  X 29-7.  5.  3-876  X 54-95.  6.  98-7  X 43-98. 

7.  Find  the  circumference  of  these  circles  which  have 
diameters  as  follows:  7-3  ins.,  8-45  cm.,  125  ft.,  46-4  ins., 
0-35  mm.,  x mm. 

B.  1.  83-46  ^ 58-9.  2.  98-7  -4-  46-4.  3.  83-5  + 28-9. 

4.  78-6  -4-  6-47.  5.  86-5  - 0-298.  6.  0-2965  1-23. 

7.  Find  the  diameters  of  circles  with  the  following  circum- 
ferences: 28-6  ins.,  39-7  ft.,  765  cm.,  37-8  yds. 

8.  Express  the  value  of  the  following  fractions  as  per  cents: 

$15  29-56  2-8  4-70  86  0-0036  0-00000157 
$^’  85-72’  9-50’  0-0267’  0-00000386’ 
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C.  1. 


3. 


5. 


225  X 13-2 
790 

2 5 X 3-82  X 0 075 
0 034  x 3 1416 
0 016  X 8 3 X 0-41 
1-25  X 0 0775 


2. 


25  X 3-3  X 21 
8 X 17 


, 753  273 

4.  13-4  X X 

760  295 

0-7346  3-45 

6.  X 

X 5-67 


7.  Find  the  areas  of  circles  with  the  following  diameters: 
2-7  ft.,  4-26  m.,  5-62  ins,,  3-75  yds. 

8.  Find  the  diameter  of  a circle  which  has  an  area  of  836 
sq.  ft. 

Practice  Exercise 

Aim  to  do  each  group  of  12  problems  in  10  minutes.  Be  accurate 
always. 

A. 


B. 


G. 


1. 

47-5  X 38-6. 

2. 

85-7  4-  62. 

3. 

VsEtq. 

4. 

x(l  - 6)^ 

5. 

1 5-6 

Vo -7854 

6. 

85_ 

X 

7. 

/8F5 

V 

8. 

85-6  X 0-754. 

9. 

0-738  ^ 0-044. 

10. 

15-7  X V0  Q157. 

11. 

X X 7-42. 

12. 

VT^  - V4^. 

1. 

0-7534  ^ 5-62. 

2. 

Vo -8796. 

3. 

x(14)^ 

4. 

V346  0-7854. 

5. 

47  - X. 

6. 

8-35  X 0-786. 

7. 

0 -5734  0 -825. 

8. 

Vo -872. 

9. 

Vo -000146. 

10. 

x(85)2. 

11. 

X X 8-65. 

12. 

8-57  X 7-96. 

1. 

Vo -857. 

2. 

0-35  X 0-462. 

3. 

0-579  0-0823. 

4. 

V84-76  - 0-7854. 

5. 

65  X. 

6. 

84-7  X 21-6. 

7. 

17-8  0-1586. 

8. 

0-433(2-7)2. 

1-28  X 0-374  X 0-46 

9. 

V85  -7  X 35. 

10. 

0 -82  X 0 -74 

11. 

8-35  X 4-76. 

12. 

7-89  ^ 0-866. 
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D.  1.  0-7854(0 -4)2. 

3.  85-76  X 23-8. 

5 

Vo -7854 
7.  (5-7)2  + (2.8)2. 

9.  X (2-5)2. 

11.  V(4-8)2  + (6-4)2. 


2.  85-76  23-8. 

46-5  x 780  x 273 
760  X 253 
6.  (5-7)2  X (2.8)2. 

8.  0-433(4-53)2. 

10.  \/(4-5)2  - (2-4)2. 
12.  X X 6-87. 


E.  1. 


8-5  X 293  X 760 


V: 


315  X 780 


385 


3-1416 

V86-3  X 3-54. 


9.  0-285(0-586)2. 
11.  24-6  X 0-0875. 


27-6 


19-1 

35-6’ 


find  X. 


4.  (0-327)2. 

6.  x(l-45)2. 

8.  0-7854  X (18)2. 
10.  29-56  85-72. 

12.  8-44  ^ X. 


Cubes  of  Numbers 

In  finding  the  cube  of  a number  we  multiply  its  logarithm 
by  3.  Hence  the  cube  will  be  found  on  the  K scale  (drawn  to 
one-third  scale,  and  having  left,  middle  and  right  sections) 
in  line  with  the  number  on  the  D scale. 
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Fig.  13.  12-83  = 2100. 


Procedure: 

{a)  With  K and  D scales. 

1.  Calculate  the  approximate  value. 

2.  Move  the  cursor  so  that  the  hair-line  is  over  the  number  on 
the  D scale. 
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3.  On  the  K scale  under  the  hair-line,  read  the  cube. 

4.  Place  the  decimal  point  according  to  the  approximate  value. 


|t  LOO  0 

1 1 

It  LOG  ^ y\ 

j M LOG 

i'  “ I 

1 

i4  8 

B 

' 2 

C 

1 

^ 1 

Fig.  14.  2^  = 8. 


(6)  With  A,  B,  and  D scales. 

1.  Calculate  the  approximate  value. 

2.  Set  either  index  of  the  C scale  over  the  number  on  the  D 
scale. 

3.  Move  the  cursor  so  that  the  hair-line  is  over  the  number  on 
the  B scale. 

4.  On  the  A scale  under  the  hair-line,  read  the  cube. 

Exercise 

Verify  the  following: 

1.  (6-5)3  ^ 275.  2.  83  = 512.  3.  143  ^ 2,740. 

4.  323  ^ 32,800  = 3-28  X lOh 

5.  1153  = 1,520,000  or  1-52  x 10«. 

6.  (37-3)3  = 51^900  = 5-19  X 10^. 

7.  Find  the  cubes  of  5,  7,  9,  12,  15,  18,  2-5,  3-6,  5-5,  6-2, 
7-3,  9-7. 

8.  Find  the  volumes  of  cubes  for  which  the  lengths  of  the 
edges  are  as  follows:  1-4  ins.,  2-3  ft.,  1-75  ins.,  4-72  ft.,  8-74  cm., 
3-86  ins. 

9.  Find  the  volume  of  a sphere  with  a radius  of  5-5  ins. 

(F  = 4-xr3  = l-33%r^). 
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10.  Find  the  volume  of  a sphere  with  a diameter  of  0*875  ins. 

{V  = = 0 5236d^) 

11.  Find  the  approximate  volume  of  the  earth  in  cubic  miles, 
given  that  the  approximate  diameter  is  7,920  miles. 


Cube  Roots  of  Numbers 

In  finding  the  cube  root  of  a number,  we  divide  its  loga- 
rithm by  3.  Hence  the  cube  root  will  be  found  on  the  D scale 
under  the  hair-line  which  is  placed  over  the  number  on  the 
K scale. 

Procedure: 

1.  Mark  the  number  into  groups  of  three  digits,  starting  from 
the  decimal  point. 

2.  Calculate  the  approximate  value.  For  each  group  of  three 
digits  there  will  be  one  digit  in  the  cube  root. 

3.  With  K and  D scales. 

(a)  If  the  left  group  has  a single  digit  (e.g.,  3|756*|2),  move 
the  cursor  so  that  the  hair-line  is  over  the  number  on  the  left  sec- 
tion of  the  K scale. 

(b)  If  the  left  group  has  2 significant  digits  (e.g.,  0 -10371500), 
move  the  cursor  so  that  the  hair-line  is  over  the  number  on  the 
middle  section  of  the  K scale. 

(c)  If  the  left  group  has  3 significant  digits  (e.g.,  0 *10001375), 
move  the  cursor  so  that  the  hair-line  is  over  the  number  on  the 
right  section  of  the  K scale. 

Without  a K scale: 

Move  the  slide  so  that  the  index  on  the  C scale  lies  close  to  the 
approximate  cube  root  on  the  D scale.  Now  move  the  slide  back 
and  forth  until  the  same  number  as  the  approximate  cube  root  on 
the  B scale  lies  under  the  number  on  the  A scale. 

4.  On  the  D scale  under  the  hair-line  (if  K scale  is  used)  or 
under  the  index  of  the  C scale  (if  A and  B scales  are  used),  read 
the  cube  root. 

5.  Place  the  decimal  point  according  to  the  rule  in  “step  2” 
above. 
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Fig.  15.  aJ/165  = 5-48. 


Example  1:  Find  -^33170. 

1.  33  I 170-  I . There  are  2 digits  in  the  left  group. 

2.  Approximate  value  = -^30000  = 30  + . . . (30^  = 27,000.) 

3.  Move  the  cursor  so  that  the  hair-line  is  over  332  on  the 
middle  section  of  the  K scale. 

OR 

Move  the  slide  so  that  the  left  index  of  the  C scale  is  above 
321  on  the  D scale  at  the  same  time  as  321  lies  under  332  on  the 
A scale. 

4.  On  the  D scale,  read  321. 

5.  .•.^3^70  = 32  1. 


Exercise 

1.  Find  the  cube  roots  of  the  following:  3,150,  0 0426,  557, 
0- 000342,  41,700,  0 00342,  72,500,  0-587,  7,890,  0-0594. 

2.  Find  the  diameters  of  spheres  which  have  volumes  as 
follows:  685  cu.  ft.,  4,560  cu.  ins.,  0-0375  cu.  ins.  {d  = ^0-5^2 3 e)- 

Reciprocals  of  Numbers 

The  reciprocal  of  a number  is  the  value  obtained  when  we 
divide  1 by  the  number.  The  reciprocal  of  5 is  3^;  of  1 is  1;  of  is  3; 
of  f is  f;  of  0-75  is  The  Cl  scale  is  the  same  as  the  C scale 

except  that  it  is  numbered  from  right  to  left  instead  of  from  left 
to  right.  Take  special  care  in  your  reading  of  the  numbers  from 
the  Cl  scale. 
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Example  1:  Determine  the  reciprocal  of  2-94.  (See  fig.  16, 
below.). 

1.  Approximate  value  = i = 0-333; 

or  = 3 X 10-h 

2.  Move  the  cursor  so  that  the  hair-line  is  over  294  on  the  Cl 
scale. 


3.  On  the  C scale  under  the  hair-line,  read  340. 

4.  = 0-340. 
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Fig.  16.  18  x ^ = 3.08 

Example  2:  Multiply  18  by  using  the  Cl  scale  (i.e., 

18  ^ 5-85). 

1.  Approximate  value  = 20  X ^ = 3.33 

or  = 2 X 101  X 2 X 10-1  = 4 X lO^. 

2.  Set  the  left  index  of  the  C scale  over  180  on  the  D scale. 

3.  Move  the  cursor  so  that  the  hair-line  is  over  5 -85  on  the  Cl 
scale. 

4.  On  the  D scale  under  the  hair-line,  read  308. 

5.  .-.  18  X = 3 -08  or  18  ^ 5 -85  = 3 -08. 

Exercise 

1.  Evaluate,  using  the  Cl  scale:  4^’  TTT’  TT^’ 

2.  In  a parallel  circuit,  the  electrician  determines  the  resistance 

R by  the  formula  4 ^ Find  R when  = 6 -5, 

K K\  A2  A3 

R2  = 7-34,  Rz  = 2-96. 


Evaluate  the  following: 

1 5-64 


780  273 
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Other  Methods  to  Locate  Decimal  Points 

The  following  methods  may  be  used  to  locate  the  position  of 
the  decimal  point  in  place  of  the  approximation  methods  suggested 
in  the  examples.  The  student  should,  however,  use  only  one  method, 
and  stick  to  it. 

(A)  By  counting  digits. 

To  obtain  the  number  of  digits,  proceed  thus: 

(a)  for  numbers  greater  than  1,  count  the  number  of  digits  to 
the  left  of  the  decimal  as  positive;  e.g.,  5230*  has  +4  digits. 

52  -3  has +2  digits. 

5-23  has  +1  digit. 

(b)  for  numbers  less  than  1 (decimal  fractions),  count  the  num- 
ber of  zeros  to  the  right  of  the  decimal  point  before  the  first  sig- 
nificant digit  as  negative;  e.g.,  0-523  has  0 digits. 

0 -00523  has  -2  digits. 

0 -00000523  has  -5  digits. 

Rule  1.  To  obtain  the  number  of  digits  in  a product,  add  the 
number  of  digits  in  the  multiplier  to  the  number  of  digits  in  the  multipli- 
cand. If  the  slide  extends  to  the  right,  subtract  one. 

Example  1:  18  -72  X 0 -356.  The  slide  extends  to  the  right. 

.-.  number  of  digits  in  the  product  = (+2)  -|-  (0)  — 1 = +1. 

.-.  18-72  X 0-356  = 6-66. 


Example  2:  0-083  X 0-0027.  The  slide  extends  to  the  left. 

.-.  number  of  digits  in  the  product  = (-1)  + (-2)  = -3. 

.-.0  -083  X 0 -0027  = 0-000224  = 2 -24  x lO-*. 

Rule  2.  To  obtain  the  number  of  digits  in  a quotient,  subtract  the 
number  of  digits  in  the  divisor  from  the  number  of  digits  in  the  quotient. 

If  the  slide  extends  to  the  right,  add  one. 

Example  3:  84-5  0-025.  The  slide  extends  to  the  right. 

.-.  number  of  digits  in  the  quotient  = (+2)  — (— 1)  + 1 = -f4. 

.-.  84  -5  H-  0 - 025  = 3380. 
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Example  4:  0 - 000186  0 03.  The  slide  extends  to  the  left, 

number  of  digits  in  the  quotient  = (-3)  — (-1)  = -2. 
.••0  000186  4-  0 03  = 0 0062  = 6-2  x lO'^. 


Rule  3.  To  obtain  the  number  of  digits  in  a square,  double  the 
number  of  digits  in  the  number.  If  the  square  is  on  the  left  half  of  the 
A or  B scales,  subtract  one. 

Example  5:  Find  18^.  324  is  on  the  left  half  of  the  A scale. 

.'.  number  of  digits  in  18^  = (+2)  X 2 — 1 = +3. 

.-.  182  = 324. 


Example  6:  Find  (0  • 00065)2.  423  is  on  the  right  half  of  the  A scale. 
.-.  number  of  digits  in  (0- 00065)2  = (-3)  X 2 = -6. 

(0  - 00065)2  = 0 - 000000423  = 4-23  X 10“^ 

Rule  4.  To  obtain  the  number  of  digits  in  a cube,  multiply  the 
number  of  digits  in  the  number  by  Z.  If  the  cube  is 

(a)  in  the  right  section  of  the  K scale,  subtract  0. 

(b)  in  the  middle  section  of  the  K scale,  subtract  1. 

(c)  in  the  left  section  of  the  K scale,  subtract  2. 

Example  7:  Find  (0  06)2.  216  is  in  the  right  section  of  the  K 

scale. 

.-.  number  of  digits  in  (0  06)2  = x 3 = --3. 

.-.  (0  06)2  = 0 - 000216  = 2 16  X lO'h 


Example  8:  Find  (0  -25)2.  156  is  in  the  middle  section  of  the  K 

scale. 

.-.  number  of  digits  in  (0-25)2  = 0x3-1  = -- 1. 

.-.  (0-25)2  = 0-0156  = 1-56  X IO-2. 

Example  9:  Find  I52.  338  is  in  the  left  section  of  the  K scale. 

.-.  number  of  digits  in  I52  = (+2)  X 3 - 2 = +4. 

.-.  152  = 3380. 
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(B)  By  characteristics.  (See  Logarithms.) 

Rule  1.  To  obtain  the  characteristic  of  a product,  add  the  charac- 
teristic of  the  multiplier  to  the  characteristic  of  the  multiplicand.  If  the 

slide  extends  to  the  left,  add  one. 

In  Example  1,  page  173,  characteristic  of  product  =1  + 1 = 0. 
In  Example  2,  page  173,  characteristic  of  product  = 2 + 3 + 1 =4. 

Rule  2.  To  obtain  the  characteristic  of  a quotient,  subtract  the 
characteristic  of  the  divisor  from  the  characteristic  of  the  dividend. 

If  the  slide  extends  to  the  left,  subtract  one. 

In  Example  3,  page  173,  characteristic  of  quotient  =1-2  = 3. 

In  Example  4,  page  174,  characteristic  of  quotient  = 4-  2-1  =3. 

Rule  3.  To  obtain  the  characteristic  of  a square,  double  the 
characteristic  of  the  number.  If  the  square  is  on  the  right  half  of  A 
scale,  add  one. 

In  Example  5,  page  174,  characteristic  of  square  = 1x2  = 2. 

In  Example  6,  page  174,  characteristic  of  square  = 4x2+1  = 7. 

Rule  4.  To  obtain  the  characteristic  of  a cube,  midtiply  the 
characteristic  of  the  number  by  3.  If  the  cube  is 

(a)  in  the  right  section  of  the  K scale,  add  2. 

(b)  in  the  middle  section  of  the  K scale,  add  1. 

{c)  in  the  left  section  of  the  K scale,  add  0. 

In  Example  7,  page  174,  characteristic  of  cube  = 2x3  + 2 = 4. 

In  Example  8,  page  174,  characteristic  of  cube  = 1x3  + 1 = 2. 

In  Example  9,  page  174,  characteristic  of  cube  = 1x3  + 0 = 3. 


Sines,  Cosines,  Secants,  Cosecants  of  Angles 

These  may  be  read  by  the  use  of  the  S scale,  found  on  the  reverse 
side  of  the  slide. 

Problem:  Find  sin  10°. 

Procedure: 

Method  1:  {Slide  in  normal  position.) 

1.  Set  10°  on  the  S scale  under  the  hair-line  in  the  slot  on  the 
under  side  of  the  rule. 
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2.  On  the  B scale  under  the  right  index  of  the  A scale,  read  174. 

3.  When  the  reading  is  on  the  right  half  of  the  B scale,  the 
decimal  point  is  placed  immediately  before  the  first  significant  digit; 
when  on  the  left  half,  one  zero  is  placed  after  the  decimal  point 
before  the  first  significant  digit. 

4.  sin  10°  = 0-174. 

Method  2:  {Slide  reversed  and  all  four  indexes  coinciding.) 

1.  Move  the  cursor  so  that  the  hair-line  is  over  10°  on  the  S 
scale. 

2.  On  the  right  half  of  the  A scale  under  the  hair-line,  read  174. 

3.  .-.  sin  10°  = 0 174. 

Example  1:  Find  cos  65°30'. 

1.  cos  65°30'  = sin  24°30'. 

2.  Find  sin  24°30'  by  either  of  the  above  methods. 

3.  .-.cos  65°30'  = 0-415. 


Example  2: 

1.  CSC  38 


Find  CSC  38°. 


sin  38° 


1 

0-616 


1-62. 


Example  3:  Find  sec  24°. 

1.  sec  24°  = 24°  " sin  66°  " 0^ 


1-09. 


Problem:  Find  A,  given  sin  A = 0 -616. 

Procedure: 

Method  1:  {Slide  in  normal  position.) 

1.  Set  616  on  the  right  half  of  the  B scale  under  the  right  index 
of  the  A scale. 

2.  On  the  S scale  under  the  hair-line  in  the  slot  on  the  under 
side  of  the  rule,  read  38°. 

3.  A = 38°. 
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Method  2:  {Slide  reversed  and  all  four  indexes  coinciding,) 

1.  Set  the  hair-line  of  the  cursor  over  616  on  the  right  half  of 
the  A scale. 

2.  On  the  S scale  under  the  hair-line,  read  38°. 

3.  .-.  A = 38°. 


Find: 

1.  sin  36°. 

4.  sin  5°45'. 

7.  sec35°30'. 

10.  CSC  42°. 

Find  A,  given: 

13.  sin  A = 0-454. 

16.  sin  A = 0 -052. 

19.  sec  A = 1-18. 


Exercise 

2.  COS  28°. 

5.  cos82°30'. 
8.  CSC  30°. 

11.  sin  25°30'. 


14.  sin  A = 0 -940. 

17.  cos  A = 0 -870. 

20.  CSC  A = 2 -79. 


3.  sin  47°. 

6.  COS  27°30'. 
9.  sec  60°. 

12.  cos  80°30'. 


15.  cos  A = 0 -242. 

18.  cos  A = 0 -070. 

21.  sec  A = 1-79. 


Tangents  and  Cotangents  of  Angles 


These  may  be  read  by  the  use  of  the  T scale,  found  on  the  reverse 
side  of  the  slide.  Observe  that  the  graduations  begin  at  5°43'  and 
end  at  45°.  The  tangents  of  angles  up  to  5°43'  are,  for  practical 
purposes,  the  same  as  the  sines  of  the  same  angles,  so  use  the  S scale. 


For  angles  from  45°  to  90°,  use  the  fact  that  tan  A = 


e.g., 


tan  75°  = 


1 

tan  15°' 


1 

tan(90°-A)’ 


Problem:  Find  tan  30°. 

Procedure: 

Method  1:  {Slide  in  normal  position.) 

1.  Set  30°  on  the  T scale  under  the  hair-line  in  the  slot  on  the 
under  side  of  the  rule. 

2.  On  the  C scale  above  the  right  index  of  the  D scale,  read  577. 

3.  .'.  tan  30°  = 0 -577. 
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Method  2:  {Slide  reversed  and  all  four  indexes  coinciding.) 

1.  Move  the  cursor  so  that  the  hair-line  is  over  30°  on  the  T 
scale. 

2.  On  the  D scale  below  the  hair-line,  read  577. 

3.  .-.  tan  30°  = 0-577. 

Example  1:  Find  cot  62°30'. 

1.  cot  62°30'  = tan  27°30'. 

2.  Find  tan  27°30'  by  either  of  the  above  methods. 

3.  .-.  cot  62°30'  = 0 -521. 


Example  2:  Find  tan  65°. 


1.  tan  65° 


1 1 
tan  25°  0 -466 


2-14. 


Problem:  Find  B,  given  that  tan  B = 0-649. 

Procedure: 

Method  1:  {Slide  in  normal  position.) 

1.  Set  649  on  the  C scale  above  the  right  index  of  the  D scale. 

2.  On  the  T scale  under  the  hair-line  in  the  slot  on  the  under 
side  of  the  rule,  read  33°. 

3.  .-.  B = 33°. 


Method  2:  {Slide  reversed  and  all  four  indexes  coinciding.) 

1.  Set  the  cursor  hair-line  over  649  on  the  D scale. 

2.  On  the  T scale  under  the  hair-line,  read  33°. 

3.  .-.  B = 33°. 


Find: 

1.  tan  3°. 

4.  tan  57°. 

7.  cot  20°. 


Exercise 

2.  tan  15°30'. 

5.  tan  75°. 

8.  cot  37°20'. 


3.  tan  27°30'. 

6.  tan  70°30'. 

9.  cot  78°. 


THE  SLIDE  RULE 
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Find  B,  given  that: 

10.  tan  B = 0-700.  11.  tan  B = 2-61.  12.  tan  B = 1-19. 
13.  cot  B = 1*73.  14.  cot  B = 0-625.  15.  cot  B = 2-05. 


Logarithms 

The  characteristic  of  the  logarithm  may  be  determined  by  the 
method  shown  in  section  on  page  131.  The  mantissa  may  be  read 
from  the  L scale,  found  on  the  reverse  side  of  the  slide.  Note  that 
there  are  500  equal  parts  on  the  L scale  and  that  the  successive 
divisions  mark  the  mantissas,  -000,  -002,  -004,  -006,  etc.,  up 
to  -996,  -998,  and  1-000. 


Problem:  Find  log  735. 

Procedure: 

1.  The  characteristic  is  2. 

2.  {a)  With  slide  in  normal  position,  set  735  on  the  C scale 
over  the  right  index  of  D scale,  and  read  the  mantissa  0-866  on  the 
L scale  under  the  hair-line  in  the  slot  on  the  under  side  of  the  rule. 

OR 

(b)  With  slide  reversed  and  all  four  indexes  coinciding, 

move  the  cursor  so  that  the  hair-line  is  over  735  on  the  D scale, 
and  read  the  mantissa  -866  on  the  L scale  under  the  hair-line. 

3.  .-.  log  735  = 2-866. 


Example  1:  Find  log  *00735. 

1.  The  characteristic  is  ~3  or  3 (read  bar  3). 

2.  The  mantissa,  as  above,  is  0 -866. 

3.  log  0 -00735  = 3 -866. 


Exercise 

Find  the  logarithms  for  the  following  numbers;  126,23-7,  47-8, 
0-0478,  0-685,  7,840,  0-835,  0-0947,  0-00768,  65,400,0-0000654, 
587,  0-0389. 


Read  each  scale  at  each  mark. 
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SECTION  III -APPROXIMATE  NUMBERS 


CHAPTER  XII 

APPROXIMATE  NUMBERS 

In  all  practical  calculations  the  numbers  used  are  not  exact  but 
are  approximate  numbers.  Such  numbers  are  obtained  in  two 
important  ways,  (a)  from  measurement,  (b)  from  tables. 

When  a measurement  of  1 -763  is  made,  it  is  understood  that  the 
last  figure  represents  the  closest  thousandth  and  the  true  value  is 
within  \ of  one  thousandth  over  or  under  the  measurement. 

Similarly  when  a number  such  as  1-76328  is  taken  from  tables 
the  last  figure  is  not  exact  but  is  the  closest  figure,  and  is  found  by 
rounding-off  to  5 decimal  places.  The  two  numbers  could  be  written 
1 ■ 763X . . . and  1 • 76328X . . . where  X indicates  an  unknown  quantity 
which  is  positive  or  negative,  and  not  larger  than  5. 


Rounding-off 

It  is  often  necessary  to  round-off  a number  by  the  use  of  the 
following  rule. 

Rule:  If  the  figure  after  the  last  figure  to  be  kept  is  5 or  more, 
add  1 to  the  last  figure  kept,  otherwise  do  not  change  it. 

Examples:  Rounding-off  to  2,  3 and  4 decimals, 

(a)  7-71645  (5)  3-81896 

= 7-72  to  2 decimals  =3-82  to  2 decimals 

or  7 -716  to  3 decimals  =3-819  to  3 decimals 

or  7 - 7165  to  4 decimals  = 3 - 8190  to  4 decimals 

Precision  and  Possible  Error 

The  accuracy  of  a number  may  be  indicated  by  the  number  of 
decimal  places  it  contains.  For  example,  the  number  2 - 7 16  is  accurate 
to  3 decimal  places. 
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A measurement  of  2 -716  means  that  the  true  value  lies  between 
2 -7155  and  2 -7165.  Thus  the  measurement  2-716  has  a possible  error 
of  0 -0005.  This  error  is  the  error  that  a trained  observer  may  make, 
and  is  due  to  the  limitations  of  the  equipment  used.  In  fact,  any 
approximate  number  accurate  to  3 decimal  places  has  the  same 
possible  error,  namely  0 - 0005.  All  numbers  which  contain  the  same 
number  of  decimal  places  are  said  to  have  the  same  precision. 

In  carrying  out  the  operations  of  addition  and  subtraction,  the 
precision  of  the  given  data  determines  the  precision  which  is  justified 
in  the  answer. 


Example.  Add  213  -71  and  0 -0763  {a)  assuming  the  numbers  are 
exact,  (6)  assuming  that  the  numbers  are  approximate. 


{a)  Assuming  the  numbers 
are  exact. 

213-71 

0-0763 


213-7863 


(6)  Assuming  the  numbers  are 
approximate  and  using  X to 
indicate  an  unknown  figure  as 
above. 

213 -71  AAA 
0-0763A.  . . 


213-78??? 


It  may  be  seen  that  the  answer  is  not  known  beyond  2 decimal  places. 
A similar  result  may  be  found  for  subtraction  and  so  the  following 
rule  is  adopted. 

Rule:  To  add  or  subtract  approximate  numbers,  round-ofif  all  the 
numbers  to  the  precision  of  the  least  accurate,  and  express  the 
answer  to  that  precision. 


Example:  Add  the  two  approximate  numbers  213  -71  and  0 -0763. 
Solution:  213  -71  = 213  -71  accurate  to  2 decimals 
0 -0763  = 0 -08  accurate  to  2 decimals 


Adding  213  -79  accurate  to  2 decimals. 

Note:  If  more  than  two  numbers  are  involved,  it  is  advisable  to 
keep  one  extra  figure  throughout  the  calculation  but  the  answer 
should  be  rounded-off  to  the  same  precision  as  the  least  precise 
number. 
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Exercise 

A 

1.  Round-off  each  number  to  2,  3 and  4 decimals. 

(a)  7-621394,  (b)  0-071982, 

(c)  1-46295,  id)  3-02009. 

2.  State  the  possible  error  in  each  of  the  following  approximate 
numbers. 

(a)  76-015,  (6)  2-16, 

(c)  1-0528,  (d)  763, 

(e)  21-5,  (/)  5-12  X 10\ 

3.  Read  each  set  of  numbers  to  the  same  precision  as  the  least 
accurate  number. 


{a) 

37-186, 

2-04, 

1-5179, 

0-081; 

ib) 

52-114, 

76-0, 

25-42, 

1-896; 

(c) 

0-823, 

0-707, 

1-2865, 

3-0998; 

id) 

5-762, 

31-41, 

2-0956, 

2-0948. 

B 

4.  Find  the  sum  of  each  set  of  numbers  in  3,  to  the  precision 
justified. 

5.  Subtract,  expressing  the  answer  to  the  precision  justified: 

(a)  76-158  - 1-7,  (5)  21-4  - 0-896, 

(c)  523  - 7-216,  id)  0-74  - 0-0096. 

Significant  Figures 

The  accuracy  of  a number  may  be  indicated  by  stating  the 
number  of  significant  figures  it  contains. 

Examples.  = o - 63  (2  significant  figures) 

= 0-006  (1  significant  figure) 

1 - = 1-0650  (5  significant  figures) 

10,000 
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In  a number  such  as  3,000,000  the  zeros  may  be  significant  or  they 
may  have  been  included  in  order  to  correctly  place  the  decimal  point. 
Such  ambiguity  may  be  eliminated  by  the  use  of  standard  numbers, 
(page  120) 

Thus  3,000,000  may  be  written 

3 0 X 10®  (to  express  accuracy  to  2 significant  figures) 
or  3 • 00  X 10®  (3  significant  figures) 
or  3 0000  X 10®  (5  significant  figures) 

Rule:  Every  figure  is  significant  except  zeros  which  are  inserted 
at  the  beginning  or  end  of  a number  in  order  to  locate  the  decimal 
point  correctly. 

Relative  Error 

Some  indication  of  the  importance  of  an  error  in  a number  may  be 
obtained  by  forming  the  ratio  of  the  error  to  the  number. 

This  ratio  is  called  the  relative  error  and  is  usually  expressed  as  a 
percentage. 

Example  1.  A skilled  observer  makes  a measurement  of  2 -63  in. 
Find  the  possible  error  and  the  relative  error. 

Solution:  Since  the  measurement  is  2 -63  in.,  the  true  value  lies 
between  2 -625  in.  and  2 -635  in. 

Thus  the  possible  error  is  0 -005  in. 

0-005 

Relative  error  = X 100% 

2 - 63 

= 0-19% 


Example  2.  A number  taken  from  the  tables  is  rounded-off  to 
0 -00263.  Find  the  possible  error  and  the  relative  error. 

Solution: 

Since  the  number  is  0 -00263,  the  true  value  lies  between  0 - 002625 
and  0 -002635.  The  possible  error  is  0 -000005. 

0-000005 

Relative  error  = ^ ' X 100% 

0 - 00263 

= 0-19% 
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From  the  two  examples  above  it  may  be  seen  that  the  relative  error 
does  not  depend  on  the  position  of  the  decimal  point,  but  is  the  same 
in  both  cases.  From  a study  of  many  examples  it  may  be  shown  that 
all  numbers  having  the  same  number  of  significant  figures  have 
approximately  the  same  relative  error. 

In  carrying  out  the  operations  of  multiplication  and  division  the 
number  of  significant  figures  in  the  given  data  determines  the  number 
of  significant  figures  which  are  justified  in  the  answer. 

Example:  Multiply  27  12  by  0 027 

{a)  assuming  the  numbers  are  exact 

{b)  assuming  the  numbers  are  approximate. 

Solution: 

(a)  Assuming  the  numbers  are  (6)  Assuming  the  numbers  are 
exact.  approximate  and  using  X as 

before. 

2712X.  . . 

0 027X.  . . 

????? 

18984? 

5424? 

0-72????? 

From  the  above  examples  it  may  be  seen  that  the  answer  is  not  known 
beyond  two  significant  figures. 

A similar  result  may  be  found  for  division  and  so  the  following  rule 
is  adopted : 

Rule:  To  multiply  or  divide  approximate  numbers,  round-off  all 
the  numbers  to  the  same  number  of  significant  figures  as  there  are  in 
the  least  accurate  number,  and  express  the  answer  to  that  accuracy. 

Example:  Multiply  the  approximate  numbers  27  12  and  0 027. 
Solution:  27  ■ 12  = 27  to  2 significant  figures 
27 
0 027 

54 


27  12 
0 027 
18984 
5424 
0-73224 


0 -729  or  0-73  (to  2 sig.  figs.) 
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Note  7:  It  should  be  noted  that  this  rule  is  not  entirely  correct, 
but  is  merely  a guide  which  simplifies  the  work  and  still  keeps  the 
answer  within  reasonable  bounds. 

Note  2:  Where  several  numbers  are  involved,  it  is  advisable  to 
carry  one  extra  figure  throughout  the  calculations.  The  answer 
should  then  be  rounded-off  to  the  same  number  of  significant  figures 
as  are  contained  in  the  given  number  having  the  fewest  significant 
figures. 

Note  J:  If  the  first  digit  of  a number  is  1,  four  figures  may  be 
obtained  on  the  slide  rule,  and  may  be  retained  to  give  approximate- 
ly the  same  relative  accuracy  as  a 3-figure  number. 

Exercise 


A 

1.  State  the  number  of  significant  figures  in  each  of  the  following 
approximate  numbers: 

(a)  27-026,  (b)  0-076,  (c)  1-076, 

(d)  21-500,  (e)  2-15,  (/)  0-007006, 

(g)  2,500,000,  W 2-500  X 10®,  (i)  2-5X10®. 

2.  State  the  figures  to  be  used  in  calculating  the  relative  error 
as  a percentage  in  each  of  the  following  approximate  numbers: 

(a)  2-63,  (6)  0-518,  (c)  725, 

(d)  0-00261,  (e)  2-3,  (/)  4-16X10®. 


B 

3.  Calculate  the  relative  error  as  a percentage  for  each  of  the 
approximate  numbers  in  question  2. 

4.  Multiply,  expressing  the  answer  to  the  number  of  significant 
figures  which  is  justified: 

(a)  3-716X2-8,  (b)  0-00702  X 0-315, 

(c)  26-1  X 0-07,  (d)  21-783  X 0-159. 

5.  Divide,  expressing  the  answer  to  the  number  of  significant 
figures  justified : 

(a)  7-6183  ^ 0-038,  (b)  0-02176  --  0-327, 

(c)  52-6  -t-  0-0590,  (d)  3-6  X 10®  5283-0. 

6.  Find  the  answer  to  the  accuracy  justified: 


(a) 


2-163  X 0-028 


72-0  X 3-16 

ib) 


0-516 


0-0406 
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CHAPTER  XIII 

PERIMETERS  AND  AREAS  OF  PLANE  FIGURES 
Formulas 

The  rules  of  algebra  for  equations  are  used  for  solving  formulas. 
These  rules  in  a convenient  form  for  use  with  formulas  are  given 


Delow. 

Rule 

Example 

1.  The  formula  may  be  reversed 
without  changing  the  signs.  (Or  the 
formula  may  be  read  from  right  to 
left.) 

\i  a = h solve  for  h. 

Solution: 
b = a. 

2.  Any  term  may  be  transposed 
from  one  side  of  the  formula  to  the 
other  if  the  sign  of  the  term  is 
changed. 

(a)  U a — b c solve  for  c. 
Solution: 
c = a — b 

{b)  \ix  = y — z find  z. 
Solution:  x z = y 

z — y — X. 

3.  Every  term  on  both  sides 
may  be  divided  by  the  same  thing. 

li  ab  = cd  find  c. 

Solution:  cd  = ab, 

<0 

4.  Every  term  on  both  sides 
may  be  multiplied  by  the  same 
thing. 

If  - = 2 find  X. 

Solution:  x — yz. 

5.  If  there  is  one  term  only  on 

(a)  li  xy  — z find  x. 

each  side  of  the  formula,  rules  3 and 

4 may  be  combined  as  follows: 

Any  factor  multiplied  or  divided 
into  one  side  of  the  formula  may  be 
translated  to  the  other  side  if  the 

Solution:  x =-. 

y 

{b)  If  7 = c find  a. 
b 

operations  are  interchanged. 

Solution:  a = be. 
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With  practice  the  student  should  be  able  to  apply  the  rules  and 
read  the  answer  without  writing  a solution,  except  in  more  difficult 
cases. 

Note:  Where  several  operations  must  be  performed,  they  must  be 
carried  out  in  the  order  in  which  they  are  numbered  in  the  table 
above. 

ab  d 

Example  1:  If  — = -,  find  d and  e. 
c e 

Solution:  First  eliminate  fractions 
ahe  = dc, 


dc 

X 

Example  2:  li  ah  c = z find  y and  z. 

y 

X 

Solution:  To  find  y.  + c + 2 = -> 
y{ah  + c + 2)  = X, 

X 

y = . 

+ c + 2 


To  find  2:  + c + 2 = -, 

3^ 


2 


c. 


Example  3:  If  xy  = z{a  + b)  find  a. 

Solution:  A bracket  is  treated  like  a single  letter. 


(a  + b)=^-^ 
2 

xy 
a = — 
2 


b 
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Exercise 

A 

Solve  for  each  letter  in  the  following,  using  rules  1 and  2 


1.  0-  b — c. 

d 

II 

1 

(4 

3.  p + q - r = s. 

4.  a b = c d. 

5.  X — y = z w.  6.  ri  + ^2  + ^3  = r. 

7.  a — b = c — d.  S,  — p-\-q=— r — w. 

9.  X — y — z = a.  10.  b = c — a — d. 

Solve  for  each  letter  in  the  following,  using  rules  3,  4 and  5. 


11.  pv  = rt. 

a c xy 

12.  - = 13.  — = p. 

b d a 

II 

xy  ax 

15.  — = q.  16.  — = — 

zw  be  yz 

B 

Solve  for  each  letter  in  the  following,  using  rules  1 to  5. 


17.  a — b — cd. 

c a 

18.  a + 6 = -.  19.  - - c = d. 

d b 

a b 

20.  = d. 

c 

21.  (a  — b)c  = d.  22.  a = — . 

23.  p = 2(1  + w). 

h{x  + 3')  a 7,7 

24,  a = — 25. c = de  + h. 

2 h 

a — b d 

26.  = 

c e 

27.  — ^ = 'd{e  + h).  28.  \-  w = h. 

b — c y — z 
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Mensuration  Formulas 

The  formulas  for  area  and  perimeter  of  various  plane  figures  are 


given  below. 

t 

Rectangle : 

A = Iw, 

P = 21  + 2w. 

t 

— ; ^ 

Square: 


A = s2, 
P = 4s. 


Parallelogram:  A = bh. 


Triangle:  A = ^bh, 

P = a + b + c 

where  a,  b,  and  c are  the  lengths 
of  the  sides. 


Trapezium:  A = |/i(x  + !/)• 


Rhombus:  A = Idxd^. 

Solve  each  formula  for  every  letter. 


d,  
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Example  1:  Find  the  width  of  a rectangle  with  area  27  -618  sq.  ft. 
and  length  72-784  in.  (a)  3-figure  accuracy,  ih)  5-figure  accuracy. 

Solution: 

(a)  Using  slide  rule  and  rounding-off  numbers  to  3 figures, 


A = Iw, 


A 27-6  X 144 

f 

w = — = = 54  -6  m. 

1 72-8 

w 

Width  is  54  - 6 in. 

1 

{b)  Using  logarithms: 

-* 72-784''  ► 

A = Iw, 

A 27-618X144 

<1^  = - = , 

I 72-784 


log  w = log  A — log  I 

= log  27-618  + log  144  - log  72  -784 


1-44091 

2-15836 

1-86153 

16 

48 

13 

2 

1- 44120 

2- 15836 

1-86203 

3-59956 

1-86203 

log  w = 

1-73753 

antilog: 

54576 

63 

4 

54-643 

Width  is  54-643  in. 


Example  Z:  Find  the  length  of  a rectangle  with  perimeter  54  -623 
in.  and  width  11-814  in.  {a)  3-figure  accuracy,  (6)  5-figure  accuracy. 
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Solution: 

(a)  Using  slide  rule,  and  rounding-off  numbers  to  three  figures, 
P = 21  + 2w, 

^ P-2w  54-6-2  X 11-8 
“ 2 “ 2 ’ 

, 54-6  - 23-6  31-0  _ 

I = = = 15 -5  in. 

2 2 

Length  = 15-5  in. 

(5)  Using  logarithms: 

P = 21  + 2w, 

, P -2w  _ 54-623  - 2 X 11-814 

_ _ _ _ 

54-623  - 23-628  30-995 

I = ^ ^ = 15-498  in. 

Length  is  15  -498  in. 


Note:  In  the  above  example,  the  calculations  are  so  simple  that 
it  is  not  necessary  to  use  either  slide  rule  or  logarithms.  They  are 
tools  which  were  invented  to  simplify  calculations,  and  should  be 
used  only  when  their  use  would  be  helpful. 


Example  3:  Find  the  side  in  inches  of  a square  with  area  3 - 1587 
sq.  ft.  {a)  3-figure  accuracy,  (6)  5-figure  accuracy. 

Solution: 

(a)  A = s\ 

s = = \/3  -16  X 144  = V4^  =21-3  in. 

Side  = 21-3  in. 

(5)  A = s\ 

s ^ V A = ^3-1587  X 144. 
log  5 = I log  A 

= Mlog  3-1587  + log  144]. 
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logs;  0-49831  2-15836 

no 

10 


0-49951 

2-15836 


2-65787  X ^ = 1-32894. 

log  5 = 1-32894, 

antilog:  21281 

44 
2 

21-327 

The  side  is  21-327  in. 


Example  4:  A trapezium  has  area  17-247  sq.  in.  If  one  parallel 
side  is  3 - 7028  in.  and  the  distance  between  parallel  sides  is  1 - 7626  in., 
find  the  other  parallel  side. 


{a)  to  3-figure  accuracy,  (&)  to  5-figure  accuracy. 


Solution: 


(a)  A = \h{x  + y) 


= 19-55  - 3-70 


= 15-85. 


The  other  side  is  15  -9  in. 
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(b)  A = hh{x  + y), 
2A 


X = 


2 X 17-247 
1-7626 
34-494 


3-7028 


1-7626 


- 3-7028. 


Using  logarithms,  let  p = . 

^ ^ ^ 1-7626 


log  p = 

log  34-494  - 

log  1-7626 

logs: 

1-53656 

0-24551 

113 

49 

5 

15 

1-53774 

0-24615 

0-24615 

log  p = 

1-29159. 

itilog: 

19543 

23 

4 

19-570 

X = 19-570  - 3-7028  = 15-8672. 
Other  side  is  15-867  in. 


Note  1:  In  general,  formulas  containing  plus  or  minus  signs  are 
not  suitable  for  use  with  logarithms  since  each  part  must  be  worked 
out  separately.  If  slide  rule  is  used,  an  allowance  of  1 or  2 on  the 
third  figure  could  be  made.  If  the  correct  answer  is  1340,  then  any 
answer  between  1330  and  1350  would  be  considered  correct. 

Note  2:  Exercises  in  mensuration  will  contain  sections  marked 
(1)  or  (2).  Section  (1)  will  contain  problems  which  may  be  solved  by 
arithmetic.  Section  (2)  will  consist  of  questions  which  require  the 
use  of  slide  rule  to  give  3-figure  answers,  or,  where  suitable,  logarithms 
to  give  4-  or  5-figure  accuracy. 
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Note  3:  Units  (for  example  sq.  in.)  must  be  placed  on  the  result 
of  each  step  and  on  the  final  answer,  but  should  not  be  placed  on 
any  other  line. 


Exercise 

(1) 

1.  Find  the  outside  perimeter  of  the  basement  of  a house  38  ft. 
6 in.  long  and  24  ft.  9 in.  wide. 

2.  Find  the  side  of  a square  with  perimeter  7 -88  in. 

3.  A map  is  drawn  to  the  scale  | in.  = 1 mi.  Find  the  number  of 
acres  in  a rectangle  which  is  3|  in.  by  If  in.  on  the  map. 

4.  Find  the  cost  of  paving  a driveway  40  yd.  long  and  9 ft.  6 in. 
wide  at  $2.70  per  sq.  yd. 

5.  Find  the  base  of  a parallelogram  with  area  2f  sq.  ft.  and  height 
16  in. 


6.  A parallelogram  of  tin  weighs  2\  lb.  and  the  base  is  15  in. 
long.  If  tin  weighs  f lb.  per  sq.  ft.  find  {a)  the  area,  {b)  the  height. 

7.  The  base  of  a triangle  is  5 yd.  1 ft.  and  the  altitude  is  3 yd. 
2 ft.  Find  its  area  in  sq.  ft. 

8.  Find  the  height  of  a triangle  with  area  100  sq.  in.  and  base 
15  in. 

9.  A lead  triangle  has  height  3 in.  and  weight  15  lb.  If  the  lead 
weighs  \ lb.  per  sq.  in.,  find  (a)  area,  ih)  base  of  triangle. 

10.  A trapezium  has  parallel  sides  22  ft.  and  14  ft.  If  the  distance 
between  is  18  ft.  find  the  area  in  sq.  yd. 

11.  The  area  of  a trapezium  is  1120  sq.  rods  and  its  parallel  sides 
are  8j  chains  and  5f  chains.  If  1 chain  = 66  ft.  find  its  height  in  ft. 

12.  A trapezium  has  area  15  sq.  yd.,  one  parallel  side  is  26  ft.  and 
its  height  is  2 ft.  8 in.  Find  the  other  parallel  side. 

13.  Find  the  cost  of  a piece  of  metal  in  the  shape  of  a rhombus 
with  diagonals  18  in.  and  14  in.  at  20j^  per  sq.  ft. 

14.  If  a rhombus  has  one  diagonal  3^  in.  and  the  area  is  5|  sq.  in. 
find  the  other  diagonal. 
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(2) 


Write  a complete  solution  to  find  each  missing  dimension. 


FIGURE 

LENGTH 

WIDTH 

PERIMETER 

AREA 

15. 

Rectangle 

17-6  in. 

13  -5  in. 

in. 

sq.  in. 

16. 

Square 

5 18  in. 

in. 

in. 

sq. in. 

17. 

Rectangle 

7-286  in. 

in. 

19-61  in. 

sq. in. 

18. 

Square 

in. 

in. 

53  - 68  in. 

sq.  ft. 

19. 

Rectangle 

in. 

1-582  in. 

in. 

13  - 59  sq.  in. 

20. 

Square 

in. 

in. 

in. 

2 -816sq.  ft. 

FIGURE 

BASE 

HEIGHT 

AREA 

21. 

Parallelogram 

7 -16  in. 

2|  ft. 

sq.  in. 

22. 

Triangle 

5^  in. 

in. 

2|  sq.  ft. 

23. 

Parallelogram 

in. 

4 -76  in. 

29  - 1 sq.  in. 

24. 

Triangle 

4 -12  in. 

7 -09  in. 

sq.  in. 

25. 

Parallelogram 

73-51  in. 

in. 

1 - 201  sq.  yd. 

26. 

Triangle 

in. 

14  -07  in. 

152  - 1 sq.  in. 

Write  a complete  solution  to  find  the  missing  dimension  in  each  of 
the  following  trapeziums: 


AREA 

h 

27. 

12  -8  in. 

3 -04  in. 

1-29  in. 

28. 

23  -4  sq.  in. 

7-28  in. 

4 -93  in. 

29. 

79-6  sq. in. 

15-8  in. 

7-61  in. 
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30.  Find  the  weight  of  a rectangular  piece  of  steel  17  -6  in.  by 
12  -4  in.  if  1 sq.  ft.  weighs  20  -5  lb. 

31.  A piece  of  tin  weighing  3 -28  lb.  is  in  the  shape  of  a triangle 
with  base  17  -6  in.  and  height  11-5  in.  Find  the  weight  of  1 sq.  in.  of 
the  tin. 

32.  Find  the  cost  at  $2.65  per  sq.  yd.  of  cementing  a parking  lot 
in  the  shape  of  a trapezium  with  height  125  ft.  and  parallel  sides  210 
ft.  and  139  ft. 

33.  A rhombus  has  one  diagonal  15  -83  in.  and  weighs  17  -62  lb. 
If  1 sq.  ft.  weighs  21-67  lb.  find  the  other  diagonal. 

34.  Find  the  number  of  sq.  ft.  of  sheet  metal  required  to  make  an 
open  tank  35  -68  in.  long,  18  -96  in.  wide  and  21-52  in.  high. 

35.  Find  the  areas  of  the  following  figures: 


{a) 


(b) 


J8-7‘ 


(c) 


id) 
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Square  Roots 

The  following  examples  show  the  arithmetic  method  of  finding 
square  root: 


Example:  Find  {a)  Vl7  -6893  (6)  Vo- 090816 

(accurate  to  3 significant  figures). 


Solution: 


(a) 


2 0 


\/l7-  68  93 
16 
168 
164 

840)  493 
000 

Remainder  493 


^17-6893  = 4-21 


(6)  0-301 

Vo -09  08  16 
_9 

^ 008 

0^ 

601)  816 
601 

Remainder  215 
Va090^  = 0-301 


Square  roots  are  more  easily  found  by  the  use  of  the  slide  rule  or 
logarithms. 


Exercise 


(1) 


Find  the  square  root  to  3-figure  accuracy  of: 


1.  2809. 

2.  112-36. 

3.  0-005929. 

4.  6361-5. 

5.  1-7013. 

6.  0-040296. 

7.  76-3. 

8.  0-152819. 

d 

00 

The  Law  of  the  Right  Triangle 

In  any  right-angled  triangle  the 
square  of  the  hypotenuse  is  equal 
to  the  sum  of  the  squares  of  the 
other  two  sides. 

In  the  diagram  (1)  _j_  52^ 

(2)  - b\ 

(3)  - a\ 
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Example  1:  Find  the  side  x in  the  diagram. 


X = VyS-h  = 8-86  in,  (slide  rule  accuracy). 


Example  Z.  How  high  will  a 30-8  ft.  ladder  reach  when  placed 
with  its  foot  10-6  ft.  out  from  the  wall? 


Solution: 

Let  the  height  be  x ft. 

:x;2  = 30-82  _ 10-62, 

= 950  - 112, 

= 838, 

X = ^/838  = 29  0 

Height  reached  is  29  -0  ft.  (by  slide  rule). 


Exercise 

(1) 

Calculate  the  value  of  x in  each  diagram: 

1.  2.  3. 
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4. 


5. 


6. 


> 


h 1%”- 


7.  Find  the  length  of  the  hypotenuse  in  a right-angle  triangle 
whose  remaining  sides  are  12  ft.  and  5 ft. 

8.  Find  the  distance  from  one  corner  to  the  opposite  corner  of  a 
square  room  each  side  of  which  is  14  ft. 

9.  Find  the  length  of  the  diagonal  of  a square  piece  of  metal  of 
which  the  area  is  361  sq.  in. 

10.  The  foot  of  a ladder  is  placed  16  ft.  out  from  the  front  of  a 
house  and  reaches  a window  whose  height  is  27-7  ft.  What  is  the 
length  of  the  ladder  to  the  nearest  foot? 

11.  Find  the  remaining  side  of  a right-angle  triangle  in  which  the 
hypotenuse  and  one  side  are  respectively  65  ft.  and  39  ft. 

12.  How  long  is  the  third  side  of  a right-angle  triangle,  if  the 
hypotenuse  is  7|  in.  long  and  the  other  side  is  4|  in.  long? 

13.  A square  nut  is  1|  in.  to  the  side.  Find  the  distance  from 
corner  to  corner. 

14.  Find  the  length  of  a common  rafter  on  a roof  which  has  a 
rise  of  6 ft.  and  a run  of  9 ft. 


(2) 


15.  A balloon  at  an  altitude  of  1,650  ft.  is  1,900  ft.  distant  from 
the  point  from  which  it  ascended.  How  far  has  it  drifted  with  the 
wind? 

16.  An  equilateral  triangle  has  each  side  16  -3  in.  Find  (a)  the 
height,  (6)  the  area. 

17.  An  isosceles  triangle  has  each  equal  side  5 -76  in.  and  base 
3 • 14  in.  Find  its  height. 
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18.  Find  the  length  of  the  two  equal  sides  of  an  isosceles  triangle 
with  base  7 -26  in.  and  height  3 -49  in. 

19.  Find  the  length  of  each  side  of  an  equilateral  triangle  with 
height  6 • 14  in. 

20.  Find  the  length  of  the  two  sides  of  an  isoscles  triangle  with 
base  14  -8  in.  and  area  43  -6  sq.  in. 

21.  Find  the  weight  of  a lead  sheet  in  the  shape  of  an  isosceles 
triangle  with  base  18-6  in.  and  each  equal  side  21-4  in.,  if  1 sq.  in. 
weighs  0 • 176  lb. 

22.  A steel  sheet  weighs  4 • 18  lb.  If  it  is  in  the  shape  of  an  equila- 
teral triangle,  and  1 sq.  in.  weighs  0 109  lb.,  find  the  side  of  the 
triangle. 

The  s Formula  for  the  Area  of  a Triangle 

If  a,  b and  c represent  the  measures  of  the  lengths  of  the  three 
sides  of  a triangle,  the  area  is  given  by  the  formula: 

A = Vs{s  — a){s  — b){s  — c)  where  5 = a + 6 + c. 

2 


Regular  Hexagon 

Since  a regular  hexagon  may  be  divided 
into  6 equilateral  triangles,  its  area  is 
given  by  the  formula: 

A = 6 X Area  of  one  equilateral  triangle. 


Example  1:  Find  the  area  of  a triangle  with  sides  7 • 16  in., 
5 • 28  in.  and  4 • 54  in.  (3-figure  accuracy). 


Solution: 
a=  7-16 
b = 5-28 
c = 4-54 
25  = 16  98 


5 - a = 1-33 
s - b = 3-21 
s — c =3-95 
check  8-49 


A = Vs{s  — a)  (5  — b)  (5  — c) 

= V8-49  X 1-33  X 3-21  X 3-95 
= \/T43 
- 11-97. 


The  area  is  11-97  sq.  in. 


5 


8-49 
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Example  2:  Find  the  weight  at  0 -2568  lbs.  per  sq.  in.  of  a steel 
plate  in  the  shape  of  a triangle  with  sides  15-63  in.,  21-58  in.  and 
17  -28  in.  (4-figure  accuracy).  Check  by  slide  rule. 


Solution:  a = 15-63 
b = 21-58 
c = 17-28 
2s  = 54-49 
5 = 27-245 


s -a  = 11-615 
s - h = 5-665 
s — c = 9-965 
Check  27-245 


A ■=  V s{s  — a)  {s  — h)  {s  — c) 

= \/27-245  X 11-615  X 5-665  X 9-965. 


Weight  = Area  in  sq.  in.  X 2 -568 

W = (V27-245  X 11-615  X 5-665  X 9-965)  X 0-2568. 

Log  W = |[log27  -245  + log  11-615  + log  5 -665  + log  9 -965] 
+ log  0 -2568. 


1-43457 

63 

8 

1-06446 

37 

19 

0-75282 

39 

0-99826 

22 

1-40824 

136 

0-75321 

0-99848 

T- 40960 

1-43528 

1-06502 

0-75321 

0-99848 

1-06502 

1(4-25199) 

= 2-12600 

T- 40960 

Log  W 

= 1-53560 

Antilog: 

34277 

47 

0 


Weight  is  34  -32  lb. 


34324 
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Slide  rule  check: 

W = (V27-2  X 11-62  X 5-67  X 9-97)  X 0-257 
= vTTMO  X 0-257 
= 134  X 0-257 
= 34-4. 


The  weight  by  slide  rule  is  34  -4  lb.  and  checks  with  the  previous 
answer. 


Exercise 

(1) 

1.  Find  the  area  of  a triangle  whose  sides  are: 

(a)  13  in.,  14  in.  and  15  in., 

(b)  17  in.,  24  in.  and  30  in., 

(c)  3-6  in.,  5-8  in.  and  4-2  in. 

2.  Find  the  area  in  sq.  yd.  of  a triangle  with  sides  14  ft.,  11  ft. 
and  4 ft. 

3.  At  $80  per  acre,  what  is  the  value  of  a triangular  piece  of  land 
whose  sides  are  70,  56  and  42  rods? 

4.  Find  the  weight  of  a metal  triangle  with  sides  43  in.,  51  in. 
and  58  in.  if  one  sq.  ft.  of  the  metal  weighs  1|  lb. 

5.  Find  the  area  of  a regular  hexagon  with  each  side  6 in. 

6.  A regular  hexagon  measures  8 in.  from  one  side  to  the  opposite 
side.  Find  (a)  the  length  of  each  side,  (b)  the  area. 

(2) 

7.  Find  the  area  of  a triangle  whose  sides  are: 

(a)  3 -56  in.,  5-24  in.  and  4-76  in., 

(b)  0-528  in.,  0-713  in.  and  0-825  in., 

(c)  4-716  in.,  3-512  in.  and  6-428  in., 

(d)  410  ft.,  523  ft.  and  557  ft. 


204 


SENIOR  TECHNICAL  MATHEMATICS 


8.  Find  the  weight  at  2 -63  lb.  per  sq.  ft.  of  a triangular  plate 
with  edges  7 -68  in.,  5-83  in.  and  6 15  in. 

9.  Find  the  cost  of  asphalt  at  $1.65  per  sq.  yd.  for  a triangular 
plot  with  sides  153  ft.,  219  ft.  and  176  ft. 

10.  Find  the  area  of  a regular  hexagon  with  each  side  58-78  in. 

11.  In  each  figure  calculate  the  dimension  x and  find  the  total 
area  of  each. 

(a)  (b) 


The  Circle 

The  formulas  for  circumference  and  area  of  a circle  are: 
C =%D 

A or  A = 0.  7854D^ 

where  x = 3 • 14  (for  3-figure  accuracy) 

X = 3-1416  (for  4-  or  5-figure  accuracy). 


The  Annulus 

The  annulus  or  ring  is  bounded  by  two 
concentric  circles. 

A = x/?2  — xr^ 


or  A = x(/?^  — r^), 
or  A = %{R  — r){R  r). 
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Exercise 

(1) 

1.  F'ind  the  circumference  and  area  of  a circular  plate  with 
diameter  10  in. 

2.  Find  the  circumference  and  area  of  a circular  pool  with  dia- 
meter 16  ft. 


3.  Find  the  area  and  perimeter  of  a semi-circle  with  diameter 
4#  in. 


4.  Find  the  area  of  the  figure  in 

J 

— 

the  diagram  if  the  ends  are  semi- 

n 

V 

^ “1 

9” 

i 

J 

circles. 

26" 

5.  Find  the  radius  of  a circle  with  circumference  20  ft. 


6.  Find  the  diameter  of  a circular  disc  with  area  200  sq.  in. 

7.  A circular  field  has  a circumference  of  300  ft.  Find: 

(a)  the  diameter,  (b)  the  area. 

8.  A circle  has  area  15  sq.  in.  Find  {a)  the  diameter,  (b)  the 
circumference. 

9.  Find  the  total  pressure  on  a circular  safety  valve  with  dia- 
meter 12  in.,  if  the  pressure  is  220  lb.  per  sq.  in. 

10.  Find  the  diameter  of  the  wheels  of  a car  if  the  car  travels  30 
m.p.h.  when  the  wheel  turns  480  revolutions  per  minute. 

11.  The  diameters  of  a ring  are  10  in.  and  12.  in.  Find  its  area. 

12.  Find  the  area  of  the  end  of  a pipe  with  outer  diameter  1|  in. 
and  inner  diameter  1|  in. 

13.  Find  the  area  of  the  end  of  a 2f  in.  pipe  (outer  diameter)  if 
the  metal  is  | in.  thick. 

14.  What  will  it  cost  to  gravel  a walk  3 ft.  wide  round  the  outside 
of  a circular  lawn  140  ft.  in  diameter  at  50^  per  sq.  yd.? 

15.  A flat  steel  ring  with  outer  diameter  VI \ in.  and  inner  dia- 
meter 7 in.  supports  a load  of  two  tons.  Find  the  pressure  per  sq.  in. 
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16.  What  is  the  area  of  the  end  of  a pipe,  if  the  outer  diameter  is 
1 1 in.  and  the  thickness  of  the  metal  is  ^ in.  ? 

17.  The  area  of  a cement  walk  round  the  outside  of  a circular 
bathing  pool  is  506  sq.  ft.  If  the  outside  diameter  of  the  walk  is 
30  ft.  find  the  width  of  the  cement  walk. 

18.  The  external  radius  of  a circular  ring  is  14  in.  and  the  area 
of  the  ring  is  144  sq.  in.  Find  the  width  of  the  ring. 

(2) 

Write  a complete  solution  to  find  each  of  the  missing  numbers  for 
the  following  circles: 


RADIUS 

DIAMETER 

CIRCUMFERENCE 

AREA 

19. 

7-18  in. 

in. 

in. 

sq.  in. 

20. 

in. 

. .0-524  in. 

in. 

sq.  in. 

21. 

in. 

in. 

307  in. 

sq.  in. 

22. 

in. 

in. 

in. 

52  - 6 sq.  in. 

23. 

. .27-18  in. 

in. 

in. 

sq.  in. 

24. 

in. 

. . 528  - 6 in. 

in. 

sq.  in. 

25. 

in. 

in. 

73  -85  in. 

sq.  in. 

26. 

in. 

in. 

in. 

52  • 67  sq.  in. 

27.  Find  the  weight  of  a circular  metal  disc  with  diameter  72- 16 
in.  if  1 sq.  in.  weighs  0 -7162  lb. 

28.  Find  the  cost  at  15  -67  cents  per  lb.  of  a circular  lead  plate 
with  diameter  14  -76  in.  if  1 sq.  in.  weighs  1-516  lb. 

29.  Find  the  area  of  a circular  race  track  with  inside  diameter 
256  yd.  and  width  28  ft. 

30.  A circular  plate  has  diameter  17-6  in.  and  has  16  holes 
drilled  in  it  each  having  diameter  1-53  in.  Find  the  area  remaining. 

31.  Find  the  weight  of  a flat  brass  annulus  with  diameters  7 -86 
in.  and  3 - 54  in.  if  1 sq.  in.  weighs  0 - 1723  lb. 
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The  Sector  of  a Circle 

Since  a sector  with  angle  n°  is of  the  whole  circle,  the  following 
formulas  give  the  arc  and  area  of  a sector: 


From  these  (by  division),  may  be  obtained  a formula  relating  the 
arc  and  the  area. 


3.  A = ^ arc  X /?. 


The  Segment  of  a Circle  (ABC) 


A segment  of  a circle  is  shown 
in  the  diagram.  If  sufficient  infor- 


mation is  available,  the  area  of  \ / 

the  segment  may  be  found  by  ^ 

subtracting  the  area  of  the  triangle  AOB  from  the  area  of  the  sector 
AOBC. 

Approximate  formulas  for  a segment  are: 

/i3  2 where  c = length  of  the  chord. 


h = height  of  the  segment. 


where  c = length  of  chord, 

b = length  of  chord  of  half  the  arc. 


Exercise 

(1) 


1.  Find  the  arc  and  area  for  each  of  the  following  sectors: 


(a)  angle  30°,  radius  8 in., 

(b)  angle  50°,  radius  10  in., 

(c)  angle  12-4°,  radius  9 in. 
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2.  Find  the  radius  of  a sector  with  arc  20  in.  and  angle  72°. 

3.  Find  the  angle  of  a sector  with  arc  18  in.  and  radius  10  in. 

4.  A sector  has  area  16  sq.  in.  and  radius  7 in.  Find  the  angle. 

5.  Find  the  radius  of  a sector  with  angle  18°  and  area  12  sq.  in. 

6.  Find  the  area  remaining  after  a 36°  sector  is  cut  out  of  a 
circle  with  diameter  18  in. 

7.  Find  the  area  of  a sector  with  arc  16  in.  and  radius  10  in. 

8.  Find  the  arc  of  a sector  with  area  24  sq.  in.  and  radius  9 in. 

9.  Find  the  radius  of  a sector  with  arc  10  in.  and  area  10  sq.  in. 

10.  Find  the  arc  and  area  of  a segment  of  a circle  with  diameter 
10  in.  if  the  chord  is  5 in. 

11.  Find  the  arc  and  area  of  a segment  of  a circle  with  radius 
6 in.  if  the  angle  subtended  at  the  centre  is  60°. 

12.  Find  the  area  of  the  following  segments: 

(а)  chord  8 in.  and  height  5 in., 

(б)  chord  14  in.  and  height  6 in. 

(2) 

Write  a complete  solution  to  find  the  missing  dimensions  in  the 
following  sectors: 


RADIUS 

ANGLE 

ARC 

AREA 

13. 

5 • 63  in. 

21-6° 

in. 

sq.  in. 

14. 

in. 

35-7° 

19-7  in. 

sq.  in. 

15. 

1-76  in. 

5 - 36  in. 

sq.  in. 

16. 

in. 

128° 

in. 

52  -7  sq.  in. 

17. 

2 08  in. 

in. 

7 - 14  sq.  in. 

18. 

11  - 5 in. 

30  -6  sq.  in. 

19. 

14-23  in. 

21-76° 

in. 

sq.  in. 

20. 

in. 

118-6° 

217-8  in. 

sq.  in. 

21. 

in. 

43-74° 

756-8  sq.  in. 

22. 

in. 

21-58  in. 

96  -83  sq.  in. 
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The  Ellipse 

An  ellipse  may  be  drawn  by 
placing  tacks  at  ‘two  points  E 
and  F,  and  placing  a loop  of 
string  round  them.  If  the  string 
is  held  taut  by  a moving  pencil 
at  P,  the  pencil  will  trace  out  an  ellipse.  E and  F are  the  foci  of  the 
ellipse  (Singular-focus).  If  AB  is  the  major  axis  or  diameter,  with 
length  2a,  and  CD  is  the  minor  axis  or  diameter,  with  length  2&, 
then  formulas  for  an  ellipse  are: 

C = + b)  approximately. 

A = TMb. 


Exercise 

(1) 

1.  Find  the  circumference  and  area  of  each  ellipse: 

(a)  Major  axis  6 in.,  minor  axis  4 in., 

{b)  Axes  12  in.  and  8^  in., 

(c)  Axes  5|  in.  and  3f  in. 

2.  A plot  of  ground  is  in  the  shape  of  an  ellipse  with  axes  250 
ft.  and  150  ft.  Find  its  perimeter  and  area. 

3.  The  area  of  an  elliptical  piece  of  tin  is  76  sq.  in  and  its  minor 
axis  is  8 in.  Find  its  major  axis. 

4.  The  area  of  an  ellipse  is  27  -5  sq.  in.  If  its  major  axis  is  7 in. 
find  its  minor  axis. 

5.  Find  the  area  of  an  ellipse  with  circumference  20  in.  and 
major  axis  8 in. 

6.  Find  the  circumference  of  an  ellipse  with  minor  axis  7 in. 
and  area  70  sq.  In. 
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(2) 

Write  a complete  solution  to  find  the  missing  dimensions  for 
each  ellipse: 


MAJOR  AXIS 

MINOR  AXIS 

CIRCUMFERENCE 

AREA 

7. 

7 -16  in. 

5 -24  in. 

in. 

sq.  in. 

8. 

16  - 5 in. 

in. 

41  - 7 in. 

sq.  in. 

9. 

in. 

2 -03  in. 

in. 

12  - 9 sq.  in. 

10. 

32  - 68  in. 

15  -96  in. 

in. 

sq.  in. 

11. 

53  -68  in. 

in. 

152  -7  in. 

sq.  in. 

12. 

3 -618  in. 

in. 

in. 

7 -069  sq.  in. 

Regular  Polygons 

A regular  polygon  is  a closed  figure  formed  by  straight  lines, 
having  all  its  sides  equal  and  all  its  angles  equal. 

In  the  regular  pentagon  in  the  diagram : 

A = 5{hsh)  and  h = 0-688195  (by  trigonometry). 

A = 1-7204852 

Solving  for  5; 

5 = 0-76239\/^. 

In  a regular  polygon  with  n sides: 

A = n{\sh). 
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Trigonometry  is  used  to  find  h,  and  the  table  below  shows  how 
to  calculate  the  area  or  side  for  various  regular  polygons. 


NUMBER  OF  SIDES 

AREA  (A) 

LENGTH  OF  SIDE  (5) 

3 

0-4330152 

1-51967a/1 

4 

1- 00000^2 

1 - OOOOOa/Z 

5 

1 • 7204852 

0- 76239 

6 

2-5980852 

0- 62040 VZ 

7 

3-6339152 

0-52458\/Z 

8 

4-8284352 

0- 45509 VZ 

9 

6-1818252 

0-40220\/Z 

10 

7-6942152 

0-36051a/Z 

11 

9-3656452 

0-32676^Z 

12 

11-1961552 

0- 29886 VZ 

Exercise 

(1) 

(Answer  questions  1 and  2 to  4 figures.) 

1.  Find  the  area  of  a regular  polygon  having  each  side  6 in.  if 
the  number  of  sides  is: 

(a)  12,  {b)  7,  (c)  3,  {d)  9. 

2.  Find  the  length  of  each  side  of  a regular  polygon  having  area 
25  sq.  in.  if  the  number  of  sides  is: 

{a)  8,  {h)  6,  (c)  11,  {d)  4. 

(2) 

3.  Find  the  weight  of  a metal  plate  in  the  shape  of  a regular 
decagon  (10  sides)  if  each  side  is  7 16  in.  and  the  metal  weighs  2 -76 
lb.  per  sq.  ft. 
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4.  Find  the  length  of  each  side  of  a metal  plate  in  the  shape  of  a 
regular  octagon  (8  sides)  if  the  plate  weighs  2-78  lb.  and  1 sq.  in. 
weighs  0 • 568  lb. 

5.  Find  the  weight  of  250  steel  plates,  each  one  a regular 
pentagon  with  side  2-50  in.,  if  1 sq.  in.  of  the  steel  plate  weighs 
0 126  lb. 


Review  Exercise 

(1) 

1.  A room  is  32  ft.  long  and  17  ft.  wide.  Find  its  area  in  sq.  yd. 

2.  Find  the  area  of  a parallelogram  with  base  15-4  in.  and 
altitude  6-8  in. 

3.  Find  the  number  of  yards  of  fence  required  for  a square  field 
12  acres  in  area. 

4.  A triangle  has  an  area  of  156  sq.  ft.  and  an  altitude  of  11  • 3 ft. 
Find  the  length  of  the  base. 

5.  Find  the  cost  of  sodding  at  10^  per  sq.  yd.  for  a plot  of  ground 
in  the  shape  of  a trapezium  with  parallel  sides  68  ft.  and  45  ft.  if  the 
distance  between  is  51  ft. 

6.  Find  the  cost  of  a steel  plate  in  the  shape  of  a rhombus  with 
the  diagonals  12  in.  and  15  in.  if  1 sq.  in.  weighs  0 -25  lb.  and  1 lb. 
costs  $1.70. 

7.  Find  the  height  reached  by  a ladder  30  ft.  long  if  its  foot  is 
8 ft.  out  from  a wall. 

8.  Find  the  length  of  a guy  wire  to  reach  a point  85  ft.  up  on  a 
mast  when  fastened  to  the  ground  25  ft.  from  the  mast. 

9.  Find  the  area  of  a triangle  with  sides  10  in.,  12  in.  and  18  in. 

10.  Find  the  area  of  a regular  hexagon  if  each  side  is  2 in. 

11.  A circular  race  track  has  an  outer  radius  of  300  yd.  and  an 
inner  radius  of  292  yd.  Find  the  difference  in  the  circumferences. 

12.  A piece  of  wood  turned  in  a lathe  has  a radius  of  4j  in.  Find 
its  area  of  cross-section. 
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13.  A pulley  on  a tractor  revolves  at  600  revolutions  per  minute 
(R.P.M.).  Find  the  speed  in  feet  per  sec.  of  a point  on  the  rim,  if  the 
radius  of  the  pulley  is  7 in. 

14.  A cylindrical  wooden  silo  has  a diameter  of  10  ft.  Find  the 
total  length  of  steel  band  required  to  put  5 braces  round  the  silo 
(Allow  6 in.  extra  for  the  joint  in  each  brace). 

15.  A train  is  travelling  at  45  miles  per  hour.  Find  the  speed  of 
its  drive  wheel  in  R.P.M.  if  the  radius  of  the  wheel  is  3 ft. 

16.  An  emery  wheel  is  turning  at  the  speed  of  160  R.P.M.  Its 
radius  is  5 in.  Find  its  surface  speed  in  feet  per  sec. 

17.  Find  the  area  of  an  annulus  whose  inner  and  outer  radii  are 
5 in.  and  7 in.  respectively. 

18.  A circular  race  track  has  an  outer  diameter  of  140  yd.  The 
track  is  27  ft.  wide. 

(а)  Find  its  area, 

(б)  Find  the  cost  of  putting  a fence  round  its  outside  edge  at 
$1.25  a rod, 

(c)  What  is  the  cost  of  grading  the  area  inside  the  track  at  7-5^ 
per  sq.  yd.? 

19.  A manufacturer  receives  an  order  for  30,000  steel  washers, 
each  xs  in.  thick,  having  outside  and  inside  diameters  of  1^  in.  and 
j in.  respectively.  Find: 

(a)  The  total  weight  of  the  washers,  if  the  steel  plate  from  which 
they  are  punched  weighs  2|  lb.  per  sq.  ft., 

(b)  The  number  of  lb.  of  waste  in  stamping  each  1,000  washers  if 
the  estimated  waste  is  35%  of  the  total  steel  used. 

20.  A church  window  consists  of  a rectangle  4 ft.  wide  and  12  ft. 
high,  surmounted  by  a semicircle  of  radius  2 ft.  Find  the  total  area. 

21.  A cylindrical  jar  lying  on  its  side  on  a level  table  is  filled  to  a 
depth  of  3 in.  with  water.  The  water-level  chord  is  7 in.  Find  the 
area  of  the  cross-section  of  the  water  segment. 

22.  A chord  7|  in.  long  is  drawn  in  a circle.  The  middle  point  of 
the  chord  is  9 • 7 in.  from  the  centre  of  the  circle.  Find  the  area  of  the 
segment  formed, 
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23.  A boy  cuts  a sector  from  a circle  whose  radius  is  2 ft.  The 
length  of  the  arc  is  5 ft. 

{a)  Find  its  area, 

(6)  How  many  such  complete  sectors  can  be  obtained  from  the 
circle? 

(c)  What  is  the  length  of  the  arc  of  the  sector  remaining  in 
part  (6)? 

24.  An  arc  of  a circle  of  radius  3 ft.  subtends  an  angle  of  30°  at 
its  centre.  Find  the  length  of  the  arc,  and  the  area  of  the  sector 
formed. 

25.  Find  the  area  of  the 
shaded  portion  in  the  fan 
blade  in  the  diagram. 

26.  An  elliptical  flower  bed  has  major  and  minor  axes  of  21  ft. 
and  14  ft.  respectively.  Find  (a)  The  number  of  flowering  plants 
required  for  a border  if  the  plants  are  placed  8 in.  apart,  (b)  Find  the 
cost  of  spading  the  flower  bed  at  a cost  of  15^  per  sq.  yd. 

27.  A woodworking  factory  gets  an  order  for  the  bases  of  1,000 
elliptical  trays.  The  major  and  minor  axes  are  18  in.  and  12  in. 
respectively.  Allowing  10%  for  waste  in  cutting,  find  the  number 
of  sq.  ft.  required  to  fill  the  order. 

28.  An  oil  company  buys  a piece  of  land  in  the  shape  of  a regular 
pentagon.  Each  side  is  9 rods.  Find  the  cost  at  $1,600  per  acre. 

(2) 

29.  Find  the  width  of  a rectangle  68-59  ft.  long  if  the  area  is 
412  -6  sq.  yd. 

30.  Find  the  number  of  yd.  of  fence  required  for  a square  field 
17  -6  acres  in  area. 

31.  A parallelogram  has  area  15-6  sq.  in.  and  height  3-17  in. 
Find  the  base. 

32.  Find  the  height  of  a triangle  with  area  72- 16  sq.  ft.  and  base 
17-64  yd. 
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33.  Find  the  cost  of  paving  at  $1.56  per  sq.  yd.  for  a plot  of 
ground  in  the  shape  of  a trapezium  with  parallel  sides  72  6 ft.  and 
153  ft.,  if  the  distance  between  is  408  ft. 

34.  A rhombus  has  area  52  -6  sq.  ft.  and  one  diagonal  is  14  -6  ft. 
Find  the  other  diagonal. 

35.  Find  the  hypotenuse  of  a right-angled  triangle  with  sides 
7-26  in.  and  5 • 13  in. 

36.  Find  the  radius  of  a circle  if  a chord  1-24  in.  long  is  at  a 
distance  of  2 -79  in.  from  the  centre. 

37.  Find  the  altitude  and  area  of  an  equilateral  triangle  if  each 
side  is  1-57  in. 

38.  A design  is  in  the  form  of  a triangle  whose  sides  are  6- 15  in., 
7 -28  in.  and  10-99  in.,  with  a semicircle  drawn  outwardly  on  each 
of  its  sides.  Find  the  total  area  of  the  design. 

39.  Find  the  total  weight  at  0-216  lb.  per  sq.  in.  of  750  steel 
plates  in  the  shape  of  regular  hexagons  with  each  side  4-34  in, 

40.  A circular  piston  of  a steam  engine  has  radius  9-288  in. 

(a)  Find  the  area  of  its  cross-section. 

{b)  Find  the  pressure  per  sq.  in.  if  the  total  pressure  on  the  piston 
is  75,000  lb. 

41.  If  the  circumference  of  a circular  shaft  is  77-6  in.,  find  its 
area  of  cross-section. 

42.  A circular  water  main  has  inside  and  outside  diameters  12  -8 
in.  and  15  -4  in.  Find  the  area  of  the  end  of  the  pipe. 

43.  A sector  of  a 12  -76  in.  circle  has  angle  57  -61°,  Find  its  arc 
and  area. 

44.  A circular  tank  with  radius  12-6  ft.  lying  horizontally  on  its 
side  contains  water  to  a depth  of  3 -76  ft.  Find  the  area  and  arc  of 
the  cross-section  (segment)  of  water. 

45.  A gasoline  company  orders  1,500  elliptical  plates  for  adver- 
tising signs.  Each  sign  has  axes  4-72  ft,  and  2 - 58  ft. 

{a)  Find  the  total  weight  of  the  signs  at  2 -36  lb.  per  sq.  ft., 

(b)  Calculate  the  perimeter  of  each  sign. 

46.  A triangular  plate  has  sides  7-16  ft.,  5-34  ft.  and  4 - 18  ft.  If 
16  circular  holes  each  with  diameter  8-76  in.  are  drilled,  find  the 
area  remaining. 


CHAPTER  XIV 


AREAS  AND  VOLUMES  OF  SOLIDS 

In  this  book  upright  objects  only  will  be  considered,  that  is, 
objects  which  stand  at  right  angles  to  their  bases  (the  right  prism, 
the  right  cone,  etc,). 

In  a solid  figure  the  surface  area  is  usually  made  up  of  two  parts. 
The  lateral  area  (L)  is  the  area  of  the  sides  or  walls  of  the  figure. 
The  total  area  {T)  consists  of  lateral  area  plus  the  area  of  the  base 
or  bases  which  are  the  ends  of  the  figure. 


Rectangular  Solid 

From  the  diagram  the 
lateral  area  of  the  box  is 
made  up  of  the  four  walls, 
L = 2lh  -{■  2wh. 

T = 2lh  2wh  -f*  2lw» 

V = Iwh. 


These  formulas  may  be  written  in  another  form  which  is  of  more 
general  use, 

L = Ph  where  P is  the  perimeter  of  the  base, 

V Ah  where  A is  the  area  of  the  base, 

7 = P/i  + 2 A. 


The  Right  Prism  a 

A right  prism  is  a solid  figure  whose  sides  are  rectangles,  and 
whose  top  and  bottom  bases  are  parallel  to  each  other  and  are 
identical  polygons  (The  rectangular  solid  is  a prism  with  rectangular 
bases). 
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The  formulas  for  a prism  are: 

L = Ph  where  P is  the  perimeter  of  the  base. 

V ^ Ah  where  A is  the  area  of  the  base. 

T = LA-  2A. 

A table  of  weights  of  materials  is  given  on  page  487  for  use  in  the 
problems  of  this  section. 


Example  1:  Find  the  lateral  area,  total  area  and  volume  of  a 
prism  with  height  8 in.  if  the  base  is  a regular  pentagon  with  each 
side  3 in.  (answer  to  3 figures). 


Solution: 

L = P/z  = 15  X 8 = 120. 

Lateral  area  is  120  sq.  in. 

A — 1-72055^  (from  the  table  page  211), 
= 1-7205  X 9 
= 15-4845. 

Area  of  base  is  15  -5  sq.  in. 

Total  area  = 120  + 2 X 15  - 5 = 151  - 0. 
Total  area  is  151  sq.  in. 

V = Ah  = 15-4845  X 8 = 123-8760 
Volume  is  124  cu.  in. 
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Example  2:  Find  the  number  of  cu.  yd.  of  earth  to  be  removed 
in  digging  a trench  | mile  long  and  8 ft.  deep  if  the  trench  is  5 ft. 
wide  at  the  top  and  3 ft.  wide  at  the  bottom. 

Solution: 

The  base  is  a trapezium. 

A = \h{x  + y) 

= 1X8X8 
= 32. 

V = Ah 
= V X 880. 

Volume  is  3128f  cu.  yd.  or  3130  cu.  yd.  (approx.) 

Exercise 

(1) 

1.  Find  the  lateral  area  of  each  prism: 

(а)  Base  a rectangle  36  in.  X 14  in.,  height  7 in. 

(б)  Base  a regular  hexagon  with  sides  3 in.,  height  8 in. 

{c)  Base  a triangle  with  sides  16  in.,  18  in.  and  24  in.,  height 
of  prism  21  in. 

2.  Find  the  volume  of  each  prism  in  question  1. 

3.  Find  the  cost  of  painting  the  walls  and  ceiling  of  a room  which 
is  20  ft.  long,  12  ft.  4 in.  wide  and  10  ft.  high,  at  3j!i  a sq.  ft.  (Add 
57  sq.  ft.  for  openings.) 

4.  A regular  octagonal  prism  (8  sides)  has  each  side  4 in.  in 
length.  Its  height  is  11  in.  Find: 

{a)  The  total  area  of  its  outside  surface, 

(5)  Its  volume. 
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5.  A zinc  bar  4^  ft.  long  has  its  cross-section  in  the  form  of  a 
regular  decagon  (10  sides),  whose  side  is  of  length  0-5  in.  Find; 

(a)  The  area  of  its  lateral  surface, 

(b)  Its  volume, 

(c)  Its  weight  to  the  nearest  pound. 

6.  A prism  whose  base  is  a regular  pentagon  (5  sides)  with  each 
side  0-75  in.  has  height  15|  in.  Find; 

(a)  The  total  area  of  its  outside  surface, 

(b)  Its  volume. 

7.  A wooden  silo  has  a base  which  is  a regular  octagon  (8  sides), 
each  side  of  which  is  3 ft.  long.  The  silo  is  14  ft.  high.  Find; 

{a)  The  cost  of  painting  its  sides  at  25 i per  sq.  yd., 

(6)  Neglecting  the  thickness  of  the  walls,  calculate  its  volume, 
correct  to  the  nearest  cu.  ft. 

8.  A rectangular  box-car  is  loaded  with  wheat,  to  a depth  of  4 ft. 
The  inside  dimensions  of  the  car  are  37  ft.  X ft.  How  many 
bushels  of  wheat  are  there  if  4 bushels  occupy  5 cu.  ft.? 

9.  A construction  company  agrees  to  dig  a ditch  5 ft.  wide  at  the 
bottom,  9 ft.  wide  at  the  top,  and  5 ft.  deep,  at  a set  price  of  35 per 
cu.  yd.  Find  the  cost  of  such  a ditch  if  it  is  3 miles  long. 

10.  A rectangular  prism  made  of  cast  iron,  is  10  ft.  long.  The 
base  contains  5 sq.  in.  Find  its  weight. 

11.  A rectangular  water  tank  is  10  ft.  6 in.  long,  4 ft.  8 in.  wide 
and  3 ft.  5 in.  deep.  How  many  gallons  of  water  will  it  hold  when  filled 
within  2 in.  of  the  top  if  1 cu.  ft.  = 6j  gal.? 

12.  The  sides  of  the  base  of  a triangular  prism  are  6 in.,  8 in.  and 
10  in.  respectively,  and  the  height  is  12  in.  Find  its  volume. 

13.  A square  prism  10  in.  high  has  a volume  of  3,600  cu.  in. 
Find  the  length  of  its  base  to  1 decimal  place. 

14.  A ton  of  coal  occupies  36  cu.  ft.  To  what  depth  will  10  tons 
fill  a bin  9 ft.  long  and  7|  ft.  wide? 

15.  The  base  of  a right  prism  is  a trapezium  whose  parallel  sides 
are  12  in.  and  8 in.  respectively.  The  distance  between  them  is  10  in. 
If  the  height  of  the  prism  is  2 ft.,  find  its  volume  in  cu.  ft. 
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16.  Find  the  weight  of 
the  concrete  steps  in  the 
diagram : 

(a)  If  each  riser  is  7 in. 
and  each  tread  is  10  in., 

{b)  If  the  riser  is  8| 
in.  and  tread  is  10  in. 

17.  Find  the  weight  of 
steel  required  to  make  the 
bracket  in  the  diagram : 

(a)  If  the  steel  is  f in.  thick, 

{b)  If  the  steel  is  If  in.  thick. 


(2) 

Find  the  lateral  area  and  volume  of  the  following  prisms. 


BASE  OF  PRISM 

HEIGHT 

18. 

A rectangle  37  ■ 68  in.  long,  21  • 51  in.  wide. 

15-76  in. 

19. 

A triangle  with  sides  7 • 16  in.,  5 • 34  in.,  4 • 18  in. 

^21-4  in. 

20. 

A regular  7-sided  polygon,  each  side  0 -314  in. 

2 - 08  in. 

21. 

A square  with  each  side  7 -246  in. 

5 -389  in. 

22.  Find  the  weight  of  a triangular  copper  bar  if  the  triangle  has 
base  0-7263  in.  and  height  0 -2178  in.,  and  the  bar  is  7-528  in.  long. 
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The  Cylinder 


Base 


The  cylinder  may  be  considered  to  be  a prism 

i 

with  a circular  base.  The  lateral  area  is  also 

called  the  curved  surface. 

h 

L = Tdh. 

V = 'Kr^h  or  V = 0- 7854d^h. 

^ Base  J 

d ► 

Example  1:  Find  the  lateral  area,  total  area  and  volume  of  a 
cylinder  with  diameter  3 in.  and  height  20  in.  (to  3 figures). 

Solution: 

L = iidh 

= 3 - 14  X 3 X 20 
= 188-4. 

Lateral  area  = 188  sq.  in. 

A = xr2 

= 314  X (i)* 

= 7 065. 

Total  area  = 188  + 14-13  = 202  sq.  in. 

V = %r% 

= 3-14  X (1)2  X 20 
= 141-3. 


Volume  is  141  cu.  in. 
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Example  2:  Find  the  length  of  copper  wire  with  diameter  in. 
which  may  be  drawn  out  from  12  • 7 lb.  of  copper  (answer  to  3 figures). 

Solution:  (By  slide  rule) 


12-7 

Volume  of  copper  = = 39-7  cu.  in. 

0-320 


For  the  wire,  radius  ^ ^ = 0 -281  in. 

o2i 


F = rr% 


39-7 

“ 3-14  X 0-2812 
= 160. 


h 


?f6" 


Length  of  wire  = 160  in. 


Exercise 

(1) 

1.  Find  the  lateral  area  and  the  total  area  of  the  following 
cylinders: 

(a)  Diameter  3 in.  and  height  10  in., 
ib)  Radius  12  in.  and  height  15  in. 

2.  Find  the  volume  of  each  cylinder  in  question  1. 

3.  If  the  lateral  area  of  a cylinder  is  25  sq.  in.  and  its  height  is 
5 in.,  find  the  diameter. 

4.  Find  the  height  of  a cylinder  with  curved  surface  70  sq.  in. 
and  radius  4 in. 

5.  Find  the  height  of  a cylinder  having  volume  50  cu.  in.  and 
diameter  6 in. 

6.  If  the  volume  of  a cylinder  is  700  cu.  in.  and  its  height  is 
35-0  in.,  find  its  diameter  (to  3 figures). 
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7.  A closed  cylindrical  oil  tank  is  42  ft.  6 in.  high  and  38  ft.  8 in. 
in  diameter.  Find  the  cost  of  painting  its  total  outside  surface  at 
45^  per  sq.  yd.  (include  both  ends). 

8.  How  many  acres  will  a farmer  roll  using  a roller  12  ft.  long 
and  3^  ft.  in  diameter  if  it  turns  1,200  times? 

9.  What  would  it  cost  to  paint  the  top  and  lateral  surface  of  a 
cylindrical  pillar  4 ft.  6 in.  in  diameter  and  12  ft.  high,  at  25^  per 
sq.  yd.? 

10.  Find  the  number  of  cu.  yd.  of  earth  taken  out  in  digging  a well 
27  ft.  deep  and  9 ft.  in  diameter. 

11.  A cylindrical  bucket  is  to  hold  8 gal.  It  is  to  be  14  in.  in 
diameter.  How  deep  must  it  be  if  1 cu.  ft.  = 6j  gal.? 

12.  How  many  gallons  of  oil  will  a cylindrical  tank  car  40  ft.  long 
and  8 ft.  in  diameter  hold? 

13.  The  cylinder  of  a common  pump  is  5 in.  in  diameter.  What 
will  be  the  length  of  beat  of  the  piston  if  10  beats  are  required  to  raise 
8 gallons? 

14.  A cube  of  copper  10  in.  to  the  side  is  drawn  into  a wire  | in. 
in  diameter.  What  length  of  wire  in  yd.  can  be  obtained? 

15.  A cylindrical  can  of  2^  in.  radius  is  to  hold  as  much  liquid  as 
a container  in  the  form  of  a cube  5 in.  to  a side.  How  high  must  the 
can  be? 

16.  A manufacturing  company  gets  an  order  for  3,000  tin  cans  to 
be  used  in  canning  tomatoes.  The  radius  of  their  circular  cross- 
section  is  1^  in.  and  their  height  4 in.  Allowing  3%  extra  for  seams 
and  waste  in  cutting,  calculate  the  total  amount  of  tin  required, 
correct  to  the  nearest  sq.  ft. 

17.  A solid  cylinder  of  aluminium  is  9 in.  in  diameter  and  is  24 
in.  in  height. 

(а)  Calculate  its  volume, 

(б)  If  it  is  drawn  out  into  a circular  wire  whose  diameter  is^  in., 
find  the  length  of  the  wire  in  yd. 

18.  A copper  wire  whose  length  is  200  yd.,  and  whose  radius  is 
I in.,  is  melted  and  poured  into  a cylindrical  mould  of  radius  14  in. 
Find  the  height  of  the  cylindrical  mould  in  inches. 


224 


SENIOR  TECHNICAL  MATHEMATICS 


19.  A tank  on  a large  oil  truck  is  elliptical  in  cross-section,  and 
is  28  ft.  long.  The  length  of  the  major  and  minor  axes  of  the  ellipse 
are  7 ft.  and  4 ft.  respectively. 

(a)  Calculate  the  number  of  gallons  which  the  tank  will  hold, 

(b)  Calculate  the  area  of  sheet  metal  required  to  construct  the 
tank,  neglecting  waste. 


(2) 

Write  a complete  solution  to  find  each  of  the  missing  dimensions 
for  the  following  cylinders: 


DIAMETER 

HEIGHT 

LATERAL 

AREA 

TOTAL 

AREA 

VOLUME 

20. 

12-7  in. 

3-46  in. 

sq.  in. 

sq.  in. 

cu. in. 

21. 

in. 

in. 

29-6  sq.  in. 

51  ■ 8 sq.  in. 

cu. in. 

22. 

17  19  in. 

in. 

sq.  in. 

sq.  in. 

1560  cu.  in. 

23. 

in. 

1216  in. 

75-21  sq.  in. 

sq.  in. 

cu.  in. 

24. 

in. 

in. 

759  • 2 sq.  in. 

sq.  in. 

1672  cu.  in. 

25.  A can  has  a circular  cross-section  whose  radius  is  9 ■ 716  in.  It 
is  filled  with  water  to  a depth  of  21  -58  in. 

(a)  Find  the  volume  of  the  water,  in  cu.  in., 

(b)  How  much  higher  will  the  water  rise  in  the  can  when  a stone, 
whose  volume  is  13- 16  cu.  in.,  is  lowered  into  it? 

26.  A cylindrical  mine-shaft  has  a radius  of  4-58  ft.  and  is  sunk 
to  a depth  of  600  ft.  Calculate  the  weight  of  the  material  removed 
from  the  shaft,  assuming  that  its  average  weight  per  cu.  ft.  is  90  • 8 lb. 

27.  A cylindrical  tank  has  an  inside  diameter  of  71-3  ft.  It  is 
filled  with  water  to  a depth  of  18-6  ft.  Calculate: 

(a)  The  volume  of  the  water  in  the  tank, 

(b)  The  number  of  gallons  of  water  in  the  tank, 

(c)  The  weight  of  the  water  (1  gal.  of  water  weighs  10  lb.). 


AREAS  AND  VOLUMES  OF  SOLIDS 


225 


The  Hollow  Cylinder 

The  lateral  area  of  a hollow  cylinder 
consists  of  an  inside  lateral  area  and  an 
outside  lateral  area.  The  base  is  an 
annulus  or  ring. 

The  formulas  used  for  the  hollow 
cylinder  are  as  follows: 

L = T:dh  + xD/i  = x/z(d  + D), 

T = L + 2%{R  - r)  (/?  + r), 

V = %{R  — r)  (/?+  r)h. 


f 

h 

1 


Example:  Find  the  lateral  area,  total  area,  and  volume  of  a 
hollow  cylinder  with  inside  diameter  10  in.,  outside  diameter  12  in, 
and  height  20  in.  (to  3-figure  accuracy). 

Solution: 

L — -h 


= 3 - 14  X 20  X 22 
= 138  • 16  sq.  in. 

Lateral  area  = 138  sq.  in. 

Since  i?  = 6 in.  and  r = 5 in. 

Area  of  base,  A — x(i?  — r)  (i?  + r) 
= 314  X 1 X 11 
= 34  -54  sq.  in. 
Total  area  = L 2 A 

= 138-16  -F  69-08 


= 207  - 24  sq.  in. 
Total  area  = 207  sq.  in. 

V = x(i?  — r)  (i?  + r)h 


= 34  - 54  X 20 
= 690  - 8 cu.  in. 
Volume  = 691  cu.  in. 
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Exercise 

(1) 

1.  Find  the  lateral  area  and  total  area  of  each  of  the  following 
hollow  cylinders  (to  3-figure  accuracy). 

{a)  Diameters  4 in.  and  6 in.,  height  10  in., 

(b)  Outside  diameter  14  in.,  thickness  2 in.  and  height  16  in. 

2.  Find  the  volume  to  the  nearest  cu.  in.  for  each  hollow  cylinder 
in  question  1. 

3.  Find  the  weight  of  a concrete  sewer  pipe  4 ft.  long,  with  outer 
diameter  4 ft.,  if  the  concrete  is  2 in.  thick. 

4.  A hollow  steel  pipe  30  ft.  long  has  inside  and  outside  diam- 
eters of  3 in.  and  3^  in.  respectively.  Calculate  to  the  nearest  unit: 

(a)  its  weight, 

(b)  the  lateral  area  of  the  pipe, 

(c)  the  volume  of  metal  in  the  pipe. 

5.  A steel  shaft  4 ft.  long  and  3 in.  in  diameter  is  reduced  in  a 
lathe,  to  a diameter  of  2|  in.  What  per  cent  of  its  original  weight 
is  removed  in  the  cutting? 

6.  A cast  iron  fly  wheel  whose  width  is  7 in.  has  outer  diameter 
of  5 ft.  and  inner  diameter  of  4 ft.  Calculate  its  weight,  correct  to  the 
nearest  lb.,  if  the  boxing  and  the  spokes  of  the  wheel  have  a combined 
weight  of  62  lb. 

7.  A circular  tank  whose  inside  diameter  is  1-5  ft.  holds  1,000 
gal.  What  is  its  length? 

8.  A large  cylindrical  steel  casing  9 ft.  long  has  an  inside  dia- 
meter of  4 ft.  The  thickness  of  the  casing  steel  is  ^ in.  Find  its  weight, 
correct  to  the  nearest  lb. 

9.  Water  flows  from  a cylindrical  pipe  of  inside  diameter  2 in. 
at  the  rate  of  14  gallons  per  minute.  It  falls  into  a circular  cistern  of 
inside  diameter  4 ft.  Calculate: 

{a)  The  rate  at  which  each  particle  of  water  flows  along  the  pipe 
(rate  of  flow  along  the  pipe  in  ft.  per  min.), 

(6)  The  height,  correct  to  the  nearest  inch  to  which  the  water 
rises  in  the  cistern  in  1 hour. 

10.  Find  the  weight  of  the  concrete  required  to  build  a silo  in 
the  shape  of  a hollow  cylinder  if  the  outer  diameter  is  16  ft.,  the  wall 
is  8 in.  thick  and  the  height  is  24  ft. 
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The  Right  Cone 

A right  cone  is  a solid  with  a circular  base  and  sides  which  taper 
uniformly  to  a point  directly  over  the  centre  of  the  base. 


In  the  diagram 
r — radius  of  base, 
h — vertical  height, 

5 = slant  height. 

By  the  law  of  the  right  Triangle 

S2  = /j2  y2. 


Lateral  Area  (or  curved  surface)  of  a Gone 


In  the  diagram,  ABC  is  a sector  of  a circle  cut  from  paper.  If 
the  edges  AB  and  AC  are  held  together,  a cone  is  formed  whose 
lateral  area  is  the  sector  ABC.  The  radius  AB  oi  the  sector  becomes 
the  slant  height  5 of  the  cone.  The  arc  BC  oi  the  sector  becomes 
the  circumference  of  the  base  of  the  cone. 

Since  the  area  of  a sector  = \ arc  X radius, 

the  lateral  area  of  the  cone  = \ circumference  of  base  X slant  height. 

Hence  the  lateral  area  of  a cone  is  given  by  the  formula 

L = xrs. 
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Volume  of  a Cone 

If  a cone  and  a cylinder 
have  the  same  radius  and 
height,  it  is  found  that 
three  fillings  of  the  cone 
are  required  to  fill  the 
cylinder  (using  water  or 
fine  sand). 


Hence  the  volume  of  a cone  is  given  by  the  formula 


Example  1:  Find  the  lateral  area,  total  area  and  volume  of  a 
cone  with  diameter  10  in.  and  slant  height  12  in.  (to  3-figure  accuracy) . 


Solution: 

L = %rs 

= 3- 14  X 5 X 12 
= 188  -4  sq.  in. 

Lateral  area  = 188  -4  sq.  in.  or  188  sq.  in. 
Area  of  base  = 

= 3 -14  X 25 
= 78-5  sq.  in. 

Total  area  = 188-4  + 78-5 

= 266  - 9 or  270  sq.  in. 

= 144  - 25 
= 119, 

h = ^/n9  = 10-9  in. 

V = 

= i X 3-14  X 25  X 10-9 
= 285  cu.  in. 


The  volume  is  285  cu.  in. 
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Example  2:  A solid  steel  cone  has  height  6 in.  and  weight  19  lb. 
Find  the  diameter  of  the  base  of  the  cone. 


Solution:  (using  slide  rule) 


Volume  of  cone  = 


19 


0-283 


= 67-1  cu.  in. 


3 X 67  -1 
3-14  X 6 


= 3-28. 

Diameter  of  base  = 6-56  in. 


Exercise 

(1) 

1.  Calculate  the  lateral  area  of  each  of  the  following  cones: 

(а)  Radius  5 in.,  slant  height  8 in., 

(б)  Radius  12  in.,  slant  height  15  in., 

(c)  Diameter  1-6  in.,  slant  height  14-8  in. 

2.  Calculate  the  slant  height  and  curved  surface  of  the  following 
cones: 

(а)  Radius  6 in.,  height  8 in., 

(б)  Diameter  24  in.,  height  9 in. 

3.  Calculate  the  height  and  volume  of  each  of  the  cones  in 
question  1. 

4.  Find  the  slant  height  of  a cone  with  lateral  area  20  sq.  in. 
and  radius  2 in. 

5.  A conical  funnel  is  constructed  by  bending  a sector  of  sheet 
metal.  If  the  area  of  the  sector  is  25  sq.  in.  and  the  radius  of  the 
sector  is  2f  in.  find  the  radius  of  the  funnel. 
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6.  How  many  sq.  yd.  of  canvas  will  be  needed  for  a conical  tent 
14  ft.  wide  at  the  base,  and  20  ft.  high,  if  ^ of  the  canvas  is  wasted  in 
cutting? 

7.  Find  the  cost  of  painting  the  spire  of  a church  if  the  spire  is 
18  ft.  wide  at  the  base  and  40  ft.  high,  at  a cost  of  $1.25  per  sq.  yd. 

8.  The  internal  edge  of  a closed  cubical  box  is  15  in.  A cone  is 
placed  in  the  box  and  its  base  just  touches  the  sides  and  its  vertex 
the  lid.  Find  the  area  of  its  curved  surface. 

9.  A conical  tin  vessel  measures  2 ft.  6 in.  across  the  top  and  is 
4|  ft.  deep.  Find  the  number  of  gallons  it  will  hold. 

10.  Find  the  weight  of  a cast-iron  cone  if  the  slant  height  is  12  in. 
and  diameter  of  base  is  8 in. 

11.  Find  the  height  of  a cone  if  the  volume  is  462  cu.  in.  and  the 
radius  of  the  base  is  7 in. 

12.  Find  the  radius  of  the  base  of  a cone  if  the  height  is  1 ft.  2 in. 
and  the  volume  is  528  cu.  in. 

13.  A cylinder  of  radius  3 ft.  is  6 ft.  high.  It  is  surmounted  by  a 
cone  of  height  7 ft.  Find: 

(a)  The  total  area,  correct  to  the  nearest  sq.  ft., 

(b)  The  total  volume  correct  to  the  nearest  cu.  ft. 

14.  A circular  steel  shaft  of  length  3 in.  and  radius  2 in.  has  a cone 
welded  to  each  of  its  ends.  The  slant  heights  of  the  cones  are  5 in. 
and  7 in.  Calculate: 

{a)  The  total  area  of  the  solid,  (5)  The  total  volume  of  the  solid. 

15.  From  an  overhead  bin,  a quantity  of  fine  sand  is  poured  upon 
a flat  horizontal  surface.  The  shape  is  a cone  whose  diameter  is  35  ft. 
and  whose  slant  height  is  24  ft.  Find  the  weight  of  the  sand,  in  tons, 
if  it  weighs  95  lb.  per  cu.  ft. 


(2) 

16.  Find  the  weight  of  a solid  lead  cone  whose  slant  height  is 
15-8  in.  if  the  radius  is  5-26  in. 
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17.  What  is  the  height  of  a copper  cone  with  radius  6-28  in., 
made  by  melting  a copper  cube  weighing  28  0 lb.? 

18.  A cone  3 • 86  in.  high  is  made  by  melting  a cylinder  3 • 46  in.  in 
diameter  and  6-28  in.  in  height.  Find: 

(a)  the  radius  of  the  cone, 

(b)  its  slant  height, 

(c)  its  lateral  area. 

The  Pyramid  with  Square  Base 


The  pyramid  shown  in  the  diagram 
has  a square  base,  and  the  lateral  area 
is  made  up  of  four  isosceles  triangles. 


The  slant  height  of  the  pyramid  is  the  line  joining  the  vertex  V 
to  the  mid-point  M of  the  base  of  one  triangle. 

The  edge  of  the  pyramid,  VP  is  called  e. 

From  the  diagram : 

In  triangle  VCM:  or  = /22  + 1/2 

In  triangle  VMP:  or 

In  each  problem  a clear  diagram  should  be  made,  and  each  dimension 
should  be  marked  on  the  diagram. 

Lateral  Area  of  a Pyramid  with  Square  Base 

The  area  of  each  triangle  is  ^Is. 


L = 2/s. 


is  given  by  the  formula 


Hence  the  lateral  area  of  the  pyramid 
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Volume  of  a Pyramid  with  Square  Base 


If  a pyramid  and  a rectangular  solid  have  the  same  base  and 
height  it  is  found  that  three  fillings  of  the  pyramid  are  required 
to  fill  the  rectangular  solid.  Hence  the  volume  of  the  pyramid  is 
given  by  the  formula 

V = \Ph. 

In  general,  the  volume  of  a pyramid  whose  base  is  any  polygon  is 
found  by  multiplying  |(area  of  base)  X (height). 

Example  1:  Find  the  lateral  area  and  volume  of  a pyramid  with 
height  12  in.  and  a square  base  10  in.  long,  (to  3-figure  accuracy). 

Solution: 

s^  = h^~\-{¥Y 

= 122  _|_  52 

= 169. 

s~  \/T69  = 13  in. 

L=  2/s 

= 2 X 10  X 13 
= 260  sq.  in. 

Lateral  area  = 260  sq.  in. 

V = \Ph 
= i X 100  X 12 
= 400  cu.  in. 

Volume  = 400  cu.  in. 
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Example  2:  A solid  cast  iron  pyramid  has  a square  base  3 -68  in, 
long.  If  each  triangular  face  is  an  equilateral  triangle,  find  its  weight. 

Solution:  (by  slide  rule) 

In  the  triangle  VMP 
s^  = e^-  iW 
= 3-682  _ 1.842 

= 13-54  - 3-38 
= 10-16. 

5 = VlO-16  = 3-18  in. 

In  triangle  VCM 
= s^-  (i/)2 
= 3-182  _ 1.842 
= 10-16  - 3-38 
= 6-78. 

h = V6-78  = 2-60  in. 

V = 

= I X 3-682  X 2-60 
= 11-74  cu.  in. 

Weight  = 11-74  X 0-260  = 3-06  lb. 

Exercise 

(1) 

1.  Find  the  lateral  area  and  total  area  of  each  of  the  following 
square-based  pyramids: 

{a)  Slant  height  30  in.,  base  18  in.  long, 

(5)  Slant  height  7-6  in.,  base  1 ft.  2 in.  long, 

(c)  Slant  height  2 ft.  3 in.,  base  1 ft.  3 in.  long, 

2.  Calculate  the  slant  height  and  lateral  area  of  each  of  the 
following  square-based  pyramids: 

(a)  Height  6 in.,  base  8 in.  long, 

(6)  Height  1-6  in.,  base  2-6  in.  long, 

(c)  Edge  4-8  in.,  base  6-8  in.  long. 
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3.  Find  the  volume  of  each  pyramid  in  question  1. 

4.  A pyramid  3^  ft.  high  stands  on  a square  base  whose  side  is 
6 ft.  Find  the  area  of  one  of  the  faces. 

5.  Find  the  slant  height  and  the  height  of  a pyramid  on  a square 
base  if  the  lateral  area  is  150  sq.  in.  and  the  perimeter  of  the  base  is 
3 ft.  8 in. 

6.  Find  the  length  of  the  base  of  a square  pyramid  with  volume 
76  cu.  in.  and  height  18  in. 

7.  Find  the  volume  of  a pyramid  on  a square  base  28  in.  long  if 
the  edge  of  the  pyramid  is  30  in, 

8.  A stake  for  a garden  is  3 in.  square  and  is  2 ft.  9 in.  long.  One 
end  is  sharpened  to  form  a pyramid  with  height  6 in.  Calculate: 

(a)  The  total  area  of  the  stake,  correct  to  the  nearest  sq.  in., 

(b)  The  total  weight  of  25  such  stakes  if  the  wood  weighs  30  lb. 
per  cu.  ft. 

9.  A pyramid  on  a square  base  of  side  12  in.,  has  equilateral 
triangles  for  its  sides.  Calculate  its  volume,  correct  to  the  nearest 
cu.  in. 

10.  A company  delivers  an  order  for  200  brass  pyramidal  paper- 
weights. The  base  of  each  is  a square  2 in.  long  and  slant  height 
is  1^  in.  Calculate: 

(a)  The  total  area  of  each  weight, 

(5)  The  total  weight  of  the  brass  used. 

11.  A pyramid  of  height  7 in.  stands  on  a regular  octagonal  base 
of  side  2 in.  Calculate  its  volume. 

12.  A regular  hexagonal  room  of  side  8 ft.  has  walls  which  are 
10  ft.  high,  on  top  of  which  is  a pyramid  whose  slant  height  is  13  ft. 
Calculate: 

(a)  The  height  of  the  pyramid  and  the  air  space  in  the  room, 

(6)  The  cost  of  painting  its  exterior  at  45  a sq.  yd. 

13.  A pyramid  has  a volume  of  126  cu.  in.  If  its  base  is  a square 
of  side  6 in.,  find : 

(a)  Its  height, 

(b)  The  area  of  its  lateral  surface. 
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14.  A pyramid,  whose  altitude  is  12  in.,  has  for  its  base  a rec- 
tangle 10  in.  X 18  in.  Calculate: 

(а)  The  two  different  slant  heights,  and  the  area  of  its  lateral 
surface, 

(б)  Its  volume. 


(2) 

15.  Find  the  slant  height,  lateral  area  and  volume  of  a pyramid 
7 -26  in.  high  on  a square  base  5 14  in.  in  length. 

16.  A solid  steel  pyramid  on  a square  base  has  slant  height  16-8 
in.  and  edge  20-4  in.  Find: 

(a)  The  length  of  the  base,  (6)  The  height, 

(c)  The  weight. 

17.  A copper  pyramid  on  a square  base  weighs  30  -4  lb.  and  has 
height  19  G in.  Find: 

(a)  Volume,  (b)  Length  of  base, 

(c)  Slant  height,  (d)  Lateral  area. 

18.  Find  the  weight  of  a solid  lead  pyramid  with  a square  base 
5 -28  in.  long  and  each  edge  7 T6  in.  long. 


Frustum  of  a Cone 

A frustum  of  a cone  is  the  part  contained  between  the  base  and  a 
plane  cutting  through  the  cone  parallel  to  the  base.  Examples  are 
lamp  shades,  waste-paper  baskets,  tapered  pieces  of  metal. 


In  the  diagram  the  frustum 
has  two  bases  with  radii  R 
and  r. 

In  triangle  ABC 
BC  = R-r 

S2  = /l2-f  (/?  _ r)2. 
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Lateral  Area  of  a Frustum  of  Cone 

If  the  lateral  surface 
of  a cone  is  spread  out, 
as  in  the  diagram,  its 
area  may  be  found  by 
the  formula  for  a 
trapezium. 

The  lateral  area  of  a cone  is  given  exactly  by  the  formula 

L = %{R  + r)s. 


Volume  of  a Frustum  of  a Cone 

The  volume  is  given  by  the  formula 

V = |x/i(/?2  + /?r  + r2). 

This  formula  may  be  developed  by  the  method  used  in  Example  2 
below. 

Example  1:  Find  the  slant  height  and  lateral  area  of  a frustum 
of  a cone  with  radii  6 in.  and  15  in.,  if  the  height  is  14  in. 

Solution: 

52  = P + (i^  _ r)2 

= 142  + 92 

= 277 

5 = \mi  = 16  -67  in. 

Slant  height  = 16  -67  in. 

L = %{R  + r)s 

= 3-14  (15  + 6)  X 16-67 
- 3-14  X 21  X 16-67 
= 1100  sq.  in. 

Lateral  area  = 1,100  sq.  in. 
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Example  2:  A frustum  of  a cone  has  radii  10  in.  and  6 in.  and 
height  is  8 in.  Find  the  volume: 

{a)  Without  using  the  formula, 

{h)  Using  the  formula  V = -|_  Jir  + r^). 


Solution:  Extend  the  cone  to  the  vertex  V 
(a)  In  the  diagram  let  VA  = x in. 

Triangle  VAB  is  similar  to  triangle  VCD. 

VA  VC 
AB  ~ CD 

X X + 8 

6 “ 10  £ 
lOx  = 6x  + 48 
4x  = 48 

X = 12 

Hence  FC  = 20  in.  and  VA  = 12  in. 

Volume  of  frustum  EFDB 

= Volume  of  cone  VFD  — Volume  of  cone  VEB. 
= XVC  - ixr2  X VA 
= X VC  - X VAj 
= ix[100  X 20  - 36  X 12] 

= |x(1568) 

Volume  of  frustum  = 1642  cu.  in. 


rv 

X " / 

F 

jjA  £ 

/ 8" 

' ; 2-  A 

f 6 A 

A 

Uc 

1 

(b)  Using  the  formula 
V = \%h  -V  Rr  A-  rA 
= i X 3-14  X 8 (100  + 60  + 36) 
= i X 3-14  X 8 (196) 

= 1642  cu.  in. 

Volume  of  frustum  is  1642  cu.  in. 
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Exercise 

(1) 

1.  Find  the  lateral  area  of  each  of  the  following  frustums  of 
cones: 

(a)  Radii  12  in.  and  16  in.,  slant  height  7 in., 

{b)  Radii  6-8  in.  and  4-6  in.,  slant  height  2-4  in. 

2.  Find  the  slant  height  and  lateral  area  of  each  of  the  following 
frustums  of  cones: 

{a)  Radii  7 in.  and  16  in.,  height  10  in., 

(6)  Radii  3 0 in.  and  4-8  in.,  height  5-6  in., 

(c)  Diameters  12-8  in.  and  16-4  in.,  height  12-5  in. 

3.  Find  the  height  and  volume  of  each  frustum  in  question  1. 

4.  A circular  chimney  is  in  the  shape  of  a frustum  of  a cone. 
If  the  outside  diameters  of  the  top  and  bottom  circles  are  4 ft.  and 
8 ft.  respectively,  and  the  height  is  30  ft.,  calculate: 

{a)  The  area  of  the  lateral  surface,  to  the  nearest  sq.  ft., 

(b)  The  volume  of  the  entire  frustum, 

(c)  The  volume-of  the  frustum  inside  the  chimney,  assuming  that 
the  bricks  have  a thickness  of  4 in.  throughout, 

(d)  The  weight  of  the  bricks  and  mortar  required  to  build  the 
chimney  assuming  that  the  average  weight  of  the  material  is  115  lb. 
per  cu.  ft. 

5.  A tapered  steel  shaft  is  9 0 in.  long  and  has  end  diameters 
2 0 in.  and  4-6  in.  Find  the  weight  of  the  shaft. 

6.  A metal  bucket  is  10  in.  deep,  the  top  being  8 in.  in  diameter 
and  the  bottom  6 in.  What  weight  of  water  will  it  hold  if  1 cu.  ft. 
of  water  weighs  62-3  lb.? 

7.  A cone  with  height  12  in.  and  base  diameter  6 in.  is  cut  into 
two  parts,  the  cut  being  parallel  to  the  base  and  4 in.  above  it.  Find 
the  volume  of  each  part. 

8.  A marble  column  is  15  ft.  high.  The  diameter  of  its  circular 
base  is  6 ft.  and  the  diameter  of  its  top  is  2 ft.  Find  the  weight  of 
the  column. 
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9.  A circular  hopper  takes  the  form  of  a frustum  of  a cone  having 
a large  diameter  of  14  ft.,  a small  diameter  of  8 ft.  and  a depth  of 
6 ft.  Find  the  number  of  cu.  ft.  of  material  it  will  hold. 


(2) 


Write  a complete  solution  to  find  each  missing  dimension  in  the 
following  table  involving  frustums  of  cones: 


R 

r 

h 

s 

L 

V 

10. 

7 -36  in. 

5-18  in. 

21-6  in. 

11. 

0 -528  in. 

0 -304  in. 

0-916  in. 

12. 

73  -5  in. 

58  -4  in. 

7380  sq.  in. 

13. 

6-58  in. 

4-73  in. 

3000  cu.  in. 

Frustum  of  Pyramid  with  Square  Base 


In  the  diagram, 

B = length  of  large  base 
b = length  of  small  base 

ST-iB-ib^  (L^). 


In  triangle  PST 


l_i,  -| 


Lateral  Area  of  a Frustum  of  a Pyramid  with  Square  Base 

The  lateral  area  is  made  up  of  4 trapeziums  each  having  area 
hiB  + b)s 

L = 2{B+  b)s. 
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Volume  of  a Frustum  of  a Pyramid  with  Square  Base 

The  volume  is  given  by  the  formula  V = + h"^). 

Note:  It  may  be  observed  that  the  following  formulas  apply  to 
both  the  frustum  of  a cone  and  the  frustum  of  a square  pyramid : 
L = + p)s  where  P and  p are  the  perimeters  of  the  bases 

V = \h  {A  -]r  A a cl)  where  A and  a are  the  areas  of  the  bases. 

Example:  Find  the  slant  height,  lateral  area  and  volume  of  the 
frustum  of  a pyramid  if  the  height  is  9 in.  and  the  bases  are  squares 
16  in.  and  12  in.  long. 


Solution: 


L = 2(P  + b)s 

= 2(16  + 12)  X 9-21 
= 2 X 28  X 9-21 
= 516  sq.  in. 

Lateral  area  = 516  sq.  in. 

V ^ Ih  (P2  + P6  + 52) 

= i X 9(162  + 16  X 12  + 122) 

- i X 9(256  + 192  + 144) 

- 3 X 592 

- 1776. 

Volume  = 1776  cu.  in. 


Exercise 

(1) 

1.  Find  the  lateral  area  of  each  of  the  following  frustums  of 
pyramids  with  square  bases: 

(a)  Lengths  of  bases  10  in.  and  16  in.,  slant  height  12  in., 

(5)  Lengths  of  bases  5-8  in.  and  3-4  in.,  slant  height  7 in. 
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2.  Find  the  slant  height  and  lateral  area  of  each  of  the  following 
frustums  of  pyramids  with  square  bases: 

{a)  Lengths  of  bases  14  in.  and  18  in.,  height  10  in., 

(6)  Lengths  of  bases  6-2  in.  and  4-6  in.,  height  5-2  in. 

3.  Calculate  the  height  and  volume  of  each  frustum  in  question  1. 

4.  The  attic  of  a house  is  in  the  shape  of  a frustum  of  a pyramid 
8 ft.  high.  If  the  floor  and  ceiling  are  square  and  are  respectively 
16  ft.  long  and  10  ft.  long,  find: 

{a)  The  air  space  in  the  attic, 

(6)  The  cost  of  painting  the  four  walls  at  25jzi  per  sq.  yd. 

5.  A grain  hopper  in  the  shape  of  a frustum  of  a pyramid  is 
made  of  sheet  metal.  It  is  5 ft.  deep  with  square  bases  6 ft.  and  4 ft. 
long  respectively.  Find: 

(a)  The  number  of  sq.  ft.  of  sheet  metal  used, 

ih)  The  volume  of  the  hopper  in  cu.  ft. 


The  Sphere 

It  is  impossible  to  cover  the 
surface  of  a sphere  with  a flat 
piece  of  paper.  (For  this  reason 
it  is  impossible  to  make  a 
completely  accurate  map  of  the 
earth’s  surface  on  a flat  piece  of  paper.)  However,  the  surface  area 
of  a sphere  may  be  compared  with  the  lateral  area  of  a cylinder  whose 
diameter  and  height  are  equal  to  the  diameter  of  the  sphere.  If  a 
piece  of  fine  rope  is  wound  closely  round  the  top  half  of  the  sphere 
and  of  the  cylinder,  it  is  found  that  the  same  length  of  rope  is  required 
for  both.  Hence  the  area  of  the  sphere  is  equal  to  the  lateral  area  of 
the  cylinder. 


The  area  of  a sphere  is  given  by  the  formula 
A — 4%r'^  where  r is  the  radius. 


or 


A = where  d is  the  diameter. 
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The  Volume  of  a Sphere 

The  sphere  may  be  considered 
approximately  as  made  up  of  a 
large  number  of  pyramids  having 
vertices  at  the  centre  of  the 
sphere.  The  volume  of  each 
pyramid  is  (area  of  base)  X \r. 

Since  the  bases  together  form  the  surface  of  the  sphere, 

Volume  of  sphere  = (surface  area)  X \r 
= 4xr2  X \r 
V = 

or  K = 0’5236d^  where  d is  the  diameter. 

Example  1:  Find  the  area  and  volume  of  a sphere  with  radius 
5 in. 

Solution: 

A = 4xr2 

= 4 X 3 - 14  X 25 
= 314  sq.  in. 

The  area  is  314  sq.  in. 

V = |xr3 

= I X 3 - 14  X 125 
= 478  cu.  in.  (to  3-figure  accuracy). 

The  volume  is  478  cu.  in. 

Example  2:  Find  the  total  weight  of  a cast  iron  ball  3 in.  in 
diameter,  covered  by  a layer  of  lead  \ in.  thick  (to  3-figure  accuracy). 

Solution: 

For  the  inner  sphere, 

V = |xr3 

= I X 314  X 1-5  X 1-5  X 1-5 
= 14  T3  cu.  in. 

Weight  of  cast  iron  = 14  13  X 0-260  = 3-67  lb. 
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For  the  outer  sphere, 

V = |xr3 

= ix  3-14  X 8 
= 33-5. 

Volume  of  lead  = 33-5  — 14  13  = 19-37  cu.  in. 

Weight  of  lead  = 19-37  X 0-411  = 7-96  lb. 

Total  weight  = 3 - 67  + 7 -96  = 11  - 63  lb.  or  11-6  lb. 

Exercise 

(1) 

1.  Find  the  area  of  the  following  spheres: 

(a)  Radius  4 in.,  (b)  Radius  6 in., 

(c)  Diameter  16  in.,  (d)  Diameter  7 in. 

2.  Find  the  volume  of  each  of  the  spheres  in  question  1. 

3.  A dome-shaped  roof  is  a hemisphere  (half  of  a sphere)  having 
a diameter  of  21  ft.  How  many  sq.  ft.  of  copper  roofing  are  needed 
to  cover  the  roof? 

4.  A dome-shaped  roof  in  the  form  of  a hemisphere  has  an  area 
of  1610  sq.  ft.  Find  its  diameter. 

5.  The  area  of  the  surface  of  a volleyball  is  144  sq.  in.  Find  its 
diameter. 

6.  An  open  cylindrical  water  tank  has  a hemispherical  bottom. 
It  is  8 ft.  wide  with  total  height  12  ft.  Find  the  cost  of  painting  the 
outside  at  65 per  sq.  yd. 

7.  A cubic  foot  of  ivory  weighs  114  lb.  Find  the  weight  of  500 
ivory  billiard  balls  each  2 - 5 in.  in  diameter. 

8.  A spherical  balloon  is  inflated  so  that  its  diameter  is  30  ft. 
Find  the  volume  of  gas  in  it. 

9.  Find  the  total  weight  of  metal  necessary  to  fill  an  order  for 
50,000  steel  ball  bearings  each  | in.  in  diameter. 

10.  Find  the  weight  of  a spherical  ball  made  of  cast  iron  5 in.  in 
diameter,  covered  with  a layer  of  lead  1^  in.  thick. 
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11.  How  many  ounces  of  nickel  would  be  used  in  plating  a ball 
4 in.  in  diameter  to  a depth  of  | in.? 

12.  A hemispherical  water  tank  has  an  inside  diameter  of  10  ft. 
What  is  its  capacity  in  gallons? 

13.  A solid  metal  ball  with  diameter  5 in.  weighs  20  lb.  Find  the 
weight  of  a hollow  spherical  shell  of  the  same  material  2 in.  thick 
having  inside  diameter  6 in. 


(2) 

14.  Find  the  weight  of  1520  steel  ball  bearings,  each  having 
diameter  0 ■ 724  in. 

15.  Find  the  radius  of  a solid  lead  ball  weighing  73  -5  lb. 

16.  Calculate  the  total  weight  of  a steel  ball  3f  in.  in  diameter 
when  it  is  plated  with  nickel  to  a diameter  of  4J  in. 


Miscellaneous  Formulas 

The  following  formulas  are  given  without  proof. 

Segment  of  a Sphere 

L = 2xRh 

'Khr^ 


Zone  of  a Sphere 
L = 2%Rh 


Sector  of  a Sphere  (a  segment  and  a cone) 

L = 2%Rh  + %yR 

%hr^  x/i®  %r^{R  — h) 


3 
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Exercise 

(1) 

1.  From  a sphere  of  radius  10  in.  a segment  with  height  3 in.  is 
cut  off.  Find  the  lateral  area  and  volume  of  the  segment  cut  off. 
Find  the  lateral  area  and  volume  of  the  remainder  of  the  sphere. 

2.  A segment  of  a sphere  has  r = 3 in.  and  h = 1 in. 

Find  {a)  Radius  of  sphere, 

{b)  Lateral  area  of  segment, 

(c)  Volume  of  segment. 

3.  From  a sphere  with  radius  10  in.  a zone  is  cut  out.  If  the 
larger  radius  of  the  zone  is  8 in.  and  the  height  of  the  zone  is  2 in., 
calculate  the  smaller  radius  of  the  zone.  Find  its  lateral  area  and 
volume. 

4.  A large  semi-precious  stone  is  in  the  shape  of  a sector  of  a 
sphere.  If  the  sector  has  dimensions  R = l^  in.  and  r = f in.  calcu- 
late the  value  of  h.  Find  the  lateral  area  and  volume  of  the  sector. 

5.  A large  bead  is  formed  by  drilling  a 6-in.  diameter  hole  through 
a sphere  with  radius  5 in.  Find  the  volume  of  the  bead. 

6.  Solid  metal  curtain  rings  have  inside  diameter  3 in.  and 
outside  diameter  3|  in. 

(a)  Find  the  weight  of  1000  curtain  rings  of  aluminium, 

(&)  Find  the  cost  of  plating  them  with  chrome  at  21^  per  sq.  in. 
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7.  A solid  rubber  tire  in  the  shape  of  a solid  ring  has  inside 
diameter  4 ft.  If  the  cross-section  is  a circle  with  radius  8 in.  find 
the  volume  of  rubber  in  the  tire  in  cu.  in. 

8.  A segment  of  a sphere  has  a height  of  7 in.  It  is  cut  from  a 
sphere  whose  radius  is  15  in.  Calculate: 

{a)  The  area  of  the  lateral  surface  of  the  segment, 

{h)  The  volume  of  the  segment. 

9.  The  head  of  a bolt  is  in  the  shape  of  a segment  of  a sphere. 
Calculate  the  area  of  its  lateral  surface,  if  its  height  is  3 in.  and  the 
radius  of  the  sphere  is  16  in. 

10.  A portion  of  a roof  is  in  the  shape  of  a segment  of  a sphere. 
The  radius  of  the  sphere  is  19  ft.  and  the  height  of  the  segment  4 ft. 
Calculate  the  cost  of  painting  the  surface  at  19  per  sq.  ft. 

11.  A zone  of  a sphere  has  the  radii  of  its  end  surfaces  6 in.  and 
4 in.  respectively.  If  its  height  is  3 in.,  calculate  its  volume. 

12.  The  cloth  covering  for  an  umbrella  forms  part  of  a sphere 
whose  radius  is  1^  ft.  If  the  height  of  the  segment  is  9 in.,  calculate 
the  number  of  sq.  in.  of  cloth  required  to  cover  the  umbrella. 

13.  A zone  of  a sphere  has  the  diameters  of  its  end  surfaces  as 
15  in.  and  13  in.  Calculate  its  volume  if  its  height  is  4 in. 

14.  A segment  of  a sphere  has  a lateral  surface  of  area  2300  sq.  in. 
If  its  height  is  7 in.,  calculate  the  radius  of  the  sphere  from  which 
the  segment  was  removed. 

15.  A cylindrical  steel  bar  of  radius  I in.  is  bent  to  form  a circle 
of  mean  radius  14  in.  Calculate: 

(a)  The  area  of  its  surface,  correct  to  the  nearest  sq.  in., 

(b)  Its  volume,  correct  to  the  nearest  cu.  in. 

16.  A solid  steel  ring  has  inside  and  outside  radii  of  5 in.  and  5|  in. 
respectively.  Calculate  both  its  volume  and  surface  area. 

17.  A steel  rod  4 ft.  long  and  2 in.  in  radius  is  bent  so  as  to  form 
a solid  ring.  Calculate : 

(a)  Its  surface  area,  (b)  Its  volume. 

18.  A plastic  hula  hoop  has  outside  diameter  3 ft.  6 in.  The  cross- 
section  is  an  annulus  having  outer  diameter  1 in.  If  the  plastic  is 
^ in.  thick  find  the  number  of  cu.  in.  of  plastic  in  the  hoop. 
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Review  Exercise 

(1) 

1.  One  cubic  foot  of  copper  is  melted  to  form  a square  conducting 
bar  200  yd.  long.  Find  the  dimensions  of  the  cross-section. 

2.  Find  the  length  of  a cast-iron  bar  weighing  20  lb.  if  the  bar  is 
2 in.  wide  and  | in.  thick. 

3.  Water  from  a roof  100  ft.  X 70  ft.  drains  into  a reservoir  30  ft. 
long  and  5 ft.  wide.  Find  the  depth  of  water  in  the  reservoir  pro- 
duced by  a rainfall  of  1|  in. 

4.  A steel  plate  is  in  the  shape  of  an  equilateral  triangle,  each 
side  being  6 in.  long.  If  the  plate  is  f in.  thick,  find  its  weight. 

5.  A steel  rod  weighs  15  lb.  and  its  cross-section  is  a regular 
octagon  with  each  side  | in.  Find  its  length. 

6.  A storage  bin  12  ft.  high  is  in  the  shape  of  a regular  hexagon 
with  each  side  8 ft,  long.  Find  its  capacity  in  cu.  ft. 

7.  A piece  of  copper  weighing  12  lb.  is  drawn  out  into  a wire 
100  yd.  long.  Find  its  diameter.  ■ 

8.  A cylindrical  granite  pillar  10  ft.  high  and  2 ft.  in  diameter 
stands  on  a granite  cube  with  side  3 ft.  Find  the  cost  at  23^  per  lb. 

9.  An  elliptical  tank  has  diameters  6 ft.  and  4 ft.  How  long  will 
it  take  to  fill  it  with  liquid  running  from  a 2 -in.  diameter  pipe  at 
50  ft.  per  minute,  if  the  tank  is  5 ft,  high. 

10.  A cylindrical  chimney  is  made  of  stone  4 in.  thick  and  is  22  ft. 
high.  The  outer  diameter  is  4 ft.  Find: 

(a)  The  weight  if  the  stone  weighs  150  lb.  per  cu.  ft., 

(b)  The  outside  lateral  area, 

(c)  The  air-space  inside, 

11.  Find  the  length  of  a copper  pipe  weighing  8 lb.,  having  outer 
diameter  2 in.,  if  the  copper  is  | in.  thick. 

12.  Find  the  weight  of  1000  steel  washers,  each  | in.  thick  and 
having  diameters  If  in.  and  If  in. 

13.  A tent  12  ft.  high  consists  of  a cylinder  3 ft.  high  and  10  ft. 
in  radius  surmounted  by  a cone.  Find: 

{a)  The  number  of  sq.  yd.  of  canvas, 

(5)  The  air-space  inside. 
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14.  A solid  bronze  cone  weigBing  2|  lb.  has  a height  of  3 in. 
Find  its  radius. 

15.  A steel  cylinder  6 in.  long  and  3 in.  in  diameter  is  to  be 
tapered  uniformly  from  one  end  to  a point  at  the  other  end.  Find 
the  weight  of  the  cuttings  removed. 

16.  A copper  pyramid  on  a square  base  10  in.  long  has  slant  height 
13  in.  Find  the  weight. 

17.  Find  the  lateral  area  of  a square-based  pyramid  if  the  base 
is  14  in.  long  and  the  edge  is  25  in. 

18.  A square  pyramid  made  of  lead  is  12  in.  high  and  weighs 
50  lb.  Find  the  length  of  the  base. 

19.  A tapered  piece  of  steel  is  15  in,  long  and  has  end  diameters 
12  in,  and  8 in.  Find  its  weight. 

20.  Find  the  weight  of  a fir  flag-pole,  30  ft.  high  with  a circum- 
ference of  10  ft.  at  the  base  and  5 ft.  at  the  top. 

21.  Find  the  cost  of  painting  the  lateral  area  of  a large  storage 
tank  in  the  shape  of  a frustum  of  a cone  at  23^  per  sq.  yd. 

The  tank  is  15  ft.  high  with  base  diameter  24  ft.  and  top  diameter 
20  ft. 

22.  A frustum  of  a pyramid  has  a square  base  of  side  18  in,  and 
a slant  height  of  11  in.  If  its  top  surface  is  a square  of  side  6 in., 
calculate; 

{a)  The  total  area  of  its  outside  surface, 

(5)  The  volume, 

23.  Find  the  area  and  volume  of  a sphere  with  diameter  2\  in, 

24.  Find  the  number  of  steel  ball  bearings  | in.  in  diameter  which 
can  be  made  from  1 cu.  ft.  of  steel. 

25.  Find  the  largest  circle  which  can  be  cut  from  a square  piece 
of  tin  8 in,  long. 

26.  Find  the  time  required  to  fill  a tank  3 ft.  long,  ft,  wide  and 
15  in.  deep  from  a pipe  3 in.  in  diameter,  if  the  flow  is  at  50  ft.  per 
minute. 

27.  Find  the  side  of  an  equilateral  triangle  in  which  3 circles  of 
diameter  6 in.  will  just  fit. 
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(2) 

Slide  Rule  Problems  (x  = 3*14) 

28.  A piece  of  copper  weighing  2-76  lb.  is  made  into  a cylinder 
with  height  8-73  in.  Find  its  radius. 

29.  Find  the  cost  at  $12.50  per  lb.  of  a copper  plate  7-63  in. 
long,  5 16  in.  wide  and  3-14  in.  thick. 

30.  Find  the  weight  of  a steel  rod  21-2  ft.  long  whose  cross- 
section  is  an  equilateral  triangle  with  each  side  ly^  in. 

31.  One  cubic  foot  of  lead  is  made  into  cones  each  having  radius 
1|  in.  and  height  2 18  in.  Find  the  number  of  cones  which  can  be 
made. 

32.  A large  cylindrical  tank  8-76  ft.  in  diameter  has  3 steel  bands 
round  it.  Each  band  is  3 in.  wide  and  0-372  in.  thick.  Find  the 
weight  of  steel  in  the  bands. 

33.  A piece  of  steel  18  in.  long  has  a taper  of  ^ in.  per  ft.  If  the 
large  diameter  is  3-76  in.  find  its  weight. 

34.  A triangular  nickel  plate  has  dimensions  7-36  in.,  5-14  in. 
and  4-22  in.  It  has  5 holes  drilled  through  it,  each  having  diameter 
0 -219  in.  Find  the  weight  of  the  plate  if  it  is  1-15  in.  thick. 

35.  How  many  square  feet  of  surface  exposed  to  the  air  has  a 
steam-heating  pipe  22  ft.  9 in.  long  and  2|  in.  in  diameter. 

36.  A coal-bin  12  ft.  long,  8 ft.  9 in.  wide  and  6 ft.  6 in.  deep  is 
one-half  filled  with  coal.  If  there  are  32  cu.  ft.  to  a ton  how  many 
tons  are  in  the  bin? 

37.  Water  flows  along  a pipe  at  the  rate  of  3 - 16  ft.  per  sec.  The 
diameter  of  the  pipe  is  0- 106  in.  Calculate  the  rate  of  the  flow  of  the 
water  along  the  pipe  in  gallons  per  hour. 

38.  A concrete  monument  consists  of  a square  pillar  27-6  in. 
wide  and  5-73  ft.  high,  surmounted  by  a pyramid  18-6  in.  high. 
Find  the  lateral  area  and  volume  of  the  monument. 

39.  An  elliptical  storage  tank  is  20-6  ft.  long.  It  has  axes  of 
5 - 28  ft.  and  3 - 74  ft.  Find  its  volume  and  the  total  outside  area. 

40.  Find  the  total  weight  of  a steel  ball  covered  with  a layer  of 
lead.  The  inside  diameter  is  4-28  in.  and  the  outside  diameter 
5 • 14  in. 
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41.  A spherical  shell  | in.  thick  contains  gas  at  a pressure  of 
1560  lb.  per  sq.  in.  If  the  outer  diameter  of  the  sphere  is  17  -5  in. 
find  the  total  pressure  on  the  inside  surface. 

42.  If  concrete  costs  $8.75  per  cu.  yd.  find  the  cost  of  a solid 
frustum  of  a pyramid  if  the  height  is  3 ft.  8 in.  and  the  bases  are 
squares  4 16  ft.  and  3 04  ft.  long, 

43.  Find  the  cost  of  1-36  miles  of  copper  cable  0-716  in.  in 
diameter  at  $7.90  per  lb. 

44.  A tent  in  the  shape  of  a cone  has  a height  of  8 • 76  ft.  and  radius 
4 • 15  ft.  Find : 

(а)  The  air-space  in  the  tent, 

(б)  The  slant  height, 

(c)  The  number  of  sq,  yd.  of  canvas. 

45.  A frustum  of  a pyramid  has  square  bases  of  lengths  3 -28  in. 
and  2 • 16  in.  If  the  edge  is  4-09  in.  find : 

(a)  The  diagonal  of  each  base, 

(&)  The  height  of  the  frustum, 

(c)  The  slant  height  of  the  frustum, 

(d)  The  lateral  area. 

Logarithm  Problems  (x  = 3*1416) 

46.  Find  the  area  of  a triangle  with  base  7-8163  in.  and  height 
6 -0628  in. 

47.  Find  the  area  of  a trapezium  with  parallel  sides  8 -7168  in. 
and  6 -0294  in.  if  the  distance  between  is  3 -7164  in. 

48.  Find  the  height  of  a parallelogram  with  area  85  -703  sq.  in. 
and  base  28  -012  in. 

49.  Find  the  area  of  a triangle  with  sides  3-716  in.,  2-809  in. 
and  4-116  in. 

50.  Find  the  area  of  a triangle  with  sides  0-796  in.,  0-827  in. 
and  0 -639  in. 

51.  Find  the  area  of  a circle  with  radius  7-5238  in. 

52.  Find  the  area  of  a ring  with  diameters  28-106  ft.  and 
36  -218  ft. 
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53.  Find  the  radius  of  a sector  with  arc  28-802  in.  and  area 
266  -54  sq.  in. 

54.  Find  the  area  of  an  ellipse  with  diameters  6-518  in.  and 
4 -202  in. 

55.  Find  the  height  of  a cylinder  with  volume  7f  cu.  ft.  and 
radius  31  - 708  in. 

56.  {a)  Find  the  volume  of  a cone  with  radius  5-7160  in.  and 
height  31  - 604  in., 

{h)  Find  the  slant  height  and  lateral  area. 

57.  A pyramid  has  a square  base  6 -714  in.  long  and  slant  height 
7 -214  in. 

{a)  Find  the  lateral  area,  (5)  Find  the  height, 

(c)  Find  the  volume. 

58.  How  many  spherical  bullets  each  \ in.  in  diameter  can  be 
made  from  1 cu.  ft.  of  lead? 

59.  Find  the  number  of  yards  of  material  (27  in.  wide)  necessary 
to  make  a spherical  balloon  12  ft.  in  diameter. 

60.  Find  the  weight  of  a triangular  piece  of  lead  with  base  3 -716 
in.  and  height  2-804  in.  if  the  lead  is  0-7865  in.  thick. 

61.  Find  the  radius  of  a circle  with  area  27  -615  sq.  in. 

62.  Find  the  weight  of  a steel  plate  21-817  in.  X 32  016  in.  and 
0-41376  in.  thick. 

63.  Find  the  length  of  a steel  cylinder  weighing  80  - 00  lb.  and 
23  -56  in.  in  diameter. 

64.  Find  the  lateral  area  of  a pyramid  with  a square  base  2 -7835 
in.  long  and  slant  height  8 -7165  in. 

65.  A cone  of  lead  is  8-716  in.  high  and  weighs  73-216  lb.  Find 
the  radius. 

66.  Find  the  height  of  a rectangular  solid  of  steel  weighing  27-38 
lb.  with  length  7 -623  in.  and  width  5 -924  in, 

67.  A cylinder  weighs  7 -286  lb.  and  is  made  of  cast  iron.  If  the 
radius  is  3 -248  in.,  find  the  height. 
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CHAPTER  XV 

INTRODUCTION 

The  word  trigonometry  means  triangle  measure.  It  is  a branch  of 
mathematics  which  was  developed  for  the  purpose  .of  calculating 
unknown  sides  and  angles  of  triangles.  Around  the  year  1600, 
mathematicians  began  to  apply  the  methods  of  Algebra  to  Trigono- 
metry. This  broadened  the  scope  of  trigonometry  and  led  to  its 
application  in  many  branches  of  Science.  In  the  modern  world 
trigonometry  is  extensively  used  in  drafting,  tool  and  die  work, 
engineering,  navigation,  astronomy  and  other  fields. 

Angles 

In  the  diagram  the  angle  may  be  named 
angle  0,  angle  AOB  or  angle  BOA,  and  is 
the  amount  of  rotation  from  line  OA  to  line 
OB  about  the  vertex  0.  o a 

The  basic  unit  by  which  angles  are  measured  is  the  degree. 

1 revolution  = 360°  (degrees) 

1°  = 60'  (minutes) 

1'  = 60"  (seconds) 

From  geometry  it  is  known  that  the  sum  of  the  three  angles  in 
any  triangle  is  180°.  In  right  triangle  ABC 
angle  B is  90°  so  that  angle  A and  angle  C 
have  a sum  of  90°  and  are  called  com- 
plementary. Each  angle  is  the  complement 
of  the  other. 


Examples: 

1.  Add:  7°  29'  + 15°  43' 

Solution:  7°  29' 

15°  43' 


Answer: 


22°  72' 
23°  12' 


252 


TRIGONOMETRY 


253 


Subtract:  7°  18'  25"  from  12°  4'  17" 

Solution:  12°  4'  17"  = 12°  3'  77"  = 11°  63'  77" 

11°  63'  77" 

7°  18'  25" 

Answer:  4°  45'  52" 

3.  Find  i of  23°  18' 

Solution:  2)23° 

11°  remainder  1°  or  60'  (add  to  18') 

2)78' 

39' 

Answer:  11°  39'. 

4.  Multiply:  53°  48'  17"  by  3. 

Solution:  53°  48'  17" 

3 

159°  144'  51"  = 161°  24'  51". 

Note:  Two  angles  whose  sum  is  180°  are  called  supplementary 
angles.  Each  is  called  the  supplement  of  the  other. 

5.  If  two  angles  in  a triangle  are  72°  18'  and  41°  23',  find  the  third 
angle. 

Solution:  72°  18' 

Add:  41°  23' 

113°  41' 

180°  - 179°  60' 

Subtract  113°  41' 

66°  19' 

Answer:  66°  19'. 
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6.  If  one  acute  angle  in  a right-angled  triangle  is  73°  15'  29" 
find  the  other  acute  angle. 

Solution:  90°  = 89°  59'  60" 

Subtract  ' 73°  15'  29" 


16°  44'  31" 
Answer:  16°  44'  31". 


Exercise 

A 

1.  Add:  {a)  76°  13'  (&)  161°  21' 

29°  15'  18°  39' 


(c)  43°  29' 
19°  52' 


2.  Subtract:  (a)  129°  42'  (6)  34°  17' 

38°  15'  28°  52' 


(c)  90° 

17°  53' 


3.  Find:  {a)  \ of  18°  43',  (&)  i of  42°  16',  (c)  i of  90°. 


4.  Multiply:  {a)  17°  21'  X 3,  (6)  41°  52'  X 6,  (c)  22°  30'  X 4. 


5.  Find  the  angle  marked  x in  each  diagram: 


6.  Find  the  complement  of:  {a)  17°,  (6)  23°  15',  {c)  47°  49'. 
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Exercise 

B 


Find  the  sum  of  the  following: 
7.  28°  30'  32" 

14°  12'  13" 

12°  16'  12" 


8.  40°  15'  22" 
13°  48'  52" 
22°  34'  23" 


o 

CD 

10.  18°  15'  32" 

15°  16'  21" 

12°  40'  40" 

4°  18'  42" 

5°  16'  22" 

Subtract: 

11.  52°  42'  32" 

12.  150° 

12°  38'  24" 

68°  15'  25' 

13.  42°  17'  28" 

14.  27°  14'  33" 

39°  42'  12" 

19°  22'  41" 

15.  Find  the  complement  of: 

(a)  22°,  (c)  10°  15',  (e)  26°  39'  14", 

(b)  31°,  (d)  50°  42',  (/)  35°  42'  27". 


16.  Add  together  each  of  the  following  pairs  of  angles  and  subtract 
the  result  from  180°: 

(a)  3°  36'  and  10°  47',  (c)  62°  13'  12"  and  15°  18'  48", 

(b)  15°  3'  and  49°  28'  33",  (d)  56°  38'  49"  and  45°  35'  42". 

Multiply: 

17.  8°  12'  14"  18.  15°  29'  19.  28°  35 '47" 

4 5 3 


Divide: 

20.  8)45°. 

22.  22)180°. 

24.  7)18°  7'  43". 
26.  22)49°. 


21.  16)90°. 

23.  9)29°  35'  54". 
25.  15)184°  48'  25". 
27.  6)49°  17'  14". 


28.  Find  the  supplement  of: 

(a)  157°,  (6)  29°  13',  (c)  93°  24',  (^^)115°36'. 
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Similar  Triangles 


Two  triangles  are  similar  if  each  angle  of  one  triangle  is  equal  to 
the  corresponding  angle  of  the  other  triangle.  Since  the  three  angles 
in  each  triangle  have  a sum  of  180°,  it  is  sufficient  to  prove  that  two 
angles  of  one  triangle  are  equal  to  two  in  the  other  triangle  in  order 
to  prove  the  triangles  are  similar. 


In  the  similar  triangles  above,  triangle  DEF  is  larger  than  triangle 
ABC,  and  the  ratio  of  any  two  sides  of  triangle  ABC  \s  equal  to  the 
ratio  of  the  corresponding  sides  of  triangle  DEF. 

AC  _ 6_3 

'BC~  8 “ 4 ^ “ 16  “ 4' 

AC  _ DF 

^ ~ EF' 

^ , AB  DE  AB  DE 

^ AC  DF  BC  EF 


Example:  Find  the  value  of  x in  the  diagram  which  shows  two 
similar  triangles. 


Solution:  - 
4 


1? 

T’ 


7x  = 48  (by  cross-multiplication), 

48  6 

^ = 6-. 


X 
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Exercise 

B 

(Slide  rule  may  be  used.) 

Find  the  value  of  x and  y in  each  pair  of  similar  triangles. 
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Similar  Right-angled  Triangles 


The  angle  39°  occurs  in  both  triangles  above.  In  every  right-angled 

opposite 

triangle  containing  the  angle  39°  the  ratio 
value,  and  is  called  the  tangent  of  39°  (tan  39°. ) 


will  have  the  same 


opposite 

tan  B = — ; . 

adjacent 

The  tangent  ratio  has  been  calculated  as  a decimal  for  every  angle 
from  0°  to  90°  and  is  listed  in  the  tangent  table  for  angles  at  6-minute 
intervals. 


Accuracy 

In  this  section  angles  should  be  accurate  to  the  nearest  6 minutes. 
Ratios  may  be  read  directly  from  the  tables  without  use  of  mean 
differences.  Since  6-minute  accuracy  is  roughly  equivalent  to  3- 
figure  accuracy  (6  minutes  = 01  degree)  this  work  can  readily  be 
done  by  the  use  of  the  slide  rule.  Table  values  should  then  be  rounded 
off  to  3 figures  for  use  with  slide  rule.  An  allowance  of  2 in  the  third 
figure  or  12'  on  angles  could  be  made. 

Examples: 

1.  Find  the  value  of  tan  48°  12'. 

Solution:  From  the  tables  tan  48°  12'  = 1 ■ 11844  (48°  is  found  in 
the  column  on  the  left-hand  side  of  the  page.  A straight  edge  is  then 
placed  across  the  table  on  this  line.  The  12'  is  found  across  the  top 
of  the  table  and  determines  the  column  in  which  the  answer  is  read. 
The  whole  number  part  and  decimal  point  are  then  picked  up  from 
the  first  column,  as  they  are  not  repeated  in  the  other  columns.) 
Hence  tan  48°  12'  = T 12,  accurate  to  3 figures. 


TRIGONOMETRY 


259 


2.  Find  angle  A if  tan  A = 0-818. 

Solution:  Angle  A — 39°18'. 

(The  nearest  table  value  is  0-81849  which  is  the  tangent  of  39°  18'.) 

Exercise 

A 

1.  Read  from  the  table  the  following  ratios  (3-figure  accuracy): 

{a)  tan  37°  48',  (6)  tan  52°  O', 

(c)  tan  76°  30',  {d)  tan  5°  6'. 

2.  Find  angle  A (nearest  6')  from  the  tables  given: 

(a)  tan  A = 0-702,  (5)  tan  A = 0-00516, 

(c)  tan  A = 1-52,  ^ ^ 3^ 

5 

7 9 

(e)  tan  ^ (/)  tan  A = 

B 

Make  the  following  diagrams  and  measurements  accurately  using  a 
geometry  set. 

3.  Construct  a right-angled  triangle 
containing  the  angle  37°  and  having 
base  CB  3 in.  Measure  AB  and  calculate 
tan  37°  as  a decimal. 

4.  Make  a diagram  similar  to  that  of  question  3 and  calculate 
the  tangent  of  each  of  the  following  angles: 

(a)  52°,  (5)  78°,  (c)  6°. 

5.  Construct  a right-angled 
triangle  as  shown  in  the  sketch 
and  measure  angle  x to  find  the 
angle  with  tangent  f. 
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6.  By  means  of  a diagram  as  in  question  5 (drawn  to  scale) 
measure  the  angles  whose  tangents  are: 


(a) 


5 

6’ 


(c) 


Io‘ 


This  ratio  may  be  used  to  calculate  sides  and  angles  of  triangles 
as  in  the  following  examples.  It  is  necessary  to  be  able  to  select  the 
correct  ratio  from  a diagram  for  either  angle  A or  angle  B.  The  side 
3 is  opposite  to  angle  A but  adjacent  to  angle  B. 

Thus  tan  A = j and  tan  B = ^. 


Examples: 


L Find  the  value  of  x in  the  diagram. 
Solution:  Angle  .4  = 90°  - 61°  18'  = 28°  42'. 
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Z.  Find  angle  A in  the  diagram: 


tan  A ^ — = O ' 583  (by  division), 


angle  A = 30°12'. 


Exercise 

B 

Find  the  value  of  x in  each  diagram  to  3-figure  accuracy: 


1.  2. 


3.  4. 
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Find  the  angle  A and  B (nearest  6')  in  each  diagram: 

5.  6. 


Exercise 


B 


(Slide  rule  may  be  used,  3-figure  accuracy  required.) 
Find  the  value  of  x in  each  diagram : 
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3. 


4. 


Find  the  angle  A in  each  diagram: 


5.  6. 


Problems  Using  the  Tangent  Ratio 

A diagram  should  be  drawn  for  each  problem  and  a complete 
solution  should  be  written  as  in  the  examples  below. 


Horizontal 
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1.  If  an  object  is  above  the  horizontal  direction  the  angle 
between  the  horizontal  and  the  line  of  sight  is  called  “angle  of 
elevation’’. 

2.  If  an  object  is  below  the  horizontal  direction  the  angle 
between  the  horizontal  and  the  line  of  sight  is  called  “angle  of 
depression’’. 


Examples: 

1.  How  high  will  a ladder  reach  when  placed  with  its  foot  8 ft. 
from  a wall  if  the  angle  between  the  ladder  and  the  wall  is  23°  36'? 

A 

Solution:  Let  height  be  x ft. 


Angle  5 - 90°  - 23°  36'  = 66°  24' 


^ = £EEl  = tan66»24', 

8 adj. 


- = 2-29,  X = 18-3. 

8 

The  ladder  will  reach  18  -3  ft. 


2.  Find  the  angle  of  depression  of  a buoy  75  yd.  out  from  the 
base  of  a cliff  as  viewed  from  a point  60  ft.  up  the  cliff. 

Solution:  Let  angle  BAG  — x°. 

75 

tan  X = — - = 3 • 75. 

20 

Angle  X = 75°  6'. 

Angle  of  depression 

= 90°  - 75°  6' 

= 14°  54'. 


Exercise 

B 

(Answers  to  3 figures.) 

1.  The  angle  of  elevation  of  the  top  of  a tree  from  a point  150  ft. 
from  the  foot  of  the  tree  is  36°.  Find  the  height  of  the  tree. 

2,  From  the  top  of  a tower  the  angle  of  depression  of  a point, 
210  ft.  from  the  foot  of  the  tower  is  47°.  Find  the  height  of  the  tower. 
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3.  A ladder  leaning  against  a vertical  wall  makes  an  angle  of  21° 
with  the  wall.  If  the  foot  of  the  ladder  is  5 ft.  from  the  wall,  how 
high  up  the  wall  does  the  ladder  reach? 

4.  The  shadow  of  a vertical  pole  12  ft.  high  is  17  ft.  4 in.  long. 
What  is  the  altitude  of  the  sun?  (Angle  of  elevation.) 

5.  An  aeroplane  is  directly  over  a point  C on  the  ground.  An 
observer  at  A,  1200  ft.  away  from  C,  observes  the  angle  of  elevation 
of  the  aeroplane  to  be  52°.  How  high  is  the  plane? 

6.  The  greatest  and  least  heights  of  a lean-to  shed  are  10  ft.  and 
7 ft.  3 in.  Find  the  slope  of  the  roof  if  the  shed  is  18  ft.  6 in.  long. 

7.  The  pole  of  a bell  tent  is  8 ft.  high,  and  the  diameter  of  the 
base  of  the  tent  is  14  ft.  What  angle  does  the  slant  side  of  the  tent 
make  with  the  ground? 

8.  What  is  the  angle  of  elevation  of  the  top  of  a spire  240  ft. 
high  from  a point  on  the  ground  200  yd.  from  the  foot  of  it? 

9.  In  a right-angled  triangle,  the  side  opposite  a 29°  angle  is 
6 T in.  Find  the  area  of  the  triangle. 

10.  The  vertical  angle  of  a cone  is  102°  and  the  diameter  of  the 
base  is  5 in.  What  is  its  height? 

11.  A chest  of  drawers,  3 ft.  high,  stands  in  an  attic  with  a roof 
sloping  to  the  floor.  If  the  chest  can  only  just  stand  2 ft.  from  the 
edge  of  the  room,  find  the  slope  of  the  roof. 

12.  Two  tangents  drawn  to  a circle  of  4 in.  radius  make  an  angle 
of  41°  36'  with  each  other.  Find  the  length  of  each. 

Sine  and  Cosine  Ratios 

Two  other  ratios  are  useful  and  are  defined  as  follows: 

/ • ^ opposite  adjacent 

(sine  A),  sm  A = , (cosine  A),  cos  A = 

hypotenuse  hypotenuse 
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Examples: 

1.  Find  the  value  of  x in  the  diagram. 


2.  Find  the  value  of  y in  the  diagram. 


3.  Find  angle  A in  the  diagram. 


Solution: 


16  opp. 
20  hyp. 


sin  A, 


sin  A = 0 -800, 
angle  A = 53°  6'. 


20" 
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Exercise 

B 

Find  the  value  of  in  each  diagram  to  3-figure  accuracy. 


Find  angle  A and  angle  B in  each  diagram: 


5.  6. 


7.  Draw  an  accurate  diagram  to  scale  for  each  of  the  above 
questions,  and  verify  the  answer  by  measurement. 
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Problems  Solved  by  Trigonometry 


The  student  must  exercise  great  care  in  choosing  the  appropriate 
ratio  in  each  problem.  A diagram  must  be  drawn  for  each  problem. 
The  three  ratios  to  be  used  are  as  follows; 


Exercise 

A 


1.  State  the  3 
diagrams. 


ratios  for  angle  A and  also  for  angle  B in  the 


2.  In  the  above  triangles,  state  which  ratio  each  of  the  following 
is  for  angle  A and  also  for  angle  B. 


{c) 


a 

b' 


B 

3.  The  angle  of  elevation  of  the  top  of  a building  from  a point 
1000  ft.  from  its  foot  is  33°  12'.  Find  the  height  of  the  building. 

4.  From  the  top  of  a lighthouse  100  ft.  above  sea-level,  the 
angle  of  depression  of  a small  fishing-craft  is  10°  30'.  Find  the  dis- 
tance of  the  vessel  from  the  lighthouse. 
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5.  The  string  of  a kite  is  325  ft.  long.  Find  the  height  of  the 
kite  when  its  angle  of  elevation  is  30°. 

6.  The  diagonal  of  a rectangle  is  140  ft.  and  makes  an  angle  of 
31°  with  the  length.  Find  the  length  of  the  rectangle. 

7.  In  the  construction  of  a “clover-leaf”  an  overpass  is  to  be 
built  over  a through  highway  and  is  to  clear  the  highway  by  40  ft. 
If  the  approaches  to  the  overpass  must  have  an  angular  elevation 
of  10°,  find  the  length  of  the  approach. 

8.  B is  2000  yd.  N.  34°  E.  from  A.  How  much  is  B (i)  East, 
(ii)  North  of  H? 

9.  The  base  of  an  isosceles  triangle  whose  equal  sides  are  20  ft. 
each  is  14  ft.  Find  the  base  angle  to  the  nearest  degree. 

10.  The  side  of  a regular  octagon  inscribed  in  a circle  is  4 in. 
Find  the  radius  of  the  circle. 

11.  A small  weight  swings  at  one  end  of  a string  5 ft.  long,  the 
other  end  being  fixed.  How  far  is  the  weight  above  its  lowest  position 
when  the  string  is  inclined  at  10°  to  the  vertical? 

12.  The  vertical  angle  of  a cone  is  23°,  and  the  length  of  a slant 
edge  is  2-5  in.  What  is  the  diameter  of  the  base? 

13.  The  legs  of  a pair  of  dividers  are  each  12  cm.  long  and  are 
opened  to  an  angle  of  20°  48'.  Find  the  distance  between  their 
points. 

14.  A pendulum  5 ft.  long  swings  through  an  angle  of  12°  on 
each  side  of  the  vertical.  How  high  does  the  tip  rise  above  its  lowest 
point? 

15.  The  tops  of  two  vertical  poles  of  heights  20  ft.  and  15  ft.  are 
joined  by  a taut  wire  12  ft.  long.  What  is  the  angle  of  slope  of  the 
wire? 

16.  A pencil  6 in.  long  casts  a shadow  5 in.  long  when  the  sun 
is  vertically  overhead.  What  is  the  inclination  of  the  pencil  to  the 
horizontal? 

17.  Two  sides  of  a parallelogram  which  make  an  angle  of  52°  54' 
with  each  other  are  5 in.  and  4 in.  long  respectively.  Find  the  area 
of  the  parallelogram. 

18.  A sphere  of  radius  8 cm.  rests  inside  a conical  funnel  whose 
axis  is  vertical.  The  highest  point  of  the  sphere  is  22  cm.  above  the 
vertex  of  the  cone.  Find  the  angle  of  the  cone. 
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The  Unit  Circle 

It  is  interesting  to  study  the  reason  why  the  sines  of  different 
angles  have  the  values  given  in  the  tables.  This  may  be  done  by 
starting  with  a circle  with  radius  1 unit. 


If  angle  C is  made  larger,  AB  increases,  so  that  as  the  angle 
becomes  larger  the  sine  of  the  angle  becomes  larger  until  the  angle 
reaches  90°. 


(6)  Sin  45°. 

In  this  diagram  it  may  be  seen 
that  if  angle  C is  45°,  sin  C is 
greater  than 
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(c)  Sin  89°. 

If  angle  C is  89°  then  AB  is 
almost  as  large  as  the  radius,  so 
that  sin  89°  is  slightly  less  than  1. 

If  angle  C is  increased  to  90° 
then  AB  increases  to  1 in.,  so  that 
sin  90°  = 1. 


B 


Summary 

The  value  of  sin  0°  is  0.  As  the  angle  increases,  the  sine  of  the 
angle  increases  (rapidly  at  first  and  then  more  slowly)  until  the 
angle  reaches  90°,  where  sin  90°  = 1. 

In  the  same  way  the  value  of  the  cosine  may  be  traced  out.  As 
the  angle  increases,  the  cosine  becomes  smaller. 

The  tangent  changes  more  rapidly  than  the  sine  or  cosine,  since 
both  terms  of  the  ratio  change  as  the  angle  increases. 

Exercise 

B 

1.  Draw  diagrams  and  trace  out  in  detail  the  changes  in  the 
value  of  the  cosine  as  the  angle  increases  from  0°  to  90°. 

2.  Carry  out  the  same  exercise  to  trace  the  changes  in  value  of 
the  tangent. 


CHAPTER  XVI 


USE  OF  TABLES  AND  IDENTITIES 


Special  Angles  (0°,  90°,  45°,  30°,  60°) 

Certain  angles  occur  more  frequently  than  others  and  it  is  often 
useful  to  be  able  to  use  their  ratios  without  reference  to  the  tables. 
This  may  be  done  by  the  use  of  a quick  sketch  or  even  a mental 
picture  using  the  unit  circle. 


(a)  The  Ratios  of  0° 

A very  narrow  triangle  is  drawn 
as  shown  so  that  angle  A is  almost 
0°.  When  angle  A becomes  0°  the 
triangle  will  collapse  along  AB.  It 
is  then  seen  that: 

Sin  0°  = Y = 0,  since  opp.  becomes  0. 


Cos  0*^ 


= 1,  since  adj.  becomes  1. 


Tan  “ Y ~ since  opp.  becomes  0 and  adj.  becomes  1. 


(&)  The  Ratios  of  90° 


In  this  case  as  angle  A ap- 
proaches 90°,  the  triangle  must  col- 
lapse along  A C. 


Sin  90°  = - = 1,  since  opp.  becomes  1. 


Cos  90°  ~ Y ~ since  adj.  becomes  0. 


Tan  90°  =^=00,  (an  infinitely  large 

number)  since  opp.  becomes  1 and  adj. 
becomes  0. 


c 
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(c)  The  Ratios  of  45" 


A 45°  triangle  is  drawn  so  that 
each  equal  side  is  1 in.  By  the  law 
of  the  right-angled  triangle, 

AB^  ^ V + V = 1 + 1 = 2, 

AB  = x/2. 

Then  in  triangle  ABC,  sin  45°  = • 

V2 


Cos  45°  = 


Tan  45°  = 


V2' 

1 _ 
I “ 


{d)  The  Ratios  of  30°  and  60° 

An  equilateral  triangle  is  drawn 
so  that  each  side  is  2 in.  The  centre 
line  AD  is  drawn  to  make 

DC  = 1 in., 
angle  DA  C = 30°, 
angle  A CD  = 60°. 

By  the  law  of  the  right-angled  triangle 
= 22  - P = 4 - 1 = 3. 

AD  - x/3. 

Then  in  triangle  ADC, 


sin  30°  = 


cos  30°  = 


tan  30°  = 


1 

2’ 

2 ’ 
1 


sin  60°  = 


cos  60°  = 


V3 


2’ 


tan  60°  = ^ = ^/3. 
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Use  of  Tables  to  find  Ratios 

Table  values  are  given  for  angles  at  intervals  of  6'.  It  is  neces- 
sary to  use  the  mean  difference  columns  on  the  right  side  of  each 
page  in  order  to  find  ratios  for  each  minute.  The  following  examples 
illustrate  the  method. 


Problems  Requiring  5-Figure  Accuracy 

In  the  problems  in  this  section  the  numbers  given  will  be  con- 
sidered to  be  exact,  so  that  7 = 7-  00000  etc.  Mean  differences  must 
be  used,  and  answers  must  be  given  to  5-figure  accuracy  or  angles 
to  the  nearest  minute. 


Examples: 

1.  Find  sin  25°  16'. 

Solution:  Sin  25°  12'  = 0 -42578 

Mean  difference  for  4'  = 105 

(Add)  sin  25°  16'  = 0-42683. 

2.  Find  cos  57°  53'. 

Solution:  Cos  57°  48'  = 0 -53288 

Mean  difference  for  5'  = 123 

(Subtract)  cos  57°  53'  = 0 -53165. 


Note:  1.  A straight  edge  should  be  placed  across  the  table. 

2.  The  sine  increases  as  the  angle  increases  while  the  cosine 
decreases  as  the  angle  increases. 

Rule:  Take  the  table  value  corresponding  to  the  angle  less  than 
the  required  angle  and  find  the  mean  difference.  If  the  table  is 
increasing  add  the  mean  difference.  If  the  table  is  decreasing,  sub- 
tract the  mean  difference. 
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5.  Find  tan  78°  3'. 


Solution: 


Tan  78°  0'  = 4 -70463. 


Mean  difference  for  3‘ 


? 


Since  no  mean  difference  is  given,  it  is  necessary  to  calculate  it 
as  follows: 


tan  78°  6'  = 4 -74534 
tan  78°  0'  = 4 -70463 


(Subtract)  difference  for  6'  = 4071 

Difference  for  3'  = | of  4071  = 2036 

tan  78° 0'  = 4-70463 
Difference  for  3'  = 2036 

(Add)  tan  78°  3'  = 4 -72499 


Note:  Since  the  sine,  cosine  and  tangent  ratios  do  not  change  in  a 
uniform  manner,  the  difference  for  1'  is  not  exactly  the  same  even 
across  one  line  in  the  table.  For  this  reason  the  differences  are  called 
mean  or  average  differences,  and  are  truly  accurate  at  the  centre  of 
the  line  only  (at  the  30'  section).  The  mean  differences  are  considered 
to  be  accurate  enough  for  practical  purposes  on  most  lines  of  the 
table.  However,  at  certain  parts  of  the  table,  the  differences  are 
changing  so  rapidly  that  it  is  considered  necessary  to  calculate  the 
difference  at  the  point  where  it  is  to  be  used.  At  such  places  in  the 
table  no  differences  are  given. 


Exercise 


B 


Find  the  value  of  each  ratio  in  the  following  to  5 figures: 


1.  sin  52°  23'. 
3.  tan  5°  2'. 

5.  cos  79°  45'. 
7.  sin  88°  27'. 
9.  tan  65°  20'. 


2.  cos  28°  13'. 
4.  sin  21°  59'. 
6.  tan  43°  19'. 
8.  tan  79°  21'. 
10.  cos  53°  16'. 
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Use  of  Tables  to  Find  Angles 

The  mean  differences  must  be  used  to  find  an  angle  accurate  to 
the  nearest  minute  when  a ratio  of  the  angle  is  known. 


Examples: 

1.  Find  angle  A if  sin  A = 0 -70603. 

Solution:  Angle  A is  between  44°  54'  and  45°  O'. 


Method  1 

sin  A = 0-70603 
sin  44°  54'  = 0-70587 


(Subtract)  Diff.  = 16 

16  is  nearest  to  the  differ- 
ence for  1'  in  the  mean 
differences  column. 

Angle  A = 44°  54'  + 1' 

= 44°  55'. 


Method  2 

sin  45°  0'  = 0-70711 
sin  ^ = 0 - 70603 


(Subtract)  Diff.  = 108 

108  is  nearest  to  the  differ- 
ence for  5'  in  the  mean 
differences  column. 

Angle  A = 45°  0'  - 5' 

= 44°  55'. 


Check:  Answer  is  between  44°  54'  and  45°  O'. 


2.  Find  angle  x if  tan  x = 3 -5. 

Solution:  Angle  x is  between  74°  0'  and  74°  6'. 


Since  no  mean  differences  are  given  it  is 
necessary  to  proceed  as  follows: 


tan  74°  6'  = 3 -51053 
tan  74°  0'  = 3 -48741 


(Subtract)  Difference  for  6'  = 2312 

2312 

Difference  for  1'  = — — = 385. 

6 

tan  74°  6'  = 3 -51053 
tan  X = 3 - 50000 


(Subtract)  Difference  = 
Number  of  minutes  = 


1053 
1053 


385 


= 3 (closest  value) 


Angle  X = 74°  6'  - 3'  = 74°  3'. 
Check:  Answer  is  between  74°  0'  and  74°  6'. 


USE  OF  TABLES  AND  IDENTITIES 


277 


Exercise 

B 

Find  the  angle  in  each  of  the  following: 

1.  sin  X = 0 -52313.  2.  cos  A = 0 04916. 

3.  tan  y = 0-92115.  4.  sin  B = 0-95176. 

5.  cos  A = 0-55437.  6.  tan  C = 4 -26713. 

7.  tan  A = 1-42113.  8.  cos  B = 0 -81052. 


Examples: 

1.  Find  the  value  of  X in  the 
diagram. 


Solution: 


— = sin  31°  47', 

10 

X = 10  sin  31°  47', 

X = lOX  0-52671  = 5-2671. 


sin  31°  42'  = 0 -52547 
diff.  for  5'  = 124 


sin  31°  47'  = 0 -52671 


2.  The  angle  of  elevation  of  the  top  of  a building  from  a point 
700  ft.  from  its  base  is  32°  14'.  Find  its  height. 

Solution: 


Let  the  height  be  x ft. 


— - = tan  32°  14', 

700 

X = 700  tan  32°  14'. 


tan  32°  12'  = 0 -62973 
Difference  for  2'  = 82 


(Add)  tan  32°  14'  = 0-63055 
X = 700  X 0 -63055  = 441-385. 
Height  of  building  = 441-39  ft. 
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Exercise 

B 

(Five-figure  accuracy  required.) 
Find  the  value  of  x in  each: 


Find  angle  A in  each: 


5.  The  angle  of  elevation  of  a building  is  43°  bV  when  measured 
from  a point  30  ft.  out  from  its  base.  Find  the  height  of  the  building. 

6.  Find  the  angle  of  elevation  of  an  aircraft  at  a height  of  10,000 
ft.  if  the  point  of  observation  is  5 miles  from  a point  on  the  ground 
directly  below  the  aircraft. 
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7.  A hole  is  to  be  drilled 
in  a steel  bar  as  shown 
in  the  diagram. 

Find  the  length  of  the  cut. 


8.  A navigator  flying  at  12,000  ft.  finds  the  angle  of  depression 
of  a town  is  29°  38'.  Find  the  distance  from  the  town  to  a point  on 
the  ground  directly  below  the  aircraft. 

9.  Find  the  angle  of  elevation  of  the  sun  when  a 30-ft.  tree  has 
a 25-ft.  shadow. 

10.  A rectangular  steel  plate  is  4 in.  X 2|  in.  Find  the  angle 
between  the  diagonal  and  the  longer  side. 


The  Reciprocal  Ratios 

Three  new  trigonometric  ratios  of  an  angle  may  be  formed  by 
inverting  each  of  the  sine,  cosine  and  tangent  ratios. 

The  complete  list  of  ratios  is  as  follows,  and  must  be  memorized. 


RATIO 

RECIPROCAL  RATIO 

. . s . Opp. 

(sine)  sine  x = 

hyp. 

(cosecant)  esc  x = 

opp. 

(cosine)  cos  x = 7--' 
hyp. 

(secant)  sec  x = ,, 

adj. 

(tangent)  tan  x — —7?' 

adj. 

(cotangent)  cot  x = 

opp. 
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Exercise 


1.  State  the  6 ratios  for 
angle  A and  also  angle  B in 
the  diagram. 


2.  In  the  diagram  for  question  1,  state  the  name  of  each  ratio 
for  angle  A and  also  for  angle  B. 


(a)  I,  (6)  h (c)  I {d)  h (e)  f,  (/)  f. 


B 

3.  Copy  and  fill  in  the  following  tables  from  the  diagram. 


Ratio 

Angle  A 

Angle  B 

sin 

cos 

tan 

CSC 

sec 

cot 

USE  OF  TABLES  AND  IDENTITIES 
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Note:  In  lettering  a triangle  it  is  customary  to  name  each  side  by 
the  small  letter  corresponding  to  the  opposite  angle. 

Co-functions  or  Co-ratios 

The  above  tables  depend  upon  the  fact  that  if  angle  A and 
angle  B are  complementary  then  they  will  always  occur  in  the  same 
right-angled  triangle.  For  this  reason  any  ratio  for  angle  A is  also  a 
ratio  for  angle  B \i  B = (90°  — A). 

sin  A = cos  B or  cos  (90°  — A), 
sec  A = CSC  B or  esc  (90°  — A). 

Rule:  Any  ratio  oi  A = co-ratio  of  (90°  — A). 

(The  co-ratio  being  the  ratio  formed  by  inserting  or  removing  “co” 
at  the  beginning  of  the  name  of  the  ratio.) 

Simple  Identities 

An  identity  in  trigonometry  is  an  equation  involving  trigono- 
metric ratios  which  is  true  for  any  value  of  the  angle  involved.  In 
order  to  prove  the  identity  it  is  necessary  to  simplify  the  Left  Side 
and  the  Right  Side  separately  until  they  reduce  to  the  same  expres- 
sion. In  order  to  do  this  it  is  often  advisable  to  express  every  ratio 
in  terms  of  sin  and  cos. 
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The  basic  rules  to  be  used  are  easily  developed  from  a diagram, 
and  are  as  follows,  where  x is  any  angle. 


RULE 

ILLUSTRATION  FROM  DIAGRAM 

1 

CSC  X = 

sm  X 

. c 1 

CSC  A = - = — 7 

a sm  A 

. . 1 1 ^ c 

(since  . ^ = = 1 X = ) 

sin  A a a a 

c 

1 

sec  X = 

cos  X 

. c 1 

sec  A = - = 

0 cos  A 

1 

cot  X = 

tan  X 

cot  A = - = 7 

a tan  A 

sin  X 

tan  X = 

cos  X 

sin  A a/c  cl  c a 
cos  A h/c  ebb 

sin  A 

— = tan  A 

cos  A 

cos  X 

cos  A b/c  b c b 

cot  X — 

sm  X 

A ! ^ 

sm  A a/c  c a a 

cos  A 

7 = cot  A 

sm  A 

USE  OF  TABLES  AND  IDENTITIES 
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By  the  use  of  these  rules  any  expression  may  be  written 
of  sin  and  cos,  and  reduced  to  its  simplest  form. 


Example:  Prove  the  identity  esc  x = 

Solution:  L.S.  = esc  x = 


sec  X 
tan  X 

1 

sin  X 


^ ^ sec  X 1 /cos  X 1 
R.S.  = = -A = X 


tan  X 


sm  X 
cos  X 

1 


cos  X 


sin  X 
L.S.  = R.S. 


Exercise 

B 

Prove  the  following  identities  by  expressing  every  ratio 
of  sin  X and  cos  x. 

1.  sin  X cot  X = cos  x. 

2.  cos  X tan  x = sin  x. 

3.  sin  X sec  x = tan  x. 

4.  cot  X sec  X sin  X = 1. 
tan  X 


5. 


sm  X. 


sec  X 

6.  cot  X tan  X = 1. 
sin  X cos  X 


7. 


= mc2 


COS^X. 


tan  X 

8.  sec  X CSC  X ==  sec^x  cot  x. 

1 

9.  sm  X cot  X = . 


sec  X 


10.  tan  X = 


CSC  X 


in  terms 


cos  X 
sin  X 


in  terms 
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Further  Identities 

It  is  not  always  necessary  to  reduce 
all  ratios  to  sin  and  cos.  Since  the  ob- 
jective is  to  change  L.S.  and  R.S.  to  the 
same  thing,  it  is  often  possible  to  plan 
the  solution  in  several  different  ways. 
The  following  additional  rules  are  helpful 
in  more  difficult  cases. 


RULE 

ILLUSTRATION  FROM  DIAGRAM 

6.  (a)  sin^x  + cos^x  = 1, 

sinM  + cosM  = (“)"+  (~y 

(b)  sin^x  = 1 — cos^x, 

(c)  cos^x  = 1 — sin^x. 

+ 62 

c2 

By  the  law  of  the  right-angled 
triangle  a2  + 62  = ^2^ 

Hence  sin2^  + cos2^  = 1. 

These  rules  follow  from  Rule 

6 (a)  by  transposing. 

7.  (a)  sec^x  — tan^x  = 1, 

sec^.4  - tan^A  = (i)'  - 

(b)  sec^x  = 1 + tan^x, 

(c)  tan^x  = sec^x  — 1. 

c2  — a2 
" 62  ■ 

By  the  law  of  the  right-angled 
triangle  = b"^. 

Hence  sec2yl  — tan2^  = 1. 

These  rules  follow  from  Rule  7 
(a)  by  transposing. 

8.  (a)  csc^x  — cot^x  = 1, 

cscM-cotM  = gy-gY 

(b)  csc^x  = 1 + cot^x, 

(c)  cot^x  = csc^x  — 1. 

c'  - 6* 

a2 

By  the  law  of  the  right-angled 
triangle  — b"^  = a^. 

Hence  csc2.T  — cot^A  = 1. 

These  rules  follow  from  Rule  8 
{a)  by  transposing. 

USE  OF  TABLES  AND  IDENTITIES 

Examples: 

1 

1.  Prove  sin^x  = - — ^ . 

1 + cot^x 

Solution: 

1 + cot^x 
= (Rule  81..) 

CSC^X 

sin^x  '' 

= ix  — 

= sin^x 
= L.S. 

R.S.  = L.S. 

sin^x)  = sin^x. 
sin^x) 

(Rules  7c,  6c.) 


Exercise 

B 

Prove  the  following  identities: 

1.  (csc^x  — 1)  (1  — cos^x)  = cos^x. 

2.  1 — 2 sin^x  = cos^x  — sin^x. 

sin^x  „ . „ 

3.  = tan^x  — sin^x. 

cot^x 


2.  Prove  (sec^x  — — 

Solution: 

L.S.  = (sec^x  — 1)  (1  — 
= (tan^x)  (cos^x) 
(sin^x) 


cos^x 


(cos^x) 


= R.S. 
L.S.  = R.S. 


285 


4.  sec^x  + csc^x  = sec^x  csc^x. 

5.  1 + 2 tan^x  = sec^x  + tan^x. 

6.  (1  + tan^x)  cos^x  = 1. 
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7. 


+ 


sec^x  csc^x 


= 1. 


sm  X cos  X 

8. 1 = 1. 

CSC  X sec  X 

9.  cos  (90°  — x)  sec  x = tan  x. 


10. 


csc^x  — 1 


= sin^x. 


Exercise 


B 

(Five-figure  accuracy  is  required.) 
Find  from  the  tables: 

1.  cot  36°  50'. 

3.  CSC  70°  10'. 

Find  angle  x from  the  tables: 

5.  cot  X = 0 -95143. 

7.  sec  X = 1 • 92173. 


2.  sec  51°  45'. 

4.  sec  82°  25'. 

6.  CSC  X = 1-40276. 
8.  cot  X = 3-2. 


Find  the  value  of  x in  each  diagram : 

9.  10. 


Find  angle  A in  each  diagram : 

11.  12. 


CHAPTER  XVII 


THE  RIGHT  TRIANGLE  AND  SHOP  PROBLEMS 
Solving  the  Right  Triangle 

In  any  triangle  there  are  6 parts,  namely,  3 sides  and  3 angles. 
A triangle  is  solved  when  all  6 parts  are  calculated.  If  3 parts,  at 
least  one  being  a side,  are  given,  then  the  triangle  may  be  solved. 

In  the  diagram  the  letter  is  placed  on  the  right  angle  first.  The 
other  vertices  may  be  marked  in  any  order.  Finally  the  sides  of 
the  triangle  are  lettered  in  small  letters  to  correspond  to  the  opposite 
angle.  Then  a,  b and  c represent  the  lengths  of  the  sides,  including 
appropriate  units,  and  A,  B and  C represent  the  angles  in  degrees 
and  minutes. 

Case  1 To  solve  a right  triangle  in  which  one  angle  and  one  side 
are  given. 

Example:  Solve  triangle  T5C given  B = 90°,  C = 41°  10'  and  c = 


10  in. 


Solution: 


{!)  - = cot  C. 


c 

a = c cot  C 


c 


B 


= 10  cot  41°  10' 
= 10  X 1- 14367, 
a = 11-437  in. 


cot  41°  6'  = 1-14632 
diff.  for  4'  = 265 


cot  41°  10'  = 1-14367 


(2)  - = cosec  C. 
c 


b = c cosec  C 
— 10  cosec  41°  10' 


cosec  41°  6'  = 1-52120 
diff.  for  4'  = 198 


= 10  X 1-51922, 


(Subt.)  cosec  41°  10'  = 1-51922 


b = 15  -192  in. 
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(3)  angle  A = 90°  - C 

= 90°  - 41°  10' 

= 48°  50'. 

Noie:  The  unknown  side  should  always  be  placed  in  the  numera- 
tor of  the  ratio  in  order  to  simplify  the  work. 

Exercise 

B 

Solve  the  following  triangles  to  5-figure  accuracy. 

1.  B = 90°,  C = 50°,  c = 8 in. 

2.  C = 90°,  B = 58°  50',  5 = 12  ft. 

3.  A = 90°,  B = 72°  10',  c = 4 ft. 

4.  B = 90°,  A = 25°  35',  5 = 10  in. 

5.  C = 90°,  A = 65°  10',  a = 6 in. 

6.  A = 90°,  B = 70°  32',  5 = 3 02  in. 

Case  2 To  solve  a right  triangle  in  which  two  sides  are  given. 
Example:  Solve  triangle  ABC  given  C = 90°,  c = 12  in.,  a = 9 in. 
Solution: 

{!)  cosB  = ^ = 0-75000. 

angle  B is  between  41°  24'  and  41°  30'. 
cos  41°  24'  = 0 -75011 
cos  B = 0-75000 
diff.  = 11  or  1'. 

angle  B = 41°  25'.  (Check) 

(2)  angle  ^ = 90°  - 41°  25' 

= 48°  35'. 

(J)  — a 

= 144  - 81 
= 63 
h = 

= 3y/7  = 3 X 2-6458 
= 7-9374 
h = 7 -9374  in. 
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Exercise 

B 

Solve  the  following  triangles  to  5-figure  accuracy. 

1.  A = 90°,  a = 20  in.,  b = 12  in. 

2.  B = 90°,  a = 5 in.,  c = 6 in. 

3.  C = 90°,  a = 10  ft.,  6 = 3 ft. 

4.  A = 90°,  b = 2-75  in.,  c = 1 in. 

5.  B = 90°,  b = 12  in.,  a = 6 in. 

6.  C = 90°,  a = 3 in.,  5 = 3 in. 

Equilateral  and  Isosceles  Triangles 

These  triangles  occur  frequently  in  shop  problems  and  since  they 
do  not  contain  a right  angle,  special  treatment  is  required. 

It  is  necessary  to  draw  a right  triangle  in  each  case.  This  is  done 
by  drawing  the  altitude  of  the  triangle,  which  bisects  the  base  at 
right  angles  and  also  bisects  the  vertical  angle. 

Examples: 

1.  Find  the  length  of  the  side  of  an  equilateral  triangle  with  altitude 
8 in.  ^ 

Solution: 

In  the  diagram  the  altitude  AD 
is  drawn  bisecting  the  base  at  D 
and  also  bisecting  the  vertical 
angle  BAG.  c 

BD  = DC,  angle  B = 60°  and  angle  BAD  = 30°. 

AB 

— — = cosec  60  . 

DA 

AB  = DA  cosec  60° 

= 8 X 1-15470 
= 9-23760. 

The  length  of  side  is  9 -2376  in. 
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2.  In  an  isosceles  triangle  ABC,  one  equal  side  AB  is  15  in.  and  base 
angle  B is  42°  30'.  Find  the  length  of  the  altitude  and  the  base. 

Solution: 

(i)  Altitude  AD  is  drawn. 

— = sin  42°  30'. 

15 

AD  = 15  sin  42°  30' 

= 15  X 0-67559 
= 10-13385. 

Altitude  is  10  -134  in. 


(^) 


cos  42°  30'. 


BD 

BD  = 15  cos  42°  30' 
= 15  X 0-73728 
= 11-05920. 
Base  = 2 X BD 

= 2 X 11-0592 
= 22-118  in. 


Exercise 

B 

(All  answers  to  5 figures.) 

1.  The  equal  sides  of  an  isosceles  triangle  are  15  in.  long  and  the 
altitude  is  12  in.  Calculate  the  length  of  the  base  and  the  number  of 
degrees  in  each  base  angle. 

2.  An  isosceles  triangle  has  sides  12  in.,  12  in.  and  5 in.  Find 
(a)  all  the  angles,  (5)  the  altitude  using  the  5 in.  side  as  base. 

3.  An  isosceles  triangle  has  a base  of  4-5  in.  and  an  altitude  of 
10  in.  Calculate  all  the  angles  and  the  length  of  the  equal  sides. 

4.  The  equal  angles  of  an  isosceles  triangle  are  each  57°  52'  and 
the  perpendicular  height  is  5 in.  Find  {a)  the  vertical  angle,  (6)  the 
length  of  the  three  sides. 

5.  The  vertical  angle  of  an  isosceles  triangle  is  36°  45'  and  the 
equal  sides  are  1-5  in.  Find  the  base  angles,  the  altitude  and  the 
base. 
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A steel  bar,  as  shown  in  diagram,  has  a 
diameter  d = 20  mm.  and  is  tapered 
to  a point.  If  the  perpendicular  dis- 
tance = 24  mm. 

(а)  Find  the  angle  A at  the  tip  of  the 
taper, 

(б)  Find  the  length  b mm. 


7. 

The  accompanying  diagram  shows 
a partial  view  of  a sharp  V 
thread.  Calculate  the  depth  d when : 

(a)  The  pitch  = ^ in., 

(b)  The  pitch  p = 1-5  \n. 


8.  In  a right- 
angled  triangle  the 
altitude  is  drawn 
to  the  hypotenuse. 
Find  the  dimen- 
sions shown  on  the 
diagram. 


9. 


A roof  has  a span  of  24  ft.  0 in. 
and  a rise  of  8 ft.  0 in.  Find  the 
slope  of  the  rafter  with  the  horizon. 


10.  A roof  has  a span  of  30  ft.  6 in.  and  a rise  of  12  ft.  Find  the 
slope  of  the  roof. 
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11.  In  the  above  diagram  12.  In  the  above  diagram,  find 
find  the  dimension  marked  a.  the  dimension  marked  h. 

Shop  Problems 

Examples: 

1.  Find  the  chordal  distance  between  the  centres  of  two  adjacent 
holes  if  8 holes  are  equally  spaced  around  the  circumference  of  a 
10  in,  circle. 


= 5 X 0-38268 
= 1-91340. 

AB  = 2 X 1-91340. 
Distance  = 3 - 8268  in. 
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2.  Find  the  angle  of  taper  if  a tapered  piece  10  in.  long  has  end 
diameters  4 in.  and  in. 


Solution: 


In  the  diagram  BC  is  drawn 
perpendicular  to  A C. 

BC  = 10  in. 


AC=  K4-2i)  = I in. 

AC  7/8 


tan  ABC  = 


BC 


10 


0-875 

10 


0-0875. 


angle  ABC  = 5°  O'. 

Angle  of  taper  = 2 X 5°  0'  = 10°  O'. 


3.  Find  the  taper  per  foot  when  the  angle  of  taper  is  7°  10'.  (Taper 
per  foot  is  the  difference  in  diameter  in  inches  per  foot.) 

Solution: 

In  the  diagram  BC  ^ 12  in. 
angle  ABC  = ho{7°  10'  = 3°  35'. 

^ = tan  3°  35'. 

AC  =\2  tan  3°  35' 

= 12  X 0 -06262 
= 0-75144. 

Taper  per  foot  = 2 X 0-75144  = 1-50288, 

Taper  = 1-5029  in.  per  ft. 
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Exercise 

B 

(Answer  to  5 figures.) 

1.  Find  the  spacing  for  12  equally  spaced  holes  on  a 15  in.  circle. 

2.  The  diameter  of  the  bolt  circle  on  a cylinder  head  is  12  in.  If 
there  are  16  equally  spaced  holes  on  the  circle,  what  is  the  centre- 
to-centre  distance  between  adjacent  holes? 

3.  If  three  holes  are  drilled  120°  apart  on  a 10  in.  circle,  what 
is  the  centre  distance  between  any  two  holes? 

4.  Find  the  value  of  the  angle  of  taper  for  a piece  of  work  10  in. 
in  length  with  end  diameters  of  1 in.  and  4 in. 

5.  Find  the  angle  of  taper  for  the  following  tapers  per  foot  (a) 
I in.,  (5)  f in. 

6.  Find  the  taper  per  foot  for  the  following  taper  angles  (a)  6°, 
(6)  12°  30'. 

7.  Find  the  length  of  the  side  of  the  largest  square  that  can  be 
cut  from  a circular  disc  of  diameter  5 in. 

8.  A chord  of  a circle  of  radius  2|  in.  is  1 • 028  in.  from  the  centre. 
Find  the  length  of  the  chord. 

9.  Find  the  length  of  the  chord  of  a circle  of  radius  4 in.  which 
makes  an  angle  of  45°  at  the  centre  of  the  circle. 


10.  A chord  3 in.  long  is  drawn  in  a circle  of  diameter  7 in.  Find 
the  angle  which  it  makes  at  the  centre. 


12.  Two  holes  are  located  on  a circle  whose  diameter  is  20  in. 
The  radii  drawn  to  the  centres  of  the  two  holes  form  an  angle  of  27°. 
Find  the  distance  between  the  centres  of  the  holes. 
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14.  Find  the  diameter  of  the  wire  that  will  be  flush  with  the  top 
of  the  sharp  V (60°) thread  which  has  8 threads  per  inch. 


15.  In  the  diagram  6 
holes  are  drilled  evenly 
spaced  on  a circle  6 -5  in. 
in  dia.  Plug  gauges  | in. 
in  dia.  placed  in  the  holes 
are  used  over  which  the 
dimensions  a and  b are 
measured. 

Calculate  a and  b. 


(6)  distance  a,  (c)  distance  b.  nearest  thousandth. 
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Problems  Involving  More  Than  One  Right-Angled  Triangle 

Example  1:  An  observer  wishes  to  find  the  height  of  a flag-pole 
located  on  top  of  a building.  From  a distance  of  100  ft.  from  the 
building,  he  measures  the  angle  of  elevation  of  the  top  of  the  building 
to  be  48°  30',  and  the  angle  of  elevation  of  the  top  of  the  flag-pole  to 
be  54°  36'.  Find  the  height  of  the  flag-pole. 


Height  of  flag-pole  = 100  tan  54°  36'  - 100  tan  48°  30' 


- 100  (tan  54°36'  ~ tan  48°  30') 

- 100  (1-40714  - 1-13029) 

= 100  (0-27685) 

= 27-685  ft. 

Example  2:  An  observer  finds  the  angle  of  elevation  of  the  top  of 
a mountain  is  38°  47'.  He  then  moves  one  mile  closer  on  level  ground 
and  finds  the  angle  of  elevation  is  47°  52'.  Find  the  height  of  the 
mountain  above  the  level  ground  (nearest  foot). 
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Solution:  Let  the  height  of  the  mountain  be  h ft.  In  the  diagram, 


By  subtraction  AC  — BC  = h cot  38°  47'  — h cot  47°  52', 
or  5280  = h (cot  38°  47'  - cot  47°  52'). 

h - 

“ cot  38°  47'  - cot  47°  52' 

5280 

“ 1-24445  - 0-90460 
5280 

~ 0-33985 
= 15536. 

Height  of  mountain  = 15,536  ft. 

Note:  Example  2 may  be  recognized  as  an  application  of  the 
Cotangent  formula  on  page  325. 


Exercise 

B 

(All  answers  to  5 figures.) 

1.  From  a point  200  ft.  from  a building  the  angle  of  elevation 
of  the  top  of  the  building  is  28°  52'  and  the  angle  of  elevation  of  the 
top  of  a T.V.  antenna  on  the  roof  is  35°  41'.  Find  the  height  of  the 
antenna. 

2.  From  a point  50  ft.  above  level  ground,  observations  are  made 
on  another  building.  The  angle  of  elevation  of  the  top  is  53°  and  the 
angle  of  depression  of  the  base  is  19°.  Find  the  height  of  the  building. 
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3.  Find  the  base  BC  of  triangle  ABC  in  the  diagram. 


A 


4.  A man  measures  the  angle  of  elevation  of  the  top  of  a monu- 
ment to  be  32°  17'.  He  then  moves  50  ft.  closer  and  finds  the  angle 
of  elevation  is  64°  19'.  Find  the  height  of  the  monument. 

5.  Two  observers  1000  yd.  apart  measure  the  angle  of  elevation 
of  a balloon  in  the  air  between  them.  If  the  angles  are  58°  47'  and 
41°  15'  find  the  height  of  the  balloon. 

6.  Find  the  altitude  AB  in  triangle  ABC  in  the  diagram. 


c 
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TRIGONOMETRIC  RATIOS  OF  ANY  ANGLE 
Angles  Greater  Than  90° 

On  pages  270-271  the  following  facts  were  developed  by  use  of  the 
unit  circle. 

(а)  Sin  0°  = 0 and  the  sine  increases  as  the 
angle  increases,  until  sin  90°  = 1. 

(б)  Cos  0°  = 1 and  the  cosine  decreases  as 
the  angle  increases,  until  cos  90°  = 0. 

(c)  Tan  0°  = 0 and  the  tangent  increases 
as  the  angle  increases,  until  tan  90°  = 

00  (infinity). 

Since  angles  greater  than  90°  occur  in  triangles  and  other  prob- 
lems it  is  necessary  to  define  the  trigonometric  ratios  for  angles 
greater  than  90°. 

The  Four  Quadrants 

Any  angle  is  the  amount  of  rotation  of  the  radius  OP  from  the  zero 
position  along  OM  to  its  final  position  along  OP. 

OP  is  called  the  terminal  arm  of  the 
angle  and  its  position  will  depend 
upon  the  size  of  the  angle. 

The  terminal  arm  may  take  its 
position  between  0°  and  90°  in  quad- 
rant 1.  If  the  angle  is  between  90° 
and  180°  then  OP  will  fall  in  quad- 
rant 2.  If  the  angle  is  between  180° 
and  270°  then  OP  will  fall  in  quad- 
ant  3.  If  the  angle  Is  between  270° 
and  360°  then  OP  will  fall  in  quad- 
rant 4. 

Note:  Negative  angles  are  formed  by  clockwise  rotation  of  OP, 
and  the  terminal  position  may  be  in  any  quadrant,  which  may  be 
determined  by  a diagram. 
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Convention  of  Signs  for  Lines 


I 


Lines  measured  to  the  right  of  the  starting-point  0 are  while  lines 
measured  to  the  left  of  0 are  — . 


Lines  measured  up  from  0 are  + while 
lines  measured  down  from  0 are  — . 

Lines  measured  diagonally  out  from  0 
are  considered  -f  in  any  direction. 


The  following  procedure  is  followed  to  draw  the  triangle  from  which 
the  trigonometric  ratios  of  any  angle  x may  be  found. 


1.  Draw  two  lines  at  right  angles  to 
separate  the  4 quadrants. 


2.  Locate  OP  by  rotation  from  the 
zero  direction. 

3.  From  P draw  PM  perpendicular 
to  the  horizontal  line  through  0. 

4.  Then  triangle  0PM  is  the  triangle 
from  which  the  ratios  are  taken.  MP  is 
the  opposite  side,  OM  the  adjacent  side 
and  OP  is  the  hypotenuse. 


5.  The  acute  angle  R in  the  triangle  is  then  calculated.  Any 
ratio  for  angle  x may  then  be  found  in  the  tables  by  looking  up  the 
same  ratio  for  angle  R,  and  placing  the  correct  sign  in  front. 
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Signs  in  the  Four  Quadrants 


1.  Quadrant  1 

p 


+ / 

/'■  r 

0 

+ j M 

MP  is  + 
OM  is  + 
OP  is  + 


sin  X is  +,  CSC  x is  +. 

cos  X is  rf,  sec  x is  +. 

tan  X is  +,  cot  x is  +. 


For  angles  in  the  first  quadrant  all  ratios  are  +,  and  may  be  found  in 
the  tables  by  looking  up  angle  x. 


2.  Quadrant  2 

sin  X is  +, 
cos  X is  — , 
tan  X is  — , 


P 

MP  is  + 

\.+ 

+ 

- 

OM  is  — 

ILi  \ 

OP  is  -f 

M 

0 

CSC  X is  + . 
sec  X is  — . 
cot  X is  — . 


For  angles  in  the  second  quadrant  (between  90°  and  180°)  only  the 
sin  and  esc  are  +.  The  ratios  are  found  in  the  tables  by  looking  up 
the  same  ratio  for  angle  R,  {R  = 180°  — x)  and  placing  the  correct 
sign  before  the  ratio. 


For  angles  in  the  third  quadrant  (between  180°  and  270°)  only  the 
tan  and  cot  are  +.  The  ratios  are  found  in  the  tables  by  looking  up 
the  same  ratio  for  angle  R,  (R  ==  x — 180°)  and  placing  the  correct 
sign  before  the  ratio. 
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4.  Quadrant  4 


sin  X IS  — , 
cos  X is  -f , 
tan  X IS  — . 


CSC  X is  — . 

sec  X is  +. 
cot  X is  — . 


For  angles  in  the  fourth  quadrant  (between  270°  and  360°)  only  the 
cos  and  sec  are  +.  The  ratios  are  found  in  the  tables  by  looking  up 
the  same  ratio  for  angle  R,  {R  = 360°  ~ x)  and  placing  the  correct 
sign  before  the  ratio. 


Rule:  The  above  results  may  be  summarized  by  the  CAST  rule. 

where  A means  ALL  ratios  are  +, 

5 means  SIN  and  esc  only  are  +,  ^ 

T means  TAN  and  cot  only  are  +,  j 

C means  COS  and  sec  only  are  +. 

However,  it  is  recommended  that  the  student  learn  to  draw  the 
above  diagrams  quickly  and  take  the  signs  from  the  diagram. 


Sine  of  an  Angle  in  Any  Quadrant 


Examples: 

1.  Find  sin  153°  24'. 

Solution:  Draw  a diagram. 
R = 180°  - 153°  24'  = 26°  36'. 
sin  153°  24'  = + sin  26°  36' 


= 0-44776. 
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Find  sin  212°  15'. 

Solution:  i?  = 212°  15'  - 180 
= 32°  15'. 

sin  212°  15'  = - sin  32°  15' 

= - 0 53362. 


3.  Find  sin  304°  51'. 

Solution:  R = 360°  - 304°  51' 
= 55°  9'. 

sin  304°  51'  = - sin  55°  9' 

= - 0-82064. 


4.  Find  sin  (-171°). 


Find  the  value  of: 
1.  sin  162°  15'. 

3.  sin  73°  16'. 

5.  sin  97°  1'. 

7.  sin  154°  52'. 

9.  sin  223°  16'. 

11.  sin  321°  17'. 


Exercise 

B 


2.  sin  308°  14'. 

4.  sin  268°  29'. 

6.  sin  283°  11'. 

8.  sin  197°  11'. 

10.  sin  (-136°  19'). 
12.  sin  723°  16'. 
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Changes  in  Value  of  Sin  as  JC  Increases  from  0°  to  360° 

90° 

sin  90°  = 1 


changes  in  the  value  of  sin  x may  be  studied  by  noting  the  change 
in  length  of  MP. 

Demonstration  Model 


ni 
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A demonstration  model  may  easily  be  constructed  as  shown  in 
the  diagram.  Solid  lines  should  be  coloured  black  to  represent 
positive  distances.  Dotted  lines  should  be  coloured  red  to  represent 
negative  distances.  The  vertical  side  XV  must  be  maintained  in 
the  vertical  position  as  the  radius  rotates  about  0. 


The  Sine  Curve 

The  graph  shows  the  value  of  sin  x a.s  x increases  from  0°  to  360°. 


X 

0° 

30 

60 

90 

120 

150 

180 

210 

240 

270 

300 

330 

360 

sin  X 

0 

0-50 

0-87 

10 

0-87 

0-50 

0 

-0-50 

-0-87 

-10 

-0-87 

-0-50 

0 

The  sine  curve  gives  an  accurate  representation  of  wave  motion,  and 
is  used  in  many  branches  of  physics,  particularly  in  the  theory  of 
alternating  currents. 


Exercise 

B 

1.  Draw  a graph  for  sin  x using  graph  paper  and  taking  values 
of  X from  0°  to  360°  at  30°  intervals. 
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Other  Ratios  of  Angles  from  0°  to  360° 

Other  ratios  may  be  worked  out  in  the  same  manner  by  the  use  of  a 
diagram. 


Examples: 

1.  Find  cos  112°  18'. 

Solution:  R = 180°  - 112°  18' 

= 67°  42'. 

cos  112°  18'  = - cos  67°  42' 
= - 0 -37946. 


3.  Find  sec  (-  27°  43'). 

-2r43' 

\ + 

M 

Solution:  R = 27°  43' 

R 

L 

sec  (-27°  43')  = + sec  27°  43' 

= 1-12961. 
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Find  the  value  of: 

1.  CSC  112°  16'. 
3.  cos  115°  21'. 
5.  cot  327°  16'. 
7.  sin  122°. 

9.  cot  129°  18'. 
11.  tan  98°  17'. 
13.  cot  138°  21'. 
15.  tan  163°  27'. 


Exercise 

B 

2.  tan  (-  10°  11'). 
4.  sin  (-  229°  17'). 
6.  sec  187°  7'. 

8.  cos  176°. 

10.  sec  143°  56'. 

12.  CSC  132°  29'. 

14.  cos  104°  11'. 


16.  2 sin  125°-  3 cos  142°. 

17.  sin  127°  30'  + cos  252°  12'. 

18.  sin  143°  15'  + cos  157°  16'. 


Finding  an  Angle  in  any  Quadrant 

Examples: 

1.  Find  angle  + in  the  second  quadrant  if  cos  + = — 0 -76216. 


Solution: 


cos  + = — cos  R, 
cos  i?  = + 0 -76216, 

R is  between  40°  18'  and  40°  24'. 
cos  40°  18'  = 0 -76267 
cos  R = 0-76216, 
diff.  = 51  or  3', 

R = 40°  21'.  (Check) 
angle  + = 180°  - 40°  21' 

= 139°  39'. 
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2.  Find  two  values  for  angle  A if  tan  A ~ — 1-20567. 

Solution:  Since  tan  A is  negative,  angle  A may  be  in  the  second 
or  fourth  quadrant. 


(a)  If  angle  A is  in  the  second  quadrant, 

tan  A = —tan  R. 
tan  R = +1-20567. 
angle  R is  between  50°  18'  and  50°  24'. 

tan  = 1 - 20567 
tan  50° 18'  = 1-20451 

diff.  = 116  or  2'. 

angle  R = 50°  20'.  (Check) 
angle  A = 180°  - 50°  20' 

= 129°  40'. 

(5)  If  angle  A is  in  the  4th  quadrant, 

angle  R ~ 50°  20'.  (see  above) 
angle  A = 360°  - 50°  20' 

= 309°  40'. 

Angle  + is  129°  40'  or  309°  40'. 

Exercise 
B 

1.  Find  angle  A in  the  second  quadrant  if  sin  A = 0-31418. 

2.  Find  angle  A in  the  third  quadrant  if  cos  + = —0-30500. 

3.  Find  angle  A in  the  second  quadrant  if  tan  + = —1-21618. 

4.  Find  angle  A in  the  third  quadrant  if  cosec  A = -I-  50206. 

5.  Find  angle  + in  the  fourth  quadrant  if  cot  A = -0-72140. 

6.  Find  the  value  of  0-5  cosec  102°  18'  — 2 sec  150°  24'. 

7.  Find  the  value  of  5 sin  152°  — 3 cos  128°  + 4 sec  120°. 

8.  Find  angle  A in  the  third  quadrant  if  tan  A — 0 -82160. 

9.  Find  angle  A in  the  second  quadrant  if  sec  + = -1-50175. 

10.  Find  angle  A in  the  second  quadrant  if  tan  A = -1-20000. 


CHAPTER  XIX 


THE  OBLIQUE  TRIANGLE 


The  Oblique  Triangle 

An  oblique  triangle  is  one  which  does  not  contain  a right  angle. 
In  triangle  ABC,  each  small  letter  must  be  placed  on  the  side 
opposite  the  angle  marked 
with  the  same  capital  letter. 

Then  A,  B and  C are  the 
three  angles  and  a,  b and  c 
are  the  lengths  of  the  three 
sides. 

In  order  to  solve  an  obli- 
que triangle  3 of  the  6 parts 
must  be  given  and  at  least 
one  of  the  given  parts  must 
be  a side.  The  formulas  to  be 
used  are  developed  below. 


The  Law  of  Sines 


To  prove  that  in  any  triangle, 
a b c 

sin  A sin  B sin  C 

Proof: 

Let  ABC  be  any  triangle. 

Draw  perpendicular  to  BC  b 
and  let  AD  be  h (the  altitude). 


In  triangle  ABD,  - = sin  B\  h = c sin  B. 
c 


In  triangle  ACD  - = sin  C\  h = b sin  C. 
b 

b sin  C = c sin  B. 
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Divide  both  sides  by  sin  B sin  C. 

b sin  C c sin  B 

sin  B sin  C sin  B sin  C’ 

b c 

sin  B sin  C 

Similarly,  by  drawing  a different  altitude  of  triangle  ABC,  it  may 
be  proved  that 

a b 

sin  A sin  B 
a b c 
sin  A sin  B sin  C 

This  formula  is  the  Law  of  Sines  and  must  be  memorized. 

Note:  The  Law  of  Sines  also  applies  to  obtuse-angled  triangles 
and  the  proof  is  similar  to  the  one  given  above. 


Accuracy  in  the  Solution  of  Triangles 

If  a solution  accurate  to  5 figures  is  required,  it  is  necessary 
that  sides  be  given  accurate  to  5 figures  and  angles  to  the  nearest 
minute.  In  that  case  logarithms  should  be  used,  and  the  tables  should 
be  used  to  obtain  5 figures  using  mean  differences.  Special  formulas 
will  be  developed  which  are  suitable  for  use  with  logarithms  in  a 
later  section. 

In  this  section  logarithms  will  not  be  used.  Three-figure  numbers 
will  be  given  and  the  slide  rule  may  be  used.  Tables  should  be  used 
to  give  3-figure  accuracy.  This  may  be  done  by  using  angles  accurate 
to  the  nearest  6 minutes  since  25°  6'  = 25  T°  and  25°  24'  = 25  -4° 
etc.  Mean  differences  will  not  be  used  and  tables  values  will  be 
rounded  off  to  3 figures.  This  is  a sufficient  degree  of  accuracy  for 
many  problems  in  physics  and  engineering. 

Most  actual  shop  problems  require  4-  or  5-figure  accuracy. 
However,  use  of  the  slide  rule  at  this  time  should  allow  the  student 
to  concentrate  on  the  methods  used,  rather  than  on  numerical 
computations.  In  addition,  a slide  rule  solution  provides  a quick 
check  on  any  problem. 
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Examples: 

1.  Find  sin  53°  24'. 
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Solution:  sin  53°  24'  = 0 - 803. 


2.  Find  angle  A if  cos  A = 0 -728. 
Solution:  angle  A = 43°  18'. 


3.  Find  the  value  of 


7-28  sin  29°  18' 


Solution:  Value  = 


cos  15°  24' 
7-28  X 0-489 


0-964 

3 -69.  (by  slide  rule) 


4.  Find  angle  A if  cos  A = . 

/ * 

3 • 48 

Solution:  cos  A = — — = 0-481, 
angle  A = 61°  12'. 

Note  1:  An  allowance  of  1 or  2 on  the  third  figure  may  be  made 
for  operations  on  the  slide  rule.  When  an  angle  is  looked  up  in  the 
tables,  a variation  of  1 in  the  third  figure  will  usually  give  a varia- 
tion of  6'  in  the  angle.  However  at  some  parts  of  the  table  the 
variation  in  the  angle  could  be  larger  than  6'.  This  may  indicate 
that  such  a variation  is  not  of  great  importance  in  the  problem 
and  should  be  allowed. 

Finally  if  greater  accuracy  is  required  logarithms  should  be  used. 

Note  2:  Where  two  angles  are  to  be  found,  the  smaller  angle 
should  be  found  first.  This  ensures  that  the  angle  is  less  than  90°. 
The  last  angle  may  be  found  by  subtraction  from  180°. 
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Exercise 

B 

(Slide  rule  may  be  used.  Tables  to  be  used  to  give  3-figure 
accuracy.) 

Find  the  value  of; 

1.  2 -75  sin  28°  6'.  2.  sin  15°  18'  cos  23°  24'. 

7-86  tan  42°  18'  sin^  42°  54' 

cot  2°  24'  sec  28°  12'* 


Find  angle  A given: 

• . 2-76 

5.  sin  A = . 6.  cos  A = 

5-24 


Find  angle  A in  the  second  quadrant  given: 
3-28  X 0-716 

7.  sm  A = . 8.  cos  A = 

5-10 


2-342  -f  1-282 
7-16  X 3-24  ■ 

32  -f  52  - 72 
2X3X5”' 


Solution  of  Triangles  Using  the  Law  of  Sines 

Case  1 To  solve  a triangle  given  one  side  and  two  angles. 
Example  1:  Solve  triangle  ABC  given  a — 7-26  in. 

B = 68°  12',  C = 58°  36'. 


Solution: 

(!)  A = 180°  - (B  + C) 
= 180°  - 126°  48' 
= 53°  12'. 


(^) 


b 

sin  B 


asmB  7-26  X sin  68°  12'  7-26  X 0-928 

sin  A ~ sin  53°  12'  ~ 0 -801 


5 = 8-41  in. 
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w;  ^ 7;  — . . • 

sm  C sin  A 

_ a sin  C _ 7-26  X sin  58°  36^  _ 7-26  X 0 854  _ ^ 
sin  ^ sin  53°  12'  0 -801 

c - 7-74  in. 

Note:  The  Law  of  Sines  may  be  used  only  if  one  side  and  the  angle 
opposite  it  are  both  known.  It  is  convenient  to  begin  the  solution 
by  writing  the  formula  with  the  unknown  part  in  the  numerator  of 
the  left  side. 


Example  2:  Solve  triangle  ABC  given  5 = 2-86  in., 
A = 36°  36'  and  C = 41°  24'. 


5 sin  .4  2 -86  X sin  36°  36' 

sin  B sin  102°  0' 

sin  102°  0'  = + sin  78°  0' 

= 0-978. 


2-86  X 0-596 
0-978 


1-743  in. 


(d) 


c 

sin  C 


h 

sin  B 


6 sin  C _ 2 - 86  X sin  41°  24'  _ 2 - 86  X 0 - 661 
sin  5 sin  102°  0'  0 -978 


1-933. 


c = 1 - 933  in. 

Note:  a and  c may  be  obtained  from  a single  setting  of  the  slide 
rule. 
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Exercise 

B 

Solve  the  following  triangles; 

1.  A = 25°,  C = 80°,  a = 15  in. 

2.  J5  = 27°12',  C = 72°48',  5 = 8-47  in. 

3.  C = 62°  12',  A = 47°  54',  c = 10-8  in. 

4.  ^=127°  18',  B = 28°18',  a = 37-6  in, 

5.  ^=46°  24',  B = 26°54',  c = 72  -4  in. 


The  Law  of  Cosines 


To  prove  that  in  any  triangle 
Proof: 

Let  ABC  be  any  triangle. 

Draw  BD  perpendicular  to  CA 
and  let  BD  be  h (the  altitude). 

Let  DA  = X,  then  CD  = h — x. 


52  + — 2hc  cos 


By  the  law  of  the  right  triangle  in  triangle  BCD 
= {b  - x)2  + R 


Since  {b  — x)^  = — 2bx  + (by  multiplication) 

and  — x^  (in  right  triangle  BDA), 

b"^  — 2bx  + x^  + — x^ 

= 52  ^2  _ 2bx. 

X 

Also  - = cos  A,  X = c cos  A , 
c 

1.  ifl2  = ^2  _j_  ^2  _ 2bc  cos  A. 

In  a similar  manner  it  may  be  proved  that: 

2.  b"^  = A-  — ^cLc  cos  B, 

3.  c2  = a2  + 52  _ 2ab  cos  C. 

This  formula  is  the  Law  of  Cosines  and  must  be  memorized. 


Note:  The  Law  of  Cosines  also  applies  to  obtuse-angled  triangles, 
and  the  proof  is  similar  to  the  one  given  above. 
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Solution  of  Triangles  Using  the  Law  of  Cosines 

Case  2 To  solve  a triangle  given  two  sides  and  the  contained 
angle. 

Example  1:  Solve  triangle  ABC  given  a = 7 in.,  6 = 5 in., 
C = 47°  18'. 


Solution: 


(2)  (Since  b is  smaller  than  a,  angle  B is  smaller  than  angle  A,  and 
should  be  found  next.) 

sin  B sin  C 
b ^ c ’ 


sin  B 


b sin  C 5 X sin  47°  18' 

^ ~ 505 


5 X 0-735 
5-15 


0-713. 


angle  B = 45°  30'. 


(3)  B A-  C = 45°  30'  + 47°  18'  = 92°  48', 

A = 180°  - 92°  48'  = 87°  12'. 

Note:  It  is  interesting  to  note  that  use  of  the  logarithm  formula 
on  page  335  gives  angle  A = 87°  17',  angle  B = 45°  35'. 
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Example  2:  Solve  triangle  ABC  given  h = 7-16  in.,  c = 9-27 
in.,  A = 117°  48'. 


Solution: 

(1)  — 2bc  cos  A 

= 7-162  + 9-272  - 2 X 7-16  X 9-27  X cos  117°  48' 
cos  117°  48'  = - cos  62°  12'  = - 0 -466. 

a2  = 7-162  + 9-272  + 2 X 7-16  X 9-27  X 0-466 
= 51-3  + 85-9  + 61-8 
= 199. 

a = = 14- 1 in. 

The  remainder  of  the  solution  proceeds  as  in  Example  1. 

Note:  After  the  triangle  is  solved,  a mental  check  should  be  made 
to  ensure  that  the  largest  side  is  opposite  the  largest  angle. 

Exercise 

B 

Solve  the  following  triangles: 

1.  A = 50°,  b = 12  in.,  c = 10  in. 

2.  C = 73°  24',  5 = 10-2  ft.,  a = 14-1  ft. 

3.  a = 42  in.,  c = 37  in.,  B = 112°  18'. 

4.  5 = 38  ft.,  a = 17  ft.,  C = 104°  24'. 

Case  3 To  solve  a triangle  given  three  sides. 

Example  1:  Solve  triangle  ABC  given  a = S in.,  5 = 16  in., 
c ==  10  in. 

Solution:  Since  the  Law  of  Cosines  must  be  used  first,  it  is 
advisable  to  find  the  second  largest  angle  first,  in  order  to  avoid 
ambiguity  and  at  the  same  time  make  use  of  a more  accurate  section 
of  the  cos  table. 
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{1)  = a^-\-b^-2ab  cos  C. 


cos  C = 


a2  + _ c2 

2^6 


82  + 162  - 102 
2 X 8 X 16  ’ 


cos  C = 


64  + 256  - 100 
256 


angle  C = 30°  42'. 


(2)  Since  A is  the  smallest  angle  it  should  be  found  next, 
sin  A sin  C 
a c 

a sin  C 8 X sin  30°  42'  8 X 0 -511  ^ 

sin  A = = = = 0 -409. 

c 10  10 

angle  A = 24°  6'. 


(J)  A A-  C = 24°  6'  + 30°  42'  = 54°  48'. 
angle  B = 180°  - 54°  48'  = 125°  12'. 


Note:  It  is  interesting  to  note  that  the  use  of  the  logarithm 
formulas  on  page  238  gives  angle  A = 24°  8',  angle  B = 125°  6'  and 
angle  C = 30°  46'.  Extreme  care  must  be  taken  in  squaring  the 
numbers  since  errors  are  magnified  in  the  subtraction. 


Exercise 

B 


Solve  the  following  triangles: 

1.  a = 8 in.,  5 = 15  in.,  c = 20  in. 

2.  a = 10  in.,  b = 4-5  in.,  c = 7-3  in. 

3.  a = 4-5  in.,  5 = 3 in.,  c = 5 in. 

4.  a = 6-2  in.,  b = 8-4  in.,  c = 12-7  in. 


318 


SENIOR  TECHNICAL  MATHEMATICS 


Case  4 To  solve  a triangle  given  two  sides  and  the  angle  opposite 
one  of  the  given  sides. 

Example:  Construct  triangle  ABC  for  each  of  the  following  sets 
of  dimensions: 

{a)  A = 30°,  6 = 4 in.,  a = \\  in.  (no  solution), 

(6)  A = 30°,  6 = 4 in.,  a = 2 in.  (1  solution), 

(c)  A = 30°,  6 = 4 in.,  a = 3 in.  (2  solutions), 

(d)  A = 30°,  6 = 4 in.,  a = 4|  in.  (1  solution). 

Note:  In  this  case  the  given  parts  may  determine  one  triangle, 
two  triangles  or  no  triangle.  For  this  reason  this  is  called  the 
Ambiguous  Case. 

If  the  given  parts  are  a,  6,  and  A,  the  following  diagram  illustrates 
the  four  possibilities. 


In  the  diagram  h = 6 sin  ^ , and  6 may  be  calculated  first. 


Possibilities  in  Case  IV  (given  a,  and  b) 

1.  No  solution  if  a is  less  than  h. 

2.  One  solution  if  a = 6 (a  right-angled  triangle). 

3.  Two  solutions  if  a is  between  h and  6. 

4.  One  solution  if  a is  equal  to  or  greater  than  6. 

In  solving  a triangle  of  this  type  a careful  drawing  should  be 
made  (and  h may  be  calculated),  in  order  to  determine  which  of  the 
four  possibilities  is  correct. 
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Example  1:  Solve  triangle  ABC  given  a = 10  in.,  6 = 6 in., 
A = 32°. 

Solution:  Since  a is  greater  than  h 
there  is  one  solution  only. 


Angle  B = 18°  30'. 


{2)  Angle  C = 180°  - (32°  0'  + 18°  30')  = 180°  - 50°  30'  = 129°  30'. 


sin  C sin  A 

a sin  C 10  X sin  129°  30' 
sin  A sin  32° 

sin  129°  30'  = sin  50°  30' 


c 


= 0-772. 


10  X 0-772 
0-530 


14-6  in. 


Example  2:  Solve  triangle  ABC  given  a = 3 in.,  6 = 7 in.. 


A = 49°  30'. 

Solution:  The  diagram  indicates  there 
may  be  no  solution. 


= 6 sin  A = 7 X sin  49°  30'  = 7 X 0 - 760  = 5 - 32  in. 
Since  a is  less  than  h there  is  no  solution. 
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Example  3:  Solve  triangle  y4J3C  given  a = 3-28  in.,  6 = 7- 01  in., 


angle  B = 90°  O',  and  there  is  1 solution  only. 


C2)  angle  C = 180  - (90°  + 27°  54')  = 180  - 117°  54'  - 62°  6'. 

(3)  7 = cos  27°  54'  (since  ABC  is  a.  right  triangle). 

0 

c = bcos  27°  54'  = 7 01  X 0-884  = 6-20  in. 


Example  4:  Solve  triangle  ABC  given  a = S in.,  5 = 10  in.. 


Since  a is  between  h and  b there  are  2 solutions. 

sin  B sin  A 
b a 

. „ 5sin^  10  X sin  33°  12'  10  X 0-548  ^ 

sin  B = = = = 0 -685, 

a S 8 

angle  B = 43°  12',  or  angle  B = 180°  - 43°  12'  = 136°  48'. 
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Solution  1 

{!)  angle  B = 43°  12'. 

(2)  C = 180°  - (33°  12'  + 43°  12') 
= 180°  - 76°  24', 

C = 103°  36'. 


(^) 


c 

sin  C 


a 


sin  a' 


a sin  c 8 X sin  103°  36' 
sin  A sin  33°  12' 

sin  103°  36'  = sin  76°  24'. 


8 X 0-972 
0-548 


14  -2  in. 


Solution  2 

(i)  angle  B = 136°  48'. 

{2)  C = 180°  - (33°  12'  + 136°  48') 
= 180°  - 170°  O', 

C = 10°  O'. 


(^) 


c a 

sin  C sin  Al  ’ 


a sin  c _ 8 X sin  10°  0' 
sin  A sin  33°  12' 

_ 8 X 0-174 
“ 0-548  ■ 


c = 2 -54  in. 
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Exercise 

B 

Make  a diagram  for  each  of  the  following  triangles,  and  solve 
if  possible. 

1.  A = 31°,  a = 11-5  in.,  6 = 9 in. 

2.  c = 6 in.,  b = 15  in.,  B — 130°. 

3.  a = 7-5  in.,  c — 10-5  in.,  A = 57°. 

4.  c = 12-6  in.,  6 = 171  in.,  C = 43°  18'. 

5.  B = 38°  48',  a = 15  in.,  6-15  in. 

Summary  — Solution  of  the  Oblique  Triangle 


Given 

Solution 

2 angles  and  1 side. 

Given:  A,  B,  c. 

(1)  C = 180°  - {A  +B), 

(2)  Law  of  Sines  to  find  a, 

(3)  Law  of  Sines  to  find  6. 

2 sides  and  contained 
angle. 

Given:  b,  c,  A. 

(1)  Law  of  Cosines  to  find  a, 

(2)  Law  of  Sines  to  find  B, 

(3)  C - 180°  ™ U + B). 

3 sides. 

Given:  a,  6,  c. 

(!)  Law  of  Cosines  to  find  A, 

(2)  Law  of  Sines  or  Cosines  to 
find  B, 

(3)  C = 180°  - {A  + B). 

2 sides  and  the  angle 
opposite  one. 

Given  A,  a,  b. 

Draw  a diagram. 

(i)  Law  of  Sines  to  find  B 
(may  be  0,  1 or  2 values), 

{2)  C = 180°  - {A  +B), 

(3)  Law  of  Sines  to  find  c. 

Note:  In  2 and  3 above,  find  the  smallest  angle  first. 
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Review  Exercise 

B 

Solve  each  triangle,  given: 

1.  A = 16°,  C = 41°,  a = 7-2  in. 

2.  c = 7-3  in.,  a = 5-8  in.,  B = 62°. 

3.  a = 25  in.,  & = 32  in.,  c = 38  in. 

4.  a = 7-2  in.,  6 = 9-4  in.,  ^=42°. 

5.  5 =42°  30',  C = 70°12',  a = 3-27  in. 

6.  6 = 4-36  in.,  c = 6-72  in.,  ^ = 42°  30'. 

7.  a = 8-3  in.,  b = 5-2  in.,  c = 6 0 in. 

8.  a = 43  in.,  c = 32  in.,  A = 46°. 

9.  a = 52  in.,  6 = 56  in.,  c = 60  in. 

10.  b = 55  in.,  c = 43  in.,  C = 37°. 

Exercise 

N 

1.  In  the  figure,  point  A is  730 
ft.  from  C and  bears  N 28°  E.  Point 
B is  distant  840  ft.  from  A and  bears 
N 62°  E.  Find  the  distance  CB  and 
the  angle  x. 

w 

2.  From  a point  on  the  shore  two  buoys  bear  N 13°  E and  N 37° 
E respectively.  If  it  is  203  ft.  to  the  second  buoy  and  the  buoys  are 
495  ft.  apart,  what  is  the  distance  to  the  first  buoy? 


3.  In  the  diagram,  find 
the  missing  dimension  a. 
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4.  In  a parallelogram  ABCD,  AB  is  6 in.,  BC  is  8 in.,  and  the 
diagonal  BD  is  12  in.  Find  the  altitude,  using  BC  as  the  base. 


5.  Find  the  missing  dimension 
a in  the  diagram. 


6.  In  the  diagram  find  side  a. 


7.  Find  the  angle  A in  the 
three-dimensional  diagram. 
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Cotangent  Formula  for  Heights 

To  find  the  height  of  triangle 
given  a,  B,  C. 

Solution: 

Draw  the  altitude  AD  — h. 

BD 

In  triangle  ABD,  ——  = cot  B]  BD  = h cot  B. 
h 

CD 

In  triangle  A CD,  = cot  C;  CD  = h cot  C. 
h 

Adding  the  two  equations,  BD  + CD  = h cot  B h cot  C, 

a = h (cot  B + cot  C), 

The  formula  for  height  h h = 

cot  B + cot  C 

Note:  This  formula  is  true  also  for  obtuse-angled  triangles  and  the 
proof  is  similar  to  the  proof  given  above. 


h = 


Example  1:  Find  h in  the  diagram. 
Solution: 

8 


cot  46°  36'  + cot  63°  18' 

8 


63°18' 

J 1 


= 0-946  + 0-503 

8 


1-449 


^ = 5-52  in. 


326 


SENIOR  TECHNICAL  MATHEMATICS 


Example  2:  The  angle  of  elevation  of  the  top  of  a tree  is  measured 
at  36°  42'.  The  observer  then  moves  100  ft.  toward  the  tree  and 
again  measures  the  angle  of  elevation.  He  finds  it  is  63°  48'.  Find 
the  height  of  the  tree. 


Solution: 

1 

The  angles  in  the  triangle  are  36°  42' 
and  (180°  - 63°  48'). 

1 

h 

h 

36°42'  / 

\ L 

/63°48’ 

\ r 

i 

~ cot  36°  42'  + cot  116°  12'* 

L.„  100'— 

cot  116°  12'  = - cot  63°  48'  = 0 -492. 


100  100 
1-342  - 0-492  “ 0^ 


117-8. 


Height  = 117  -8  or  118  ft. 


Exercise 

B 


1.  Find  h. 


2.  Find  h. 
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7.  Find  h and  a. 


Find  h. 


8.  Find  h,  x,  and  y. 


10.  Find  R. 


11.  Ten  ball-bearings  are  equally 
spaced  round  the  outside  of  a circle 
with  dia.  23  ■ 6 in.  If  the  centre-to- 
centre  distance  is  7 • 72  in.  find : 

(a)  diameter  of  bearings, 

{b)  diameter  of  outer  casing. 


CHAPTER  XX 


SOLUTION  OF  THE  OBLIQUE  TRIANGLE  USING 
LOGARITHMS 

Logarithms  of  Trigonometric  Functions 

Logarithms  are  given  directly  for  the  trigonometric  functions,  and 
the  examples  below  illustrate  their  use. 


Examples: 

1.  Find  log  sin  43°  37'. 
Solution: 

From  the  log  sin  tables 

log  sin  43°  36'  = 1 • 83861 
diff.  for  1'  = 13 

log  sin  43°  37'  = T - 83874. 

3.  If  log  cos  A = T- 54361 
find  A. 

Solution: 

From  the  log  cos  tables  A is 
between  69°  30'  and  69°  36'. 

log  cos  69°  30'  = T - 54433 
log  cos  A = 1 • 54361 

diff.  = 72  or  2' 

A = 69°  30'  + 2'  = 69°  32'. 


2.  Find  log  cot  65°  34'. 
Solution: 

From  the  log  cot  tables 

log  cot  65°  30'  = T - 65870 
diff.  for  4'  = 134 

log  cot  65°  34'  = T - 65736. 

4.  If  log  tan  X = 0 -71308 
find  :x:. 

Solution: 

From  the  log  tan  tables  x is 
between  79°  0'  and  79°  6'. 

log  tan  79°  6'  = 0 -71541 
log  tan  X = 0 -71308 

diff.  = 233  or  3' 

X = 79°  6'  - 3'  = 79°  3'. 


In  the  following  examples  it  is  necessary  to  write  the  Log 
Equation  as  shown.  It  is  then  convenient  to  write  the  logarithm  of 
each  number  directly  below  the  corresponding  number. 
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5. 


Find  the  value  of 


2 -7163  cos  58°  A7' 
sin  17°  43'  tan  15°  21' 


Solution: 

Let  the  value  be  x. 


log  X 

= (log  2 • 7163  + log  cos  58°  47')  - (log  sin  17°  43'  + log  tan  15°  21') 


logs: 

0-43297 

95 

5 

1-71560 

103 

1-48292 

40 

1-43707 

147 

T-71457 

T- 48332 

Add  T- 43854 

T- 43854 

Add 

0-43397 

T- 71457 

Subt. 

0-14854 

2-92186 

2-92186 

logjc  = 1-22668 

antilog:  16827 
23 
3 


Answer  16  - 853 


6.  Find  A if  cosec  A = ^ 21  -716 
Solution: 

cosec  A = (21  - 716)  ^ 

log  cosec  ^ = I log  21-716. 

1-33646 

20 

12 

= iX  1-33678 
log  cosec  A = 0 -44559. 

From  log  cosec  tables,  A — 21°  O'. 
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Exercise 

B 

Find  the  value  in  1-6.  Find  angle  A in  7-10. 

2.  log  sin  17°  23'. 


1.  log  cos  46°  50'. 

3.  log  tan  49°  28'. 

5.  log  sin  31°  52'. 

7.  log  sin  A = T - 64732. 

9.  log  tan  A = 0 - 17318. 


4.  log  cot  21°  35'. 

6.  log  tan  58°  20'. 

8.  log  cos  A = T- 61867. 

10.  log  cot  .4  = 1- 05673. 


11.  Find  angle  A in  the  second  quadrant  if  log  sin  A — I 


Find  the  value  of: 

7-3162  sin  27°  38' 


12. 


14. 


16. 


tan  56°  23' 

cos215°  29'  sec  19°  28' 
17  -025  cosec  53°  29' 

28  -716  sin  158°  23' 


cos  162°  15' 


13. 


sin  51°  21'  cos  18°  23' 


V" cosec  27°  52' 


.5.  \/2  -7183  sin  75°  28'. 


17.  J 


sin  31°  29' 


cos  52°  18' 


Find  angle  A in  the  first  quadrant,  given: 


18.  tan  ^ = 18  -315  Vsin  49°  23'. 
7 -6231  sin  18°  39' 


19.  sin  A 


A 

20.  tan  — 
2 


5-2816 


=v 


3-5186 


21.  COS  A = 


5-7186 

0 -5236  cos  63°  19' 
tan  58°  13' 


51023. 
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Solution  of  Right  Triangles  Using  Logarithms 

Examples: 

1.  Find  angle  A in  the  diagram. 


o . 7-8163 

Solution:  tan  A = • 


log  tan  A 

= log  7-8163  - 

log  9 -2786. 

logs: 

0-89265 

0-96708 

33 

38 

2 

3 

0-89300 

0-96749 

0-96749 

log  tan  A 

= T-92551. 

angle  A 

II 

o 

O 

2.  The  angle  of  elevation  of  the  top  of  a building  is  47°  53'  when 
measured  from  a point  3 ft.  above  the  ground  and  150  -00  ft.  from  the 
base  of  the  building.  Find  the  height  of  the  building. 


Solution:  Let  BC  = ft. 


150-00 
150  -00  tan  47°  53' 


= tan  47°  53' 


log  X = log  150  -00  + log  tan  47°  53'. 


logs: 

2-17609 

0-04251 

0-04378 

127 

log  X = 

2-21987 

0-04378 

antilog : 

16558 

30 

3 


c 


165-91 

Height  of  building  = 165  -91  + 3 = 168  -91  ft. 
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Exercise 

B 

(Use  logarithms,  5-figure  accuracy  required) 
Find  the  value  of  x and  y in  the  diagrams: 


1.  2. 


Solve  triangle  ABC  m each  of  the  following: 

5.  A = 90°,  b = 17  032  in.,  c = 21-316  in. 

6.  A = 90°,  B = 39°  27',  c = 15  -713  in. 

7.  B = 90°,  C = 51°  19',  b = 2 -7163  in. 

8.  C = 90°,  c = 8-7163  in.,  b = 5-0416  in. 

9.  The  angle  of  depression  of  a town  is  measured  to  be  61°  27' 
from  an  aircraft  whose  altimeter  reads  12,500  ft.  Find  the  distance 
from  the  town  to  a point  on  the  ground  directly  below  the  aircraft. 

10.  How  high  will  a ladder  28-156  ft.  long  reach  when  placed 
against  a wall  so  that  the  angle  between  the  ladder  and  the  ground 
is  71°  23'? 

11.  From  the  top  of  a building  35  ft.  high,  the  angle  of  elevation 
of  the  top  of  another  building  is  29°  37',  and  the  angle  of  depression 
of  its  base  is  31°  17'.  Find  the  height  of  the  building  if  they  are  on 
level  ground. 
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Accuracy  of  Trigonometric  Tables  and  Calculations 

The  accuracy  of  a measured  number  is  indicated  by  the  number 
of  significant  figures  it  contains.  In  any  calculation  made  with 
measured  numbers  the  answer  is  entitled  to  as  many  significant 
figures  as  the  least  accurate  of  the  original  numbers. 

Angles  used  in  the  tables  are  given  to  the  nearest  minute,  which 
corresponds  approximately  to  4-figure  accuracy.  Numbers  taken 
from  the  Trigonometric  Tables  should  also  be  considered  as  being 
accurate  to  four  figures,  rather  than  five.  A further  inaccuracy  in  the 
fifth  figure  results  from  the  use  of  mean  differences.  (See  Note 
page  275). 

For  these  reasons,  lengths  should  be  given  accurate  to  four  figures. 
However,  if  five  figures  are  given,  they  should  be  used  throughout  the 
solution.  It  is  advisable  to  carry  out  the  solution  using  five  figures, 
but  the  final  answer  should  be  rounded  off  to  four  figures. 


Solution  of  Oblique  Triangles  Using  Logarithms 

In  order  to  obtain  4-figure  accuracy,  it  is  necessary  to  use 
logarithms. 

Case  1 To  solve  a triangle  given  two  angles  and  one  side. 

Example:  Solve  triangle  ABC  given  A = 73°  13',  B = 42°  19'  and 
c = 3-8716  in. 

Solution: 

{!)  C = 180°  - (73°  13'  + 42°  19') 

= 180°  - 115°  32'. 

C = 64°  28'. 
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^ t;- 

sm  A sm  C 

_ c sin  A _ 3-8716  sin  73°  13^ 
sin  C sin  64°  28' 

log  a = log  3-8716  + log  sin  73°  13'  - log  sin  64°  28'. 

logs:  0-58771  T-98106  T-95513 

11  4 24 

7 

T-98110  T-95537 

0-58789 

T-98110 


0-56899 

T-95537 


log  a = 0 -61362 

antilog:  41020 
57 
2 


a = 4 - 1079  in.  or  4 - 108  in. 

(J)  — — — . Complete  the  solution  by  finding  b as  in  (2)  above, 
sm  B sm  C 

Exercise 

B 

1.  Given  A = 47°  15',  B = 82°  26',  c = 724-1,  find  b. 

2.  Given  B = 87°  9',  A = 35°  43',  a = 160  -1,  find  b and  c. 

3.  Given  A = 49°  13',  C = 82°  37',  b = 3542,  solve  the  triangle. 

4.  From  two  ships  A and  B three  miles  apart  observations  are 
made  on  a third  ship  C.  It  is  found  that  angle  CAB  = 54°  37'  and 
angle  CBA  = 63°  15'.  Find  the  distance  of  the  ship  C from  A and 
from  B in  yards. 

5.  The  angle  between  the  side  wall  of  a barn  and  the  rafters  is 
124  degrees.  The  line  from  the  ridge  of  the  roof  to  the  bottom  of  the 
wall  makes  an  angle  of  24°  40'  with  the  wall.  If  the  wall  is  26  ft.  3 in. 
high,  find  the  length  of  the  rafters. 
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6.  A swamp  prevents  the  continuation  of  a straight  road.  The 
road  turns  to  the  right  through  an  angle  of  50°  15'  and  proceeds  in  this 
direction  for  a distance  of  1400  yd.  From  the  new  course  the  road 
then  turns  left  through  an  angle  of  100°  20'  and  continues  in  this 
direction  until  it  meets  the  line  of  the  original  road.  How  much  was 
the  road  lengthened  in  order  to  avoid  the  swamp? 

7,  A water  tower  is  located  at  the  top  of  a hill.  An  observer 
110  0 ft.  down  the  slope  from  the  tower  measures  the  angle  between 
the  base  and  top  of  the  tower  to  be  28°  50'.  Find  the  height  of  the 
tower  if  the  slope  of  the  hill  is  14°. 


Case  2 To  solve  a triangle  given  two  sides  and  the  contained 
angle. 

Logarithms  are  useful  when  using  a formula  which  involves  the 
operations  of  multiplication,  division  or  finding  powers  or  roots. 
Plus  and  minus  signs  in  the  formula  usually  make  it  unsuitable  for 
use  with  logarithms.  For  this  reason  the  Cos  Law  is  not  suitable 
and  a new  formula  is  used  called  the  Law  of  Tangents. 


The  Law  of  Tangents  Formula 
A-  B a 


1.  tan 


b ^ C 

r . 

a h 2 


(Used  if  a,  b,  C given  and  a is  larger  than  b). 


or  tan 


B - A 


b — a C 

- — ; — cot  — 
b + a 2 


(Used  if  a,  b,  C given  and  b is  larger  than  a). 


b — c 
b c 


or 


3. 


a — c 
a T c 


or 


tan 


C - A 


2 


c — a 
c a 
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Example:  Solve  triangle  given  a = 7 -8165  in.,  c = 9 -2134  in. 
and  B = 76°  43'. 

Solution: 

{!)  Since  c is  larger  than  a 

C — A c — a B 

tan — = cot  — 

2 c CL  2 


B =76°  43', 


^ =38°  22'. 


c = 9-2134 
a = 7-8165 


c - a = 1-3969 
c + a = 17-0299  or  17-030. 


tan 


C - A 


1-3969 

17-030 


cot  38°  22'. 


log  tan 


log  1-3969  + log  cot  38°  22'  - log  17  030. 


logs:  0-14301 

0-10251 

1-23045 

190 

104 

76 

28 

0 

0-14519 

0-10147 

0-10147 

1-23121 

Add  0-24666 
Subt.  1-23121 

C - A _ 

log  tan = 1 -01545 

is  between  5°  54'  and  6°  O'. 


C - A _ 

log  tan  — - — = 1 -01545 


log  tan  5°  54'  = 1-01427 
diff.  = 


118  or  1' 

C - A = 5°  54'  + 1'  = 5°  55'. 


2 
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The  solution  may  be  completed  in  either  of  two  ways. 


C-i-A  = 180°  - B = 180°  - 76°  43'  = 103°  17'. 


C-i-A 

2 

C-A 


= 51°  39' 
= 5°  55' 


(Add)  C = 57°  34' 
(Subt.)  A = 45°  44'. 


C-hA  = 103°  17' 
C-A  = 11°  50' 


(Add)  2C  = 115°  7' 

C = 57°  34' 

(Subt.)  2A  = 91°  27' 

^ A = 45°  44'. 


(2) 


b 

sin  B 


— . Complete  the  solution  by  finding  b. 

sm  A 


Exercise 

B 

1.  Given  A = 58°  36',  b = 3724,  c = 5647,  find  B. 

2.  Given  B = 48°  20',  c = 78  ■ 6,  a = 25  -5,  find  A and  C. 

3.  Given  B = 41°  2',  c = 383  -4,  a = 450  -9,  solve  the  triangle. 

4.  Main  and  King  streets  cross  so  that  the  angle  between  them 
is  33°  24'.  A bank  on  Main  St.  and  a church  on  King  St.  are  both 
located  east  of  the  intersection.  If  the  bank  is  486  yd.  from  the 
intersection,  and  the  church  is  440  yd.  from  the  intersection,  how 
far  is  it  from  the  bank  to  the  church? 

5.  Town  C is  located  30-7  miles  due  north  of  town  A.  Town  B 
is  located  23  - 1 miles  from  C and  in  the  direction  28°  43'  south  of  east. 
At  present  the  only  road  from  ^ to  B is  through  C.  How  much  closer 
would  it  be  if  a straight  road  were  built  between  A and  B? 

6.  Town  A is  32-7  miles  due  south  of  town  B,  and  town  C is 
21-2  miles  from  in  a direction  24°  22'  east  of  north.  Find  the 
distance  A C. 

7.  It  is  planned  to  lay  a coaxial  cable  from  the  mainland  at  A to 
an  island  station  B.  It  is  known  that  AB  subtends  an  angle  of  39°  14' 
at  an  observation  point  C.  If  HC  is  70-2  yd.  and  BC  is  91  -4  yd.,  how 
far  is  it  from  A to  B? 
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8.  A bridge  is  to  be  built  over  a gorge  from  P to  Q.  PQ  subtends 
an  angle  of  101°  51'  at  R,  a point  on  the  bed  of  the  gorge.  How  long 
will  the  bridge  be  if  PR  = 155-6  ft.,  and  QR  = 201-2  ft.? 

9.  Two  roads  cross  at  an  angle  of  66°  16'.  East  of  the  crossing 
are  two  bridges  (one  on  each  road)  at  distances  5241  ft.  and  6753  ft. 
from  the  intersection.  How  far  apart  are  the  bridges? 

Case  3 To  solve  a triangle  given  the  three  sides. 

In  this  case  a new  formula  is  required  called  the  Tan  Half-Angle 
formula. 


The  Tan  Half-Angle  Formula 


1.  tan^ 


2.  tan 


, C 

3.  tan  — = 
2 


-b) 

is  - 

s (s  - 

- a) 

lis 

- a) 

is  - 

c) 

s {s 

- b) 

- a) 

is  - 

b) 

\l 

s {s  ■ 

- c) 

where  s = 


a + b + c 


Example:  Find  the  largest  angle  in  triangle  ABC  given  a = 
7 -3154  in.,  6 = 5 -2186  in.,  c = 4-9276  in. 


Solution:  Since  a is  the  largest  side,  A is  the  largest  angle. 


A Ks  - b)  {s  - c)  /3  -5122  X 3 -8032 

tan  y - -y  s {s  - a)  “ » 8-7308  X 1-4154' 

, A 

log  tan  — 

= I [(log  3-5122  + log  3-8032)  - (log  8-7308  + log  1-4154)]. 
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0-54531 

0-57978 

0-94101 

0-14922 

24 

34 

00 

152 

2 

2 

4 

12 

0-54557 

0-58014 

0-94105 

0-15086 

0-58014 

0-15086 

1-12571 

1-09191 

1-09191 

0.03380 

log  tan  — = ^(0- 03380)  = 0- 01690, 

ii 

| = 46»r. 

A = 92°  14'. 

Note:  If  angles  B and  C are  required  they  may  be  found  by  the 
use  of  either  the  Law  of  Sines  or  the  above  formula. 


The  K Formula 

A slightly  different  form  of  the  Tan  Half-Angle  formula  may  be 
used  to  simplify  the  work  when  it  is  necessary  to  find  all  three  angles, 
as  follows; 

a + b + c 

A K B K C K 

tan  — = , tan  = -,  tan  = . 
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Example:  Solve  triangle  ABC  given  a = 4437  ft.,  h 
c = 5413  ft. 

Solution: 

(in  abbreviated  form) 

logs 

a = 4437 

s — a = 4555 

3-65849 

h = 8134 

s - h = 858 

2-93349 

CO 

T— H 

Tin 

uo 

II 

s — c = 3579 

3 55377 

2s  = 17984 

Check  8992 

10-14575 

5 = 8992 

3-95386 

2)6-19189 

log  K = 3 -09595 

log  {s  - a)  = 3-65849 

log  tan 

— =1-43746 

2 

— = 15°  19'  and  A = 30°  38' 

2 

log  K = 3 09595 
log  {s  -b)  = 2 -93349 
B 

log  tan  — = 0 ■ 16246 

Ji 

— = 55°  29'  and  B = 110°  58' 

2 

log  K = 3 -09595 
log  {s  - c)  = 3 -55377 

C 

log  tan  — = 1 - 54218 

— = 19°  13'  and  C = 38°  26' 

2 


Check:  A+B  + C = 180°  2'. 
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Exercise 

B 

1.  Solve  the  following  triangles; 

(a)  a = 843-2,  b = 902-4,  c = 934-2, 

(b)  a = 52-78,  b = 74-33,  c = 80-50, 

(c)  a = 6273,  b = 6813,  c = 7060. 

2.  A highway  crossing  two  intersecting  roads  forms  a triangular 
lot.  The  sides  of  the  lot  are  80 - 5 yd.,  71-2  yd.,  and  51  - 6 yd.  If  the 
largest  side  is  along  the  highway  find  the  angles  at  which  the  highway 
crosses  the  roads. 

3.  A diagonal  of  a parallelogram  is  3-668  in.  If  the  sides  are 
3 -402  in.,  and  5-306  in.  find  the  angles  of  the  parallelogram. 

4.  An  airplane  leaves  Malton  for  Big  City.  From  Big  City  it 
flies  on  to  Great  Town  and  after  stopping  there  returns  directly  to 
Malton.  It  is  174  - 5 miles  from  Malton  to  Big  City,  252  • 5 miles  from 
Big  City  to  Great  Town,  and  130-3  miles  from  Great  Town  to 
Malton.  Through  what  angles  does  the  pilot  change  his  course  at 
each  port? 

5.  Towns  D,  E,  F are  located  so  that  it  is  157  miles  from  D to  £, 
102  miles  from  D to  F,  and  115  miles  from  E to  F.  What  is  the  size 
of  angle  DEF? 


Case  4 To  solve  a triangle  given  two  sides  and  the  angle  opposite 
one  of  them. 

Example:  Solve  triangle  ABC  given  6 = 32  -76  in.,  c = 26  -58  in., 
C = 53°  22'. 


342 


SENIOR  TECHNICAL  MATHEMATICS 


Solution: 

The  diagram  indicates  there  are  2 solutions. 


log  sin  B = log  32  ■ 76  + log  sin  53°  22'  — log  26  • 58. 


logs; 1-51535  1-90442 

T- 90442 


1-42325 

131 


1-41977  1-42456 

1-42456 


log  sin  5 ==  1 - 99521, 

B = 81°  30'  or  98°  30'. 


(1)  B = 81°  30', 

(2)  A = 180°  - {B  + C), 
A = 45°  8'. 


(^) 


a 

sin  A 


c 

sin  C 


Solving  for  a, 
a = 23  -48  in. 


(1)  B = 98°  30', 

{2)  A = 180°  - {B  + C), 
A = 28°  8', 

(3) 

sin  A sin  C 
Solving  for  a, 
a = 15  -62  in. 


=26- 58" 

A 

B 


The  two  solutions  are  (a)  B = 81°  30',  A = 45°  8',  a = 23-48  in. 

(b)  B = 98°  30',  A = 28°  8',  a = 15-62  in. 
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Exercise 

B 

1.  Solve  the  following  triangles: 

(a)  a = 3 -62  in.,  b = 4:-49  in.,  A = 47°  52', 

(b)  5 = 24 ■ 52  in.,  c = 21  • 75  in.,  C = 44°  16', 

(c)  a = 521-4  in.,  b = 301-2  in.,  A = 34°  20', 

(d)  a = 0-4452  in.,  b = 0 -4208  in.,  B = 65°  36'. 

2.  Town  A is  67 1 miles  north  of  town  C.  Town  5 is  in  a direc- 
tion 58°  18'  north  of  east  from  C.  How  far  is  it  from  B to  C if  town 
A is  56|  miles  from  B? 

3.  An  observer  at  point  0 on  the  shore,  2972  ft.  from  a lighthouse 
L,  sights  a ship  S'  wrecked  on  a reef.  The  distance  from  the  reef  to 
the  lighthouse  is  known  to  be  2384  ft.  If  the  angle  LOS  is  found  to  be 
40°  54'  how  far  is  the  ship  from  the  observer? 


Summary  — Solution  of  the  Oblique  Triangle 


Given 

Without  logarithms 

With  logarithms 

Case  1. 

2 angles  and  1 side. 
Given:  A,  B,  c. 

(i)  C = 180°  - {A  B). 

{2)  Find  a (Law  of  Sines). 

{3)  Find  b (Law  of  Sines). 

Case  2. 

2 sides  and 
contained  angle. 
Given:  b,c,  A. 

{!)  Find  a (Law  of 
Cosines). 

{2)  Find  B (Law  of 
Sines). 

{3)  C = 180°  - 
{A+B). 

(1)  Find  B and  C 
(Law  of  Tangents). 

(2)  Find  b (Law  of 

Sines). 

Case  3. 

3 sides. 

Given:  a,  b,  c. 

{!)  Find  A (Law  of 
Cosines). 

{2)  Find  B (Law  of 
Sines  or  Cosines). 
{3)  C = 180° 

- {A  +B). 

(/)  Find  A,  B and  C 
(Tan  Half-Angle 
formula  or  K 
method). 

Case  4. 

2 sides  and  the 
angle  opposite  one. 
Given:  A,  a,  b. 

Draw  a diagram  and  determine 
the  number  of  solutions. 

(1)  Find  B (Law  of  Sines) 

— there  may  be  0,  1 or  2 values. 

(2)  C = 180°  - (A  + B). 

(3)  Find  c (Law  of  Sines). 
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Exercise 

B 

Solve  each  triangle  completely,  given: 

1.  6 = 5 -698  in.,  A = 39°  43',  C = 61°  16'. 

2.  a = 0-  5872  in.,  c = 0 ■ 8435  in.,  B = 47°  55'. 

3.  a = 834-6  in.,  b = 896-4  in.,  c = 950-6  in. 

4.  a = 3-580  in.,  c = 4-825  in.,  A = 52°  46'. 

5.  a = 8645  ft.,  A = 36°  14',  B = 121°  50'. 

6.  a = 17  -87  in.,  & = 29  -43  in.,  C = 105°  20'. 

7.  a = 0-5287,  h = 0-7346  in.,  c = 0-8594  in. 

8.  a = 380-4  in.,  c = 592-7  in.,  C = 72°  16'. 

9.  In  the  diagram  find  the  value 
of  X and  y. 


10.  In  the  diagram  find: 
{a)  angle  OCB, 

(6)  the  dimension  jc. 


SOLUTION  OF  THE  OBLIQUE  TRIANGLE  USING  LOGARITHMS  345 


11.  In  the  diagram  find: 

(a)  angle  DAC, 

(b)  angle  B AC, 

(c)  dimension  x. 


12.  In  the  diagram  find: 

{a)  distance  x in., 

(&)  distance  y in. 

(Join  CB,  OC,  OB.  Calculate 
angles  CBA,  CBO  and  ABO.) 


T 

i 


CHAPTER  XXI 


PROPERTIES  OF  TRIANGLES 

Areas 

In  this  section,  problems  involving  numbers  with  3 figures  or  less 
may  be  done  by  slide  rule,  those  with  4 or  5 figures  by  logarithms. 

Area  of  a Triangle  (A) 

1.  Given  base  and  altitude. 

bh. 


(s  - b)  {s-  c). 


3.  Given  two  sides  and  the  contained  angle. 

1.  A = i be  sin  A. 


2.  A = \ ac  sin  B. 

3.  A — \ ah  sin  C. 

Proof:  In  the  diagram  let  h be  the 
altitude  from  B to  AC. 


h 

c 


= sin  A. 


h = c sin  A, 

A = \ hh  = \ he  An  A. 

In  the  same  way  the  other  formulas  may  be  proved. 
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L 


4. 


A = 


Given  two  angles  and  one  side. 

62  sin  A sin  C 
2 sin  B ' 


2. 


A = 


sin  B sin  C 
2 sin  A ’ 


J.  A = 


c2  sin  A sin  B 
2 sin  C 


Proof:  By  the  Law  of  Sines,  — 


sin  A sin  B 
b s\n  A 

Hence  a = — : — --  and  c 
sin  B 


c 

sin  C’ 
b sin  C 
sin  B 


. /b  sin  A\  /b  sin  C\  . . 
\ sm  B / \ sin  B / 


62  sin  A sin  C 
2 sin  B 

Similarly  the  other  formulas  may  be  proved. 

Area  of  a Parallelogram 

Given  two  sides  and  the  contained  angle. 


Area  = be  sin  A. 


Examples: 

1.  Find  the  area  of  triangle  ABC  given  ^ = 13  in.,  6 = 14  in., 
c = 15  in. 


Solution: 
a = 13 
6 = 14 
c = 15 
25  = 42 

5 = 21 


a = S 
6=7 
c = 6 


A = Vs{s  — a)  {s  — 6)  {s  — c) 
= V2I  X 8 X 7 X 6 


Check  = 21 


= \/7056 


84. 


Area  of  triangle  = 84  sq.  in. 
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2.  Find  the  area  of  triangle  ABC  given  a — 7 ■ 816  in.,  b = 9 -314 
in.,  C = 58°  27'. 

Solution: 

A = I a5  sin  C = i X 7-816  X 9-314  sin  58°  27', 

log  A = log  3 - 908  + log  9 • 314  + log  sin  58°  27'. 

logs:  0-59106  0*96895  T- 93030 

88  18  23 

0-59194  0-96913  T- 93053 

0-96913 

T- 93053 

log  A = 1-49160 

antilog:  30974 

43 
0 

31017 

Area  of  triangle  = 31-017  sq.  in.  or  31-02  sq.  in. 

3.  Find  the  area  of  triangle  ABC  given  B = 51°  18',  C = 68°  54', 
a = 21  - 7 in. 

Solution: 

A = 180°  - (51°  18'  + 68°54')  = 180°  - 120°  12'  = 59°  48'. 

sin  B sin  C 
^ 2 sin  A 

21  -72  X sin  51°  18'  X sin  68°  54' 

“ 2 sin  59°  48'  ’ 

21-72  X 0-780  X 0-933 
“ 2 X 0-864  ’ 

= 198-2. 

Area  of  triangle  = 198  sq.  in. 

Exercise 

B 

1.  Find  the  area  of  a triangle  AlBC  having  a = 25  in.,  5 = 30  in., 
and  angle  C = 68°  O'. 
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2.  (a)  Find  the  area  of  a triangle  having  sides  10  in.,  12  in.  and 
14  in. 

(&)  Find  the  altitude  from  the  vertex  opposite  the  12  in.  side. 

3.  Find  the  area  of  a parallelogram  ABCD,  AB  = 12-7  in., 
BC  = S-7S  in.  and  B = 115°  42'. 

4.  A triangular  piece  of  land  has  a frontage  of  350  -2  ft.  running 
east  and  west.  The  other  two  sides  have  bearings,  N 65°  12'  W and 
N 20°  40'  E.  Find  the  number  of  sq.  ft.  in  the  lot. 

5.  A farm  has  four  sides,  each  side  is  150  rods  and  the  angle 
between  one  pair  of  sides  is  75°.  Find  the  number  of  acres  in  the 
farm. 

6.  Find  the  area  of  a quadrilateral  RSTW  if  RS  = 93-1  ft., 
5r  = 40-1  ft.,  riF  = 39-0  ft.,  WR  = 81-3  ft.  The  angle  between 
RS  and  ST  is  104°  18'. 

7.  Find  the  area  of  a triangular  field  in  acres  having  sides  60  rods 
2 yd.,  47  rods  1 yd.  and  51  rods  2 yd. 

8.  Find  the  contained  angle  of  triangle  ABC  if  the  sides  about 
the  angle  are  28  -5  in.  and  38  -6  in.  when  its  area  is  54  -3  sq.  in. 

9.  Find  the  area  of  triangle  ABC  having  AB  =43-7  in.,  angle 
C = 25°  36',  angle  A = 104°  6'. 


Radius  of  the  Circumscribed  Circle  (R) 

(a)  R = ^ ^ ^ 

^ 2 sin  A 2 sin  B 2 sin  C 

Proof:  S is  the  centre  of  the  circumscribed 
circle  of  triangle  ABC. 

Angle  BSD  = | angle  BSC  = angle  A. 
BD 

= sin  so  BD  = i?  sin 

BC  = 2 Rs\n  A,  or  a = 2 Rsm  A. 
a 

Hence  R = 


2 sin  A 

The  remainder  of  the  formula  follows  by  the  Law  of  Sines. 

Proof:  R = 


abc 


abc 


2 sin  ^ 2 be  sin  A 4A 
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Radius  of  the  Inscribed  Circle  (r) 

A 

r = — . 
s 

Proof:  In  triangle  ABC,  I is  the 
centre  of  the  inscribed  circle. 

Area  of  triangle  IBC  = \ ar. 

Area  of  triangle  ICA  = | br. 

Area  of  triangle  lAB  = \ cr. 

Adding,  A = | ar  + | | cr, 

(a  + & + c) 

~ ^ 2 
= rs. 

Hence  r = — . 

s 

Examples: 

1.  Find  the  radius  of  the  circumscribed  circle  of  triangle  ABC 
having  BC  = 15  04  in,  and  angle  A = 56°  19'. 

Solution: 

R - ^ - 15  04  _ 7 52 

2 sin  A 2 sin  56°  19'  sin  56°  19' 

log  R = log  7 • 52  — log  sin  56°  19'. 

logs:  0-87622  T- 92010 

T- 92018  8 

log  R = 0-95604  T- 92018 

antilog  90365 
00 
8 


R = 9 -0373  in. 

The  radius  is  9-037  in. 
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2.  Find  the  radius  of  the  circumscribed  circle  of  a triangle  with 
sides  7 -63  in.,  5-27  in.,  and  4-56  in. 

Solution: 

a = 7 ■ 63  5 — a = 1 • 10  A = s{s  — a)  {s  — h)  {s  — c) 

h=5-27  s-b=S-4:Q  = V8^73^rF~m0^46^<Tn7 

c=4-56  j-c=417  = Vl38-7 

25=17-46  Check:  8-73  =11'8 

5=  8-73 

^ _ahc  _ 7-63  X 5-27  X 4-56  _ „ 

4A  4X11-8 

The  radius  is  3 -88  in. 


3.  Find  the  radius  of  the  inscribed  circle  of  the  triangle  in 
Example  2 above. 

Solution: 

A 11-8  ^ 

r = — = = 1-35 

5 8-73 

The  radius  is  1-35  in. 


Exercise 

B 

In  triangle  ABC  find  R given: 

1.  AB  = 15  in.,  angle  C = 40°. 

2.  BC  = 14  -7  in.,  angle  A = 125°  48'. 

3.  AB  = 8 in.,  BC  = 10  in.,  CA  = 12  in. 

4.  AB  = BC  = CA  = 14-6  in. 

5.  BC  = 506  -7  in.,  angle  A = 161°  20'. 

6.  AB  = 20  in.,  AC  = 20  in.,  angle  A = 20°. 

7.  AB  = 16-8  in.,  BC  = 12-6  in.,  angle  B = 73°  24'.  (Find  b 
first,  using  the  Law  of  Cosines.) 
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In  triangle  ABC  find  r given: 

8.  Area  71-6  sq.  in.,  perimeter  33  -8  in. 

9.  AB  = 12-8  in.,  BC  = 14-6  in.,  CA  = 21-8  in. 

10.  AC  = 10  in.,  BC  = 12  in.,  angle  C — 68°.  (Find  c first, 
using  the  Law  of  Cosines.) 

11.  Find  the  diameter  of  the  largest  cylindrical  tank  which  can 
be  built  on  a triangular  plot  of  land  whose  sides  are  150  ft.,  140  ft. 
and  120  ft. 

12.  Find  R and  r for  a triangle  whose  sides  are  10  in.,  14  in.,  and 
16  in. 

13.  Find  the  radius  of  the  inscribed  circle  of  a triangle  having 
angle  A = 60°,  angle  C = 70°  if  the  radius  of  the  circumscribed  circle 
is  5-6  in.  (Find  a,  b and  c first.) 


CHAPTER  XXII 


REVIEW  PROBLEMS 

L Problems  Involving  Right-Angled  Triangles 

(Answers  to  three  figures,  angles  to  nearest  6'  unless  otherwise  stated). 

1.  A ladder  12  feet  long  leans  against  a wall,  and  one  end  is  3 
feet  from  the  wall.  What  angle  does  the  ladder  make  with  the  wall? 

2.  A tree  has  a shadow  28  ft.  long  when  the  angle  of  elevation  of 
the  sun  is  43°  18'.  Find  the  height  of  the  tree. 

3.  Find  the  angle  of  elevation  of  the  sun  when  a flag-pole  54  • 4 ft. 
high  casts  a shadow  of  95  ft. 

4.  The  angle  of  elevation  of  the  top  of  a tower  at  a distance  of 
427  ft.  from  its  base  is  43°  30'.  Find  the  height  of  the  tower. 

5.  From  a point  B on  a horizontal  piece  of  ground,  the  angle  of 
elevation  of  the  top  of  a T.V.  transmitting  tower  is  67°  24'.  If  5 is 
known  to  be  73  ft.  from  the  base  of  the  tower,  how  high  is  the  tower? 

6.  A man  5 ft.  6 in.  in  height  casts  a shadow  10  ft.  long.  How 
high  is  a pole  which  casts  a shadow  of  36  ft.  at  the  same  time? 

7.  A flag-pole  snaps  at  a point  P 9 ft.  above  its  base  A and 
bends  over  so  that  it  makes  an  angle  of  19°  with  the  ground  at  B. 
Find  the  height  of  the  pole  to  the  nearest  foot  before  it  was  broken. 

8.  Find  the  angle  B in  a right-angled  triangle,  given  A = 90°, 
6 = 84-6  in.,  c = 120-7  in. 

9.  In  a right-angled  triangle  ABC,  B = 90°,  A = 24°  23', 
a = 2 -126  in.  Find  side  c,  accurate  to  4 figures. 

10.  Solve  the  following  right-angled  triangle  for  its  two  acute 
angles  to  the  nearest  6 minutes:  angle  C = 90°,  a = 12-5  in.,  h — 
5-8  in. 

11.  In  triangle  GHK,  angle  G = 32°  10',  angle  H = 90°,  HK  = 
3 in. 

(а)  Using  the  cosecant  ratio  calculate  GK  accurate  to  5 figures, 

(б)  Find  the  area  of  this  triangle. 
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12.  Solve  triangle  ABC  when  C = 90°,  A — 37°  20'  and  h = 
17-60  in.  (accurate  to  4 figures). 

13.  Solve  an  isosceles  triangle,  given  h = 15-6  in.,  6 = 24-5  in. 

14.  In  a circle  of  radius  5 in.  a chord  subtends  a central  angle  of 
80°  40'.  Find  the  length  of  the  chord.  (5  figures.) 

15.  A chord  of  circle,  whose  radius  is  2^  in.,  is  1 028  in.  from 
the  centre.  Calculate  the  length  of  the  chord.  (5  figures.) 

16.  In  a circle  with  diameter  20  in.,  a chord  14  in.  long  is  drawn. 
Find  the  angle  it  subtends  at  the  centre  (nearest  minute). 

17.  Nine  holes  are  spaced  evenly  round  a 16  • 8 in.  diameter  circle. 
Find : 

(а)  The  chordal  distance  between  any  two  holes  to  the  nearest 
1/1000  in. 

(б)  Check  distance  over  f in.  discs. 

18.  A drill  jig  requires  8 holes  to  be  equally  spaced  round  a 6 in. 
diameter  circle.  What  is  the  chordal  distance  between  holes?  What 
is  the  centre  angle  between  holes? 

19.  A piece  of  work  2|  in.  long  has  end  diameters  of  0 -368  in. 
and  0 -475  in.  Find  taper  per  ft.  (to  3 places  of  decimals). 

20.  Find  the  taper  angle  for  a taper  of  0 -6  in.  per  foot  (nearest 
minute). 

21.  From  a point  at  sea  240  ft.  from  the  base  of  a cliff,  the  angle 
of  elevation  of  the  top  of  a cliff  is  46°.  How  much  farther  out  is  it 
necessary  to  go  in  order  that  the  elevation  will  be  25°? 

22.  The  angle  of  elevation  of  the  top  of  a tree,  due  east  of  an 
observer  and  on  the  opposite  side  of  a stream,  is  found  to  be  35°. 
When  the  observer  has  walked  72  ft.  due  south  he  notes  that  a line 
joining  his  first  point  of  observation  to  the  base  of  the  tree  subtends 
an  angle  of  50°  at  his  new  position.  If  the  opposite  shores  of  the 
stream  are  approximately  in  the  same  horizontal  plane,  find  the 
height  of  the  tree. 

Note:  Questions  23-26  may  be  solved  by  the  use  of  right  triangles 
or  the  cotangent  formula  for  heights. 
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23.  To  find  the  width  of  a river,  a man  sights  a small  tree  T,  on 
the  opposite  bank  from  two  points  A and  B which  are  390  ft.  apart 
on  the  bank.  If  angle  TAB  = 72°  24'  and  angle  TBA  = 39°  42' 
find  AT  and  TM  where  TM  is  the  line  drawn  from  T perpendicular 
to  AB  (3  figures). 

24.  From  the  top  of  a mountain  two  towns  are  observed  due  west. 
The  angle  of  depression  of  the  first  town  is  45°  42'  and  the  angle  of 
depression  of  the  second,  6 miles  farther  west,  is  22°  36'.  Find  the 
height  of  the  mountain  in  ft.  (3  figures). 

25.  From  a window  30  ft.  above  the  street,  the  angle  of  depression 
of  the  curb  on  the  near  side  is  50°  and  that  of  the  curb  on  the  far 
side  is  22°.  Find  correct  to  the  nearest  foot,  the  width  of  the  street 
from  curb  to  curb. 

26.  In  order  to  find  the  height  of  a hill  two  points  A and  B are 
chosen  880  yd.  apart  on  level  ground  so  that  the  line  AB  is  in  line 
with  the  hill.  The  elevation  of  the  top  of  the  hill  from  A is  18°  and 
from  B the  elevation  is  32°.  Find  the  height  of  the  hill. 


27. 


Solve  for  x and  y in  the  diagram. 
(5  figures.) 


V' 


28. 


29. 


A 


6" 


In  the  rt.  triangle  above  AB  = 
2 -34  in.  and  angle  B = 65°  18'. 
Solve  for  angle  C and  a. 


In  the  above  diagram,  solve  for  jc. 
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30. 


Calculate  the  dimension  marked 

X. 


31. 


In  the  figure  calculate  angle 
CD  A and  also  BC. 


32.  Solve  for  the  lettered  dimension  A. 


33. 


Find  A and  h,  if  taper  per  ft.  = 
1-375  in.,  d = 4-750  in., 
c = 2 -120  in. 


34. 


Solve  for  a. 
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35. 


A metal  plate  must  be  machined 
to  suit  the  drawing.  To  do  this 
machining  the  angle  A must  be 
determined.  Find  this  angle  to 
the  nearest  minute. 


36. 


Find  the  angle  A to  the  nearest 
minute. 


II.  Problems  Involving  Oblique  Triangles 

(Answers  to  3 figures,  angles  to  the  nearest  6')- 

37.  In  the  triangle  ABC,  c = 10  -2  in.,  A = 86°  54',  C = 48°  30'. 
Find  a. 

38.  Use  the  cosine  formula  to  find  the  smallest  angle  of  the 
triangle  whose  sides  are  7 in.,  8 in.,  9 in. 

39.  Given  a = 12  in.,  b = 10  in.,  C = 32°  30',  solve  triangle  ABC. 

40.  In  triangle  ABC,  angle  A = 57°  24',  a = 40  ft.,  angle 
C = 48°.  Find: 

{a)  length  of  c, 

{b)  area  of  the  triangle. 

41.  Solve  triangle  ABC  if  b = 5-77  ft.,  c = 7-50  ft., 
A = 114°  24'. 

42.  Solve  triangle  ABC  if  a = 15  -3  in.,  B = 27°  6',  C = 48°  18'. 

43.  Solve  the  triangle  in  which  the  following  parts  are  given: 
B = 48°,  C = 65°,  6 = 31  in. 

44.  Find  the  largest  angle  in  the  triangle  ABC,  given  that 
a = 82  in.,  6 = 50  in.  and  c = 62  in. 
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45.  A ship  is  sailing  due  west  from  A to  B,  2,  distance  of  6-5 
miles.  From  A a lighthouse  bears  N34°  18'W  and  from  B,  N44°  42'E, 
Find  the  distance  of  the  lighthouse  from  A. 

46.  An  aeroplane  heads  due  east  with  an  air  speed  of  160  m.p.h. 
A south-east  wind  is  blowing  at  40  m.p.h.  Find,  to  the  nearest  mile 
and  to  the  nearest  degree,  the  ground  speed  and  the  direction  of 
travel. 

47.  A tree  on  the  side  of  a hill  with  a uniform  inclination  of 
12°  12'  casts  a shadow  65  ft.  9 in.  long  down  the  slope  of  the  hill. 
If  the  angle  of  elevation  of  the  sun  is  41°  6'  find  the  height  of  the 
tree. 

48.  A swamp  lies  between  two  observation  stations  A and  B. 
To  determine  the  distance  between  A and  B a point  C is  chosen  so 
that  the  bearing  from  C to  T is  N40°E  and  distance  420  yd.  From  C 
the  bearing  of  B is  S35°  E and  500  yd.  distant.  Find  the  distance  from 
A to  B. 

49.  Two  straight  roads  CA  and  CB  cross,  making  the  angle 
ACB  = 78-6°.  A school  A is  425  yd.  from  the  intersection  on  one 
road,  and  a farmhouse  B is  370  yd.  from  the  intersection  on  the  other. 
Find  the  distance  in  a straight  line  from  the  farmhouse  to  the 
school. 

50.  Three  members  of  a roof  truss  form  a triangle  ABC.  If  AB 
is  horizontal  and  12  ft.  long  and  angle  ABC  — 45°  and  angle  ACB 
— 35°,  find  the  length  oi  BC  and  CA  correct  to  1 place  of  decimals. 

51.  A greenhouse  is  24  0 ft.  wide.  One  side  of  the  roof  makes  an 
angle  of  25°  with  the  horizontal  while  the  other  side  makes  an  angle 
of  70°  with  the  horizontal.  Find  the  length  of  the  longer  rafter. 

52.  A triangular  metal  plate  measures  8-3  in.  along  the  base  and 
5-6  in.  along  one  side.  The  included  angle  is  47°  30'.  Find  the  length 
of  the  other  side. 


Solve  for  x in  triangle  ABC. 


Find  angle  A in  triangle  ABC. 
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55. 


In  triangle  ABC,  find  the 
length  of  without  using 
logarithms. 


56. 


In  the  diagram,  find  the  height  of 
the  load  D above  the  horizontal 
level  of  AB.  Find  also  the  length 
oi  AB. 


57.  Find  the  value  of  x,  when  OC  = 4 in.  and  radius  = in. 


III.  Mechanical  Problems  in  Trigonometry 


, sin  165°  48'  cos  60°  30'  ^ ^ 

58.  hind  the  value  of: r ; to  3 figures. 

tan  150°  48' 

59.  Find  the  value  of  cos  123°  14'. 


60.  Find  the  angle  in  the  second  quadrant  whose  tan  is  — • 82176. 

61.  {a)  Using  tables,  find  the  value  of:  sin  122°  30'  + cos 

246°  12'. 

{h)  Without  using  tables,  find  the  value  of:  cos ^ 330°—  sin 
210°  + cos  90°  + tan  (-  45°). 

62.  If  COS  A = \ and  ^ is  a fourth  quadrant  angle,  find  tan  A. 

63.  If  cosine  A — 7/25  find  sin  A and  tan  A.  (/I  is  in  the  first 
quadrant.) 

64.  If  an  angle  x is  such  that  sin  x = 5/13  and  cos  x = 12/13, 
without  using  tables  find  the  value  of: 

{i)  tan  X,  {ii)  sec  x,  (m)  cot  x. 
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65.  Using  the  tables,  find  the  value  of: 

(f)  sin  149°  35',  (n)  cot  196°  40'. 

66.  Simplify  (cot  35°  sin  35°)  to  one  ratio. 

67.  Find  the  numerical  value  of  2 sin^  60°  + 4 cos^  30° 
- 3 sin2  45°  + 6 tan^  30°. 

68.  Prove  the  identity:  sinM  + cosM  — 1. 

69.  Find  the  decimal  value  of : 

(a)  2 • 8 X tan  240°, 

(b)  V82  + 52-2  (8)  (5)  cos  100°.' 

70.  Find  the  value  of: 

(i)  sin  213°,  (ii)  cos  125°. 

71.  An  angle  at  the  centre  of  a circle  of  2|  in.  radius  is  subtended 
by  an  arc  3|  in.  long.  Calculate  the  size  of  this  angle. 

72.  Without  the  use  of  tables,  find  the  value  of: 

3 tan^  60°  — 8 sin  30° 

2 cos^  45°  — 3 cos  60° 

7.3.  The  secant  of  an  angle  A is  25/7. 

{a)  Without  using  tables  find  the  other  five  trigonometric 
ratios  as  fractions. 

{h)  Using  tables,  find  the  angle  A in  degrees  and  minutes. 


IV.  Problems  Solved  with  the  Use  of  Logarithms 

^ ^ , 8-765  X 46-58 

74.  Find  by  logarithms  (a)  ’ 

(6)  (2•5765)^ 

(c)  the  5th  root  of  0 • 056954. 

75.  Using  logarithms  evaluate: 

731-5  sin  5°  14' 


(a) 


sin  67°  44' 


ih) 


(5-562)2  X 3556 
45-65 
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76.  Using  logarithms  find  the  value  of: 


(&)  (0-8963  X 0-05643)2. 


77.  If  = ^ r 

9 -63  sin  58°  13' 


X sin  47°  26' 


solve  for  jc. 


78.  In  a triangle  ABC,  b = 4-618  in.,  B — 129°  15',  and 
C = 31°  40'.  Using  logarithms  and  a suitable  formula  find  side  a. 

79.  Solve  the  following  triangle  completely  given  b — 37-43  in., 
c = 71-59  in.,  C = 82°  23'. 

80.  A triangle  has  sides  whose  lengths  are  5-78  ft.,  6-37  ft., 
8-21  ft.  By  means  of  a formula  adaptable  to  logarithms,  find  the 
largest  angle  of  the  triangle  correct  to  the  nearest  minute. 

81.  By  the  use  of  logarithms,  solve  the  triangle  for  the  other  two 
angles,  given  A = 55°  38',  b = 3627  ft.,  c = 5429  ft. 

82.  Find  to  the  nearest  minute  angle  C in  the  triangle  which  has 
a = 72  ft.,  5 = 84  ft.  and  c = 96  ft. 

83.  Find  the  largest  angle  if  a = 24-64  in.,  b = 32-88  in., 
c = 21-66  in. 

84.  An  oblique  triangle  has  side  a = 2-024  in.,  angle 
A = 19°  21'  and  angle  C = 103°  36'.  Find  c. 

85.  In  the  triangle  ABC,  a = 24-76  in.,  b = 16-38  in., 

C = 36°  26'.  Find  side  c. 


SECTION  VI  - STATICS 


CHAPTER  XXIII 

MACHINES 

Mechanics  is  the  science  which  deals  with  the  action  of  forces  on 
bodies.  There  are  two  branches  of  Mechanics. 

(a)  Statics  deals  with  the  forces  that  exist  when  a body  or  a 
number  of  bodies  are  in  a state  of  rest  or  equilibrium. 

{b)  Dynamics  deals  with  the  forces  acting  on  a body  or  a number 
of  bodies  in  motion. 

Force  is  that  which  tends  to  change  the  state  of  rest  or  uniform 
motion  of  a body.  A force  may  be  considered  as  a push  or  pull. 


Types  of  Forces 

{a)  Reaction  is  the  force  which  a body  exerts  in  response  to  a 
force  acting  on  it.  Newton’s  third  law  states  that  reaction 
is  always  equal  and  opposite  to  action. 

(&)  Tension  exists  in  strings  and  cables  when  a pull  is  exerted. 

(c)  Compression  or  thrust  exists  when  a bar  or  rod  exerts  a push. 

{d)  Attraction  or  repulsion  exists  between  bodies  which  have 
electrical  charges  or  magnetic  properties. 

{e)  Gravitational  attraction  is  the  force  of  attraction  between  any 
two  bodies  having  mass.  It  causes  a body  to  have  weight. 


Weight  and  Mass 

The  weight  of  a body  is  the  force  acting  on  it  due  to  the  gravita- 
tional attraction  of  the  earth  and  is  measured  in  pounds-force  (lb.). 

The  mass  of  a body  is  the  amount  of  material  in  the  body  and  is 
measured  in  pounds-mass  (lb.). 
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Newton’s  Law  of  Gravitation 

This  law  states  that  every  body  attracts  every  other  body  with  a 
force  which  varies  directly  as  the  product  of  their  masses,  and 
inversely  as  the  square  of  the  distance  between  their  centres.  The 
formula  for  this  force  is: 

where  F is  the  force  of  attraction  in  lb. 
^ is  a constant. 

Wi,  W2  are  the  masses  in  lb. 
d is  the  distance  in  miles. 

Note:  The  symbol  lb.  is  used  to  represent  units  of  both  force 
and  mass.  Other  units  of  force,  mass  and  distance  may  be  used 
providing  a suitable  value  for  the  constant  ^ is  used. 

Example:  Find  the  weight  of  a 1-lb.  mass  on  the  moon  if  the 
radius  of  the  earth  is  4000  miles  and  the  radius  of  the  moon  is 
1000  miles.  The  mass  of  the  moon  is  the  mass  of  the  earth  (approxi- 
mate values  used). 


F = 


kmim2 


Let  the  mass  of  the  earth  be  m lb. 
Then  the  mass  of  the  moon  is  -io  m lb. 

From  the  formula  F = k — \ 


^ ^ kXmXl 

Weight  on  earth  = — 

^ 40002 


km 

16,000,000’ 


Weight  on  moon  = k X 


som  X 1 
10002 


km 

80,000,000’ 


Weight  on  moon 


km 


X 


16,000,000 


Weight  on  earth  80,000,000  ' ' km 
Weight  on  moon  = ^ of  weight  on  earth. 

Hence  a 1-lb.  mass  would  weigh  I lb.  on  the  moon. 


16  1 
^ 5’ 
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Measurement  of  Weight 

Since  the  earth  is  flattened  at  the  poles,  the  polar  radius  is  less 
than  the  equatorial  radius.  Due  to  the  change  in  the  value  of  d 
in  the  formula,  the  same  mass  will  weigh  more  at  the  pole  than  at  the 
equator. 

I I 

A „ A 


The  weight  of  an  object  is  measured  either  by  an  equal-arm 
balance  using  standard  weights,  or  by  a calibrated  spring-balance. 
Since  the  spring-balance  is  more  convenient,  it  will  be  used  in  the 
experiments  performed  in  this  section. 

Exercise 

A 

1.  The  weight  of  a 1-lb,  mass  varies  as  the  mass  is  moved  over 
the  earth.  Explain  why  this  is  true.  Where  is  the  weight  greatest? 
Where  is  it  least? 

2.  A 1-lb.  mass  is  weighed  at  the  equator  and  at  the  pole.  How 
would  the  two  results  compare 

(a)  If  an  equal-arm  balance  is  used? 

(b)  If  a spring-balance  is  used? 

3.  A 1-lb.  mass  is  weighed  on  the  earth  and  on  the  moon.  How 
would  the  two  results  compare 

(a)  If  an  equal-arm  balance  is  used? 

{b)  If  a spring-balance  is  used? 

4.  If  the  gravitational  force  on  the  moon  is  j that  on  the  earth, 
how  high  could  a man  jump  on  the  moon  if  he  could  jump  6 ft.  on 
the  earth? 

5.  If  a book  weighing  lib.  rests  on  a table,  describe  the  two 
forces  acting 

(a)  On  the  book, 

(b)  On  the  table. 
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6.  If  a 1-lb.  weight  hangs  on  a string  attached  to  a hook, 
describe  the  two  forces  acting 

{a)  On  the  weight, 

(&)  On  the  hook. 

7.  What  is  the  greatest  pull  which  can  be  exerted  downward  on  a 
rope  by  a boy  who  weighs  120  lbs.? 

B 

8.  If  the  radius  of  the  planet  Mercury  is  1500  miles  and  the 
radius  of  the  earth  is  4000  miles,  find  the  weight  of  a 1-lb.  mass  on 
Mercury.  The  mass  of  Mercury  is  0 04  times  the  mass  of  the  earth. 

9.  Find  the  radius  of  Mars  if  a 1-lb.  mass  weighs  to  lb.  on  Mars. 
The  radius  of  the  earth  is  4000  miles,  and  the  mass  of  Mars  is  of 
the  mass  of  the  earth. 

10.  Find  the  weight  of  a 1-lb.  mass  on  Jupiter  if  the  radius  of 
Jupiter  is  44,000  miles,  the  radius  of  earth  is  4000  miles,  and  the  mass 
of  Jupiter  is  320  times  the  mass  of  the  earth. 

11.  Using  more  accurate  figures,  find  the  weight  of  a 1-lb.  mass 
on  the  moon,  given  radius  of  earth  3960  miles,  radius  of  moon  1080 
miles,  mass  of  earth  5 -87  X 10^^  tons,  mass  of  moon  7 -20  X 10^® 
tons.  (Answer  to  3-figure  accuracy.) 

12.  Find  the  weight  of  a 1-lb.  mass  on  the  surface  of  the  sun  if  the 
mass  of  the  sun  is  324,000  times  the  mass  of  the  earth,  the  radius  of 
the  sun  is  430,000  miles  and  the  radius  of  the  earth  is  3960  miles 
(3-figure  accuracy). 

Vector  Representation  of  a Force 

In  order  that  a force  be  completely  represented,  three  things  must 
be  specified; 

{a)  magnitude  of  force, 

(5)  direction  of  force, 

(c)  point  of  application  of  force. 

These  things  may  be  represented  by  a line  called  a vector  such  as 
AB.  The  vector  AB  represents  a force  F acting  at  point  A in  the 
direction  AB  with  magnitude  represented  to  scale  by  the  length  of 
AB. 
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Resultant  of  Two  Collinear  Forces 

The  resultant  of  two  forces  acting  at  a point  is  the  single  force 
which  has  the  same  effect  at  the  point  as  the  original  two  forces 
together. 


Examples: 

(a) 


5 lb.  f 


ib) 


5 lb 


A 

T- 


7 lb. 


i?  - 0 lb. 
i?  - 2 lb. 


5 lb. 

(c)  A I ^ = 8 lb. 

i lb. 

The  equilihrant  of  two  forces  acting  at  a point  is  the  single  force 
which  would  produce  equilibrium  when  added  to  the  system  of 
forces  at  the  point.  It  is  equal  and  opposite  to  the  resultant. 

Example: 

3 lb.  A 7 lb.  = 4 lb.  4 Ib.^ 

A 


Moment  of  a Force 

The  moment  of  a force  about  a point  is  the  turning  effect  about  the 
point  produced  by  the  force.  It  is  calculated  by  multiplying  the  force 
by  the  perpendicular  distance  from  the  point  to  the  line  of  action  of 
the  force. 


Example: 


Pivot  I I 

6 lb.  6 lb.  6 lb. 


In  the  diagram  showing  a lever,  a 6-lb.  force  may  be  exerted  at 
A,  B or  C.  The  moment  about  P of  each  force  is  shown  below: 

If  force  is  applied  at  A,  moment  = 6 X 10  = 60  (lb.  in.). 

If  force  is  applied  at  B,  moment  = 6 X 20  = 120  (lb.  in.). 

If  force  Is  applied  at  C,  moment  = 6 X 30  ==  180  (lb.  in.). 

The  moment  of  a force  is  used  in  many  tools  such  as  wrenches, 
pliers,  scissors  and  levers.  It  is  used  to  create  a turning  motion  in 
bicycles  and  crank  shafts. 
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Centre  of  Gravity  of  a Uniform  Rod 

A C\  s 

Since  a yard  stick  may  be  balanced  at  its  mid-point  C the  equili- 
brant  which  balances  the  entire  weight  is  a single  force  upwards  at 
C.  This  point  is  the  centre  of  gravity  of  the  rod.  Hence  the  entire  weight 
of  a uniform  rod  may  be  treated  as  a single  force  acting  downward  at 
the  mid-point  of  the  rod. 


Experiment  to  Illustrate  the  Principal  of  Moments 


Y 16  cm. 


40  cm. 


n 


'500  g. 


' 200  g. 


A metre  stick  is  suspended  by  a string  to  balance  at  its  centre  of 
gravity  C.  A weight  is  suspended  on  one  side  at  the  point  X,  while 
another  weight  is  adjusted  on  the  other  side  at  Y until  the  system 
balances.  When  equilibrium  is  obtained,  the  clockwise  moment  of  the 
force  at  X is  found  to  be  equal  to  the  counter-clockwise  moment  of 
the  force  at  Y. 


Principal  of  Moments 

If  a body  which  is  free  to  rotate  about  a point  is  in  equilibrium 
when  a number  of  forces  act  upon  it,  then  the  sum  of  the  clockwise 
moments  about  the  point  is  equal  to  the  sum  of  the  counter-clockwise 
moments. 

Example:  From  the  diagram,  calculate  the  force  x lb.  if  the  system 
is  in  equilibrium. 


40  lb.  xlb.  ^ 80  lb.  90  lb. 


Solution: 

Taking  moments  about  the  fulcrum  F, 

Clockwise  moments  = Counter-clockwise  moments. 
(80  X 5)  -f  (90  X 10)  = (40  X 25)  + {x  X 15), 

400  + 900  = 1000  + X X 15, 

15x  = 300, 

X = 20  lb. 
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Exercise 

B 

Calculate  the  value  of  x in  each  diagram  for  equilibrium. 


1. 


2. 


JO  lb. 


12' 


2' 


xlb. 


3. 


I'" 

p'  

— r— 

P'  H 

:n  iu 

1 

160  1b.  r q 120  lb. 

^ 60  lb. 


i i ^ i i 1 

50  lb.  X lb.  ^00  lb.  60  lb.  20  lb. 


5. 


- 8'  

T 

1 

1 / 

i 

1 

X lb.  120  lb.  160  lb. 
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9.  A metre  stick  is  100  cm.  long  and  balances  at  the  50  cm,  mark. 
A 120-gram  weight  is  placed  at  the  20-cm.  mark.  At  what  point  on 
the  other  side  of  the  fulcrum  must  an  80-gram  weight  be  placed  to 
produce  equilibrium? 


Example  1.  A woodsman  wishes  to  raise  a fallen  tree  at  B.  He 
places  one  end  of  a uniform  15-foot  timber  under  the  tree.  At  the 
distance  of  2 ft.  from  B he  places  a rock  to  act  as  a fulcrum  at  A. 
The  timber  weighs  100  lb.  and  the  man  weighing  200  lb.  sits  on  the 
timber  at  Z).  If  the  man  can  just  raise  the  tree,  how  much  does  the 
tree  weigh? 


Solution: 


Let  the  weight  of  the  tree  be  x lb. 

Since  the  timber  is  uniform,  its  entire  weight  acts  at  the  mid-point 
C.  Taking  moments  about  A, 

(x  X 2)  = (100  X H)  + (200  X 13), 

2x  = 550  + 2600, 

X = 1575. 


The  tree  weighs  1575  lb. 

Note:  If  the  lever  were  placed  at  an  angle  to  the  horizontal,  the 
results  would  be  the  same.  In  order  to  simplify  the  solution,  horizontal 
levers  should  be  used. 
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Example  2:  In  the  diagram  a load  is  raised  by  turning  the  handle. 
Find  the  load  just  lifted  by  a force  of  20  lb.  on  the  handle. 


Solution: 

Let  the  load  be  L lb. 


When  the  load  is  just  lifted,  the  system  may  be  considered  to  be  in 
equilibrium  so  that  the  clockwise  moment  about  the  axis  A is  equal 
to  the  counter-clockwise  moment. 


20  X 18  = L X 2i 
L = 144. 

The  load  lifted  is  144  lb. 


Example  3:  A uniform  bridge  weighing  20  tons  is  supported  on 
two  pillars,  A and  B,  one  at  each  end.  If  the  bridge  is  30  ft.  long  and 
bears  a load  of  10  tons  at  a distance  of  12  ft.  from  A,  find  the  weight 
supported  by  each  pillar. 


Solution : 


— jy 

3' 

iJ' 

1 

X tons  JO  tons  20  tons  y tons 


Let  the  load  supported  at  A be  x tons  and  the  load  at  B he  y 
tons.  Since  the  system  is  in  equilibrium,  clockwise  moments  about  A 
equal  counter-clockwise  moments. 

(10  X 12)  + (20  X 15)  = (y  X 30), 
y = 14. 

The  load  at  B is  14  tons,  and  since  the  total  load  is  30  tons,  the  load 
at  A is  16  tons. 

Note:  Moments  are  taken  about  A to  eliminate  one  unknown 
force.  Since  the  force  x tons  acts  through  the  point  A,  the  distance 
from  A to  the  line  of  action  of  x tons  is  zero.  Hence  the  force  x tons 
has  no  moment  about  A. 
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Exercise 

B 


1.  A man  wishes  to  raise  a fallen  tree.  He  uses  a 20-foot  timber 
as  shown.  If  the  man  weighs  180  lb.  and  the  timber  weighs  100  lb., 
how  much  does  the  tree  weigh  if  it  is  just  on  the  point  of  moving? 


m 

j 

Qf  ^ 

^0'  ir 

‘*-2'- 

" i 

V 

X lb. 


100  lb. 


180  lb. 


2.  A light  uniform  rod  is  48  in.  long.  A 5-lb.  weight  is  tied  to  one 
end  and  a 7-lb.  weight  is  tied  to  the  other  end.  At  what  distance  from 
the  5-ib.  weight  must  the  fulcrum  be  placed  to  produce  equilibrium? 

3.  Two  boys  use  a long  uniform  plank  as  a teeter.  The  plank 
rests  on  the  fulcrum  at  its  mid-point.  One  boy  who  weighs  160  lb. 
is  6 ft.  from  the  fulcrum.  How  far  from  the  fulcrum  is  the  other  boy 
who  weighs  120  lb.? 


4,  A beam  of  a bridge  as  shown  below  extends  unsupported  for 
50  ft.  beyond  a pier.  The  beam  weighs  600  lb.  per  ft.  The  central 
span  of  the  bridge  adds  an  additional  20  tons  at  the  outer  end  of  the 
beam.  What  moment,  in  lb.  ft.  is  there  in  the  structure  over  the 

pier  at  A? 


25' 


25' 


30000  lb. 


20  tons 


5.  A uniform  heavy  rod  12  ft.  long  has  weights  of  30  and  44  lb. 
attached  to  its  ends.  It  rests  in  equilibrium  when  placed  across  a 
fulcrum,  distant  5 ft.  from  the  44-lb.  weight.  How  much  does  the 
rod  weigh? 

6.  What  force  is  needed  to  raise  the  pail? 
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72" 


7.  The  diagram  represents  a capstan  used  to  raise  a boat’s 

anchor.  If  the  radius  of  the 
axle  is  5 in.  and  the  anchor  is 
1200  lb.,  what  is  the  least 
number  of  men  required  to 
raise  the  anchor?  Each  man 
exerts  a force  of  30  lb.  at  the 
end  of  each  winding  arm. 


1200  lb. 


30  lb. 


8.  The  barrel  or  axle  of  a capstan  is  12  in.  in  diameter.  Four  men 
operate  the  capstan,  each  pushing  on  the  end  of  a 6-ft.  bar.  If  each 
man  exerts  a force  of  50  lb.,  find  the  largest  weight  they  can  raise. 


9.  A 300-lb.  load  is  carried  2 ft.  from  the  front  axle  of  a wheel- 


10.  A bridge  weighing  10  tons  is  24  ft.  long.  If  the  weight  of  the 
bridge  is  concentrated  at  a point  9 ft.  from  one  end,  find  the  pressure 
upon  the  foundation  at  each  end. 


X lb.  y lb. 


10  ions 


11.  A man,  M,  and  a boy,  B,  are  carrying  a 150-lb.  block  of  iron 
suspended  from  a bar.  How  x lb.  y lb. 

much  does  each  support?  M 


150  lb. 
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12.  Two  men,  A and  B,  carry  a load  of  400  lb.  on  a pole  between 
them.  The  two  men  are  15  ft.  apart,  and  the  load  is  7 ft.  from  A. 
How  many  pounds  does  each  man  carry? 

13.  The  wooden  beam  15  ft.  long  and  weighing  400  lb.  carries  a 
load  of  2 tons  5 ft.  from  one  end.  Find  the  pressure  on  the  support  at 
each  end  of  the  beam. 

14.  A locomotive  weighing  56  tons  stands  on  a bridge  with  its 
centre  of  gravity  30  ft.  from  one  end.  The  bridge  is  80  ft.  long  and 
weighs  100  tons;  it  is  supported  by  stone  abutments  at  the  ends. 
Find  the  total  weight  supported  by  each  abutment. 

15.  To  lift  a machine  weighing  3000  lb.  a man  has  a jack-screw 
which  will  lift  800  lb.  and  a beam  12  ft.  long.  If  the  jack-screw  is 
placed  at  one  end  of  the  beam,  and  the  other  end  is  made  the  fulcrum, 
what  is  the  maximum  distance  from  the  fulcrum  that  the  machine 
can  be  placed  in  order  to  lift  it? 

16.  Two  bolts  weighing  together  392  grams  balance  when  placed 
50  cm.  and  30  cm.  respectively  from  the  fulcrum.  Find  the  weight 
of  each. 

17.  A boy  weighing  95  lb.  has  a crowbar  6 ft.  long.  How  can  he 
arrange  things  to  raise  a block  of  granite  weighing  280  lb.? 


Machines 

There  are  six  basic  machines,  one  or  more  of  which  will  always  be 
found  in  the  most  complicated  modern  machinery. 

They  are:  1.  The  lever. 

2.  The  pulley. 

3.  The  wheel  and  axle. 

4.  The  inclined  plane. 

5.  The  wedge. 

6.  The  screw. 


Machines  are  used  for  many  purposes.  Some,  such  as  the  jack- 
screw,  give  additional  force.  Some,  such  as  a series  of  gears,  give 
additional  speed.  Others,  such  as  the  pulley,  are  used  as  a convenience 
in  the  transfer  of  energy. 
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Mechanical  Advantage  (M.A.)  of  a machine  is  its  ability  to  gain  force 
and  is  measured  by  the  ratio  of  load  to  effort  when  the  effort  just 
balances  the  load. 

M.A.  = where  L = load  and  E = effort. 


If  friction  and  the  weight  of  the  machine  itself  are  neglected,  the 
mechanical  advantage  may  also  be  calculated  by  two  other  methods, 
to  give  the  ideal  M.A. 

^ ^ length  of  arm  from  E to  fulcrum 
length  of  arm  from  L to  fulcrum* 


Velocity  Ratio  (V.  R.)  of  a machine  is  a measure  of  the  speed  relation- 
ships involved  in  the  machine,  and  is  given  by  the  ratio  of  the  dis- 
tance E moves  to  the  distance  L moves.  (Note  that  a machine  gains 
force  at  the  expense  of  losing  velocity.) 

^ ^ Distance  E moves  De 

Distance  L moves  Dl  * 


For  an  ideal  machine  the  velocity  ratio  and  the  mechanical  advantage 
are  equal  to  each  other. 


M.A.  = V.R. 


Note:  In  the  last  two  formulas  for  M.A.  a serious  error  may  be 
introduced  by  assuming  friction  is  negligible.  It  is  impossible  to 
achieve  the  ideal  M.A.  but  in  many  cases,  by  machine  design  and  the 
use  of  lubricants,  the  ideal  M.A.  may  be  approached  closely.  In  the 
problems  in  this  book,  the  mechanical  advantage  required  will  be  the 
ideal  mechanical  advantage. 
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Example:  Calculate  the  M.A.  of  the  lever  in  the  diagram  in  three 
different  ways. 

JO'  - 

A 

F V 

L E = 1 lb- 


Solution: 

{a)  M.A.  = A 

Taking  moments  about  F, 
L X 2 = 1 X 10, 

L = 5. 


(6)  M.A. 


length  of  arm  from  E to  F 
length  of  arm  from  L to  F 


A 10  5 

M.A.  = — or  -. 
2 1 


(c)  M.A.  = V.R.  = 


the  position  AB  to  the 
position  CD. 


Then  De  — BD  and  Dl  = AC. 


By  similar  triangles 


m _BD  _BF 
Dl~  AC  ~AF 


10  5 J A 

— = - and  M.A. 
2 1 


5 

1‘ 
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The  Lever 

There  are  three  classes  of  levers.  Classes  One  and  Two  give  a 
mechanical  advantage  of  more  than  one.  Class  Three  gives  a mechani- 
cal advantage  of  less  than  one.  The  three  classes  are  identified  by  the 
location  of  the  fulcrum,  effort  and  load. 


First  class 


r 


T 

F 


1 


Examples  are  the  crowbar,  hammer 
and  pry. 


Second  class 


F 


T 


’ll  Examples  are  the  wheelbarrow,  nut- 

E cracker  and  automobile  brake. 


Third  class 


L 

F E 


Examples  are  the  sugar  tongs,  the 
forearm,  and  knife  and  fork. 


Example:  A boy  uses  a fishing-pole  8 ft.  long.  He  places  one  hand 
on  the  end  of  the  pole  to  act  as  a fulcrum  and  the  other  hand  is 
placed  2f  ft.  from  the  same  end  to  apply  the  effort.  What  effort  is 
required  to  hold  a 5|-lb.  fish  free  of  the  water?  What  is  the  M.A.? 


Solution:  Class  of  lever  is  third 
class.  Taking  moments  about  F, 
E X 2f  = 5i  X 8, 

E = 16. 

Effort  required  is  16  lb. 


M.A. 


- ii 

^ “ 16  “ 


(If  the  pole  were  longer,  would  the  effort  be  more  or  less?  Why  do 
sportsmen  prefer  long  fishing-poles?) 
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Exercise 

B 

1.  A stone  weighs  2 tons,  and  is  to  be  lifted  by  a 4-ft.  bar 
resting  on  a block  of  wood.  Find  the  effort  that  must  be  applied  to 
just  raise  the  stone  if  the  fulcrum  is  4 in.  from  the  stone.  (Answer  in 
lb.) 

2.  What  is  the  mechanical  advantage  of  a lever  if  an  effort  of 
50  lb.  is  to  balance  a load  of  250  lb.? 

3.  A fishing-pole  is  9 ft.  long.  A man  places  one  hand  on  the 
end  of  the  pole  to  act  as  a fulcrum,  and  the  other  hand  3 ft.  from  the 
same  end  to  apply  the  effort.  Find  the  effort  required  to  just  hold 
a 7-lb.  fish  free  of  the  water. 

4.  Find  the  force  exerted  by  each  arm  of  a man  when  he  lifts  a 
wheelbarrow  whose  load  is  125  lb.  which  is  concentrated  at  a point 
2 ft.  from  the  wheel,  the  handles  being  5 ft.  long.  Name  the  type  of 
lever,  and  find  its  M.A. 

IS"  f- 

\ 4 Pi'fot 

T Steam 

Load  Pressure 

A safety  valve  has  an  area  of  10  sq.  in.  and  is  fixed  6 in.  from 
a pivot.  A load  of  250  lb.  is  fixed  at  2 ft.  from  the  pivot  (see  diagram). 
What  pressure  in  pounds  per  sq.  in.  in  the  boiler  will  just  cause  the 
safety  valve  to  release?  Name  the  type  of  lever,  and  find  the  M.A. 

6.  A nutcracker  6 in.  long  has  a nut  in  it  1 in.  from  the  hinge. 
The  hand  exerts  a pressure  of  4 lb.  What  is  the  pressure  on  the  nut  ? 

7.  What  must  be  the  length  of  the  lever  of  a safety  valve  whose 
area  is  10  sq.  in.,  if  the  weight  is  150  lb?  It  is  to  release  when  steam 
pressure  is  120  lb.  per  sq.  in.,  and  the  distance  from  the  centre  of  the 
valve  to  the  fulcrum  is  3^  in. 

8.  In  a safety  valve  of  3|  in.  diameter  the  length  of  the  lever 
from  the  fulcrum  to  the  end  is  33  in.  If  the  weight  is  140  lb.  and  the 
distance  from  the  centre  of  the  valve  to  the  fulcrum  is  3 in.  find 
the  lowest  steam  pressure  that  will  open  the  valve. 

9.  An  iron  casting  weighing  6 lb.  is  broken  into  two  pieces  which 
balance  on  a metre  stick  when  the  mechanical  advantage  is  4. 
Find  the  weight  of  each  piece. 
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Pulleys 

There  are  two  main  types  of  pulley,  fixed  and  movable.  Examples 
are  shown  below  using  a single  rope  with  the  pulleys  separated.  In 
each  case  the  ideal  M.A.  is  calculated,  neglecting  friction  and  the 
weight  of  the  pulley  system. 


{a) 


< 

r“ 

A 

K 

X 

L = £ and  M.A.  = 1:1 
Single  Fixed  Block 


L = 2£  and  M.A.  = 2:1 
Single  Movable  Block 


ib) 


"T  "I 


L = 2£  and  M.A.  = 2:1  L = 3£  and  M.A.  =3:1 

Single  Fixed  Block  and  Single  Movable  Block  with  Two  Rope 
A rrangements 
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L = ZE  and  M.A.  =3:1  L = 4£  and  M.A.  =4:1 

Two  Arrangements  Using  Three  Pulleys 

In  each  of  the  above  examples,  the  M.A.  may  be  found  by  count- 
ing the  number  of  ropes  pulling  upward  on  the  load.  Since  the  tension 
is  considered  to  be  the  same  everywhere  in  the  rope,  every  rope 
pulls  upward  on  the  load  with  a force  equal  to  £.  In  each  case  the 
mechanical  advantage  could  be  found  by  finding  the  velocity  ratio 
De  :Dl. 


Example: 

Using  a single  movable  and  a single  fixed  block,  find  the  M.A.  and 
effort  required  to  lift  a 300-lb.  motor. 


Solution:  (1)  Using  a downward  pull. 

(a)  Since  2 ropes  pull  upward, 

L = 2£, 


Effort  required  is  150  lb. 


(6)  Alternative  solution  using  V.R. 
Since  E moves  2 ft.  while  L moves  1 ft., 


V.R.  = 


De 


2:1 


M.A.  is  2:1  and  effort  required  is  150  lb. 


380 


SENIOR  TECHNICAL  MATHEMATICS 


Solution:  (2)  Using  an  upward  pull, 
(a)  Since  3 ropes  pull  upwards, 

L = 3£, 

M.A.  = — = 3:1 
E 

Effort  required  is  100  lb. 


(6)  Alternative  solution  using  V.R. 

Since  E moves  3 ft.  while  L moves  1 ft, 
De 

V.R.  = — = 3:1 
Dl 

M.A.  is  3:1  and  effort  required  is  100  lb. 


Exercise 

A 


1.  Find  the  M.A.  for  each  diagram: 


2.  What  effort  would  be  required  to  lift  a 210-lb.  weight 
system  1(a)? 
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3.  What  effort  would  be  required  to  lift  a 240-lb.  weight  using 
system  1(6)? 


B 

4.  Make  diagrams  similar  to  those  in  Question  1 to  obtain  an 
M.A.  of  5;  of  4. 

5.  A man  lifts  a 600-lb,  load  by  means  of  a system  of  pulleys. 
He  exerts  an  effort  of  30  lb. 

(a)  What  is  the  M.A.? 

De 

(b)  Using  the  formula  M.A.  = — -find  the  length  of  rope  he 

Dl 

must  pull  down  to  raise  the  load  10  ft. 

6.  With  three  fixed  and  two  movable  pulleys,  how  much  weight 
can  a pull  of  10  lb.  support? 

7.  Draw  a sketch  of  a system  of  pulleys  that  will  allow  120  lb. 
to  be  supported  by  40  lb. 

8.  If  a man  can  pull  with  a force  of  125  lb.  and  he  wishes  to  raise 
a concrete  block  weighing  375  lb.,  how  would  he  arrange  a single 
block  and  a double  block? 


REVIEW  EXERCISE 

B 

1.  A uniform  metre  stick  just  balances  at  the  50-cm.  mark 
when  masses  of  50,  100,  and  x grams  are  attached  at  the  10,  20,  and 
90-cm.  marks,  respectively.  Find  x. 

2.  A metre  stick  is  balanced  at  the  centre.  On  one  side  are  two 
weights  of  10  lb.  and  41b.,  4 in.  and  7|  in.  from  the  fulcrum  respec- 
tively. How  far  from  the  fulcrum  must  a 7-lb.  weight  be  placed  to 
restore  balance? 

3.  One  end  of  a uniform  stick  of  timber  weighing  10  lb.  per 
linear  foot,  and  16  ft.  long,  is  placed  under  a loaded  vehicle.  If  the 
fulcrum  is  2 ft.  from  one  end,  how  many  pounds  does  the  timber 
lift  when  it  is  horizontal? 
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4.  A man  uses  an  8-ft.  crowbar  to  lift  a stone  weighing  600  lb. 
If  he  thrusts  the  lever  1 ft.  under  the  stone,  with  what  force  must  he 
lift  to  raise  the  stone? 

5.  A uniform  yellow  pine  beam  12  ft.  long  weighs  38  lb.  per 
linear  ft.  When  it  is  lying  horizontal  a man  picks  up  one  end  of  the 
beam.  How  many  pounds  does  he  lift? 

6.  To  lift  a machine  weighing  4000  lb.  a man  has  a jack-screw 
which  will  lift  1800  lb.  and  a beam  12  ft.  long.  If  the  jack-screw 
is  placed  at  one  end  of  the  beam,  and  the  other  end  is  made  the 
fulcrum,  what  is  the  maximum  distance  from  the  fulcrum  that  he 
can  attach  the  machine  in  order  to  lift  it? 

7.  A third-class  lever  is  used  to  lift  a 5-lb.  weight.  If  65  lb.  is 
applied  6 in.  from  the  fulcrum,  how  long  is  the  lever? 

8.  A man  and  a boy  are  to  carry  300  lb.  on  a pole  9 ft.  long. 
How  far  from  the  boy  must  the  load  be  placed  so  that  he  will  carry 
100  lb.? 

9.  A man  weighing  196  lb.  walks  on  a plank  which  rests  on  two 
posts  16  ft.  apart.  If  the  one  post  supports  84  lb.,  how  far  from  the 
other  post  must  the  man  be? 

10.  What  pressure  does  a nut  in  a nutcracker  withstand  if  it  is 
2-8  cm.  from  the  hinge,  and  the  hand  exerts  a pressure  of  1 • 4 kg. 
at  12  cm.  from  the  hinge? 

11.  Two  workmen  have  to  carry  a load  slung  on  a light  pole  12  ft. 
long.  If  their  carrying  powers  are  in  the  ratio  7:5,  how  far  from  the 
first  man  should  the  load  be  placed  on  the  pole? 

The  Wheel  and  Axle 

This  machine  consists  of  an  axle,  to  which  is  rigidly  fastened  a 
wheel.  The  load  is  supported  by  a rope  wound  round  the  axle.  The 
effort  is  applied  to  a rope  attached  to  the  wheel,  as  shown. 
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The  Inclined  Plane 

The  inclined  plane  or  ramp  is  used  for  raising  loads  from  one  level 
to  another. 

In  the  diagram,  the  load  is  to  be 
raised  from  the  level  AB  to  C.  If 
friction  is  neglected,  the  horizontal 
motion  of  the  load  may  be  neg- 
lected, so  that  the  effective  motion 

of  the  load  is  shown  by  the  vertical  distance  BC.  The  effort  acts  from 
A to  C. 

M.A.  = V.R.  = — = — = C5C.. 


where  x is  the  angle  of  inclination  of  the  ramp. 


The  Jack-screw  (and  Vise) 

The  jack-screw  is  a machine  used 
in  building  operations. 

Let  I = the  length  of  the  handle 
and  p = the  pitch  of  the  screw. 

In  one  revolution  the  effort  exerted 
on  the  handle  moves  round  the  cir- 
cumference of  a circle  with  radius  /,  while  the  load  moves  a distance 
equal  to  the  pitch  of  the  screw. 

Neglecting  friction, 

De  2%l 
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The  Wedge 

The  wedge  is  a piece  of  iron  or  steel  with  triangular  cross-section. 


Let  w = width  of  opening, 

d = distance  wedge  is  driven, 

X = wedge  angle. 

Neglecting  friction,  a rough  esti- 
mate of  M.A.  may  be  found  as 
follows: 


M.A.  = V.R.  = 


De 


A 

w ’ 


Since 


cot 


M.A.  = — 
w 


Gear  Trains 

Gear  trains  are  used  to  gain  force  or  speed. 


R.P.M.  of  driver  No.  of  teeth  of  follower 
R.P.M.  of  follower  No.  of  teeth  of  driver 

X * » » 7 ^0.  of  teeth  of  follower 

M.A.  = V.R.  = 


No.  of  teeth  of  driver 
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The  Differential  Pulley 


The  upper  block  contains  two  sheaves  having  almost  the  same 
radius,  which  turn  on  the  same  pin.  The  lower  block  consists  of  a 
single  sheave.  The  upper  block  is  fixed,  while  the  lower  block  is 
movable.  An  endless  chain  joins  the  two  blocks  as  shown,  and 
slipping  is  prevented  by  grooves  on  the  upper  block. 


Let  the  radii  be  R and  r. 

Taking  moments  about  the  axis  of  the 
upper  block, 

{EXR)  + ihL  Xr)  = {\L  X R), 

ER  = \LR  - iLr, 
(R-r) 


ER^  L 


R - r 
2R  ' 


M.A.  = — = 

E R-r 


The  Differential  Wheel  and  Axle 


This  is  a modification  of  the  wheel  and  axle,  in  which  the  axle 
consists  of  two  sections,  M and  N,  having  almost  the  same  radius. 
AB  is  the  wheel,  and  D is  a movable  pulley.  A single  rope  is  wound 
round  the  system  as  shown  in  the  diagram. 

Let  Ti  = radius  of  axle  M, 

Ti  = radius  of  wheel  N, 


R = radius  of  wheel  AB. 

Taking  moments  about  the  axis  of 
the  system, 

(iL  Xr)  + {EXR)  = ihL  X r2), 

^ _ ^2  - ri 

L ~ 2R  ' 
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Exercise 

B 

1.  Using  a wheel  and  axle  which  has  a M.A.  of  4,  find  the  effort 
required  to  raise  a 500-lb.  load. 

2.  A wheel  and  axle  is  used  to  hoist  a 600-lb.  load  of  iron  ore 
from  a boat.  If  the  diameter  of  the  wheel  is  3 ft.  and  that  of  the  axle 
is  3 in.,  find  the  force  required  to  just  raise  the  load. 

3.  If  the  radii  of  a wheel  and  axle  are  2 ft.  and  6 in.  respectively, 
find  the  maximum  load  that  could  be  raised  with  an  effort  of  100  lb. 

4.  A load  of  45  lb.  is  just  supported  by  an  effort  of  3 lb.  when 
using  a wheel  and  axle.  If  the  radius  of  the  wheel  is  1|  ft.,  find  the 
radius  of  the  axle. 

5.  What  weight  can  be  raised  by  a boy  who  applies  a 40-lb. 
force  on  a 2-ft.  crank  of  a derrick  which  has  an  axle  with  radius  6 in.? 

6.  A load  of  1500  lb.  rests  on  an  inclined  ramp  which  runs  from 
the  ground  to  the  floor  of  a truck.  If  the  ramp  is  9 ft.  long  and  the 
floor  of  the  truck  is  3|  ft.  from  the  ground,  find  the  force  required  to 
move  the  load  up  the  ramp.  (Neglect  friction.) 

7.  The  handle  of  a vise  is  8 in.  long  and  the  screw  has  a pitch  of 
0 ■ 5 in.  Find  the  force  which  the  vise  exerts  on  a piece  of  material  when 
a force  of  40  lb.  is  exerted  at  the  end  of  the  handle  at  right  angles  to  it. 

8.  A jack-screw  with  pitch  0-2  in.  and  handle  3 ft.  long  is  used 
to  lift  the  corner  of  a building.  If  the  corner  weighs  6 tons,  find  the 
effort  needed  if  applied  at  right  angles  to  the  handle. 

9.  Find  the  weight  that  can  be  lifted  by  a vertical  jack-screw 
which  has  a pitch  of  1 in.  and  a handle  of  3|  ft.,  if  a 30-lb.  force  is 
exerted  at  right  angles  to  the  handle. 

10.  If  a jack-screw  has  5 threads  to  an  inch  and  a lever  arm  of 
3 ft.,  what  is  its  M.A.? 

11.  Find  the  R.P.M.  of  a 24-tooth  gear  wheel  that  is  driven  by  a 
33-tooth  gear  running  at  80  R.P.M. 

12.  Find  the  mechanical  advantage  of  two  gear  wheels  if  the 
driver  has  14  teeth  and  the  follower  has  56  teeth.  If  the  driver  is 
turning  75  R.P.M.,  how  fast  is  the  follower  turning? 

13.  A 24-tooth  gear  wheel  running  at  160  R.P.M.  is  to  drive  a 
shaft  at  60  R.P.M.  Find  the  number  of  teeth  that  the  shaft  gear 
should  have. 
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14.  What  is  the  mechanical  advantage  obtained  when  a 16-tooth 
gear  drives  a 48-tooth  gear? 

15.  In  a garage  a differential  pulley  is  used  to  raise  a piece  of 
steel  which  weighs  900  Ib.  a distance  of  6 feet.  What  force  must  a man 
exert  if  he  makes  20  downward  pulls  of  3 feet  each?  What  is  the 
mechanical  advantage  of  the  machine? 

16.  The  radius  of  a wheel  is  18  in.  and  the  radius  of  the  axle  is 
3 in.  What  weight  can  the  wheel  and  axle  support  if  an  effort  of 
16f  lb.  is  exerted? 

17.  An  effort  of  20  lb.  supports  a weight  of  120  lb.  on  a wheel  and 
axle.  If  the  diameter  of  the  axle  is  8 in.,  what  is  the  diameter  of  the 
wheel? 

18.  Find  the  mechanical  advantage  of  a differential  wheel  and 
axle  which  has  a wheel  2 ft.  in  diameter  and  the  two  sections  of  the 
axle  have  radii  of  6 in.  and  2 in.  respectively. 

19.  What  weight  can  be  raised  by  a man  who  applies  a 60-lb. 
force  on  a 2-ft.  crank  of  a derrick  which  has  an  axle  with  radius  6 in.? 

20.  Skids  10  ft.  long  are  used  to  roll  a barrel  weighing  196  lb. 
from  the  ground  to  a vertical  height  of  2|  ft.  What  force  parallel  to 
the  skids  will  be  used? 

21.  A 1200-lb.  piece  of  machinery  is  to  be  lifted  from  the  ground 
to  a platform  3 ft.  high.  If  the  greatest  effort  that  can  be  applied 
is  200  lb.,  what  length  of  inclined  plane  can  be  used? 

22.  A pull  of  300  lb.  supports  1500  lb.  on  an  inclined  plane  10  ft. 
long.  Find  the  height  of  the  plane,  and  the  angle  at  which  it  is  inclined 
to  the  closest  degree. 

23.  If  a wedge  12  in.  long  and  3 in.  wide  is  driven  fully  into  a log 
find  {a)  the  mechanical  advantage,  (b)  the  force  exerted  by  the  wedge 
if  an  effort  of  90  lb.  is  applied. 

24.  If  a pressure  of  400  lb.  is  needed  to  split  an  oak  log,  find  the 
width  of  a wedge  which  is  8 in.  long  if  an  effort  of  100  lb.  is  applied. 

25.  A jack-screw  has  a lever  14  in.  long  and  the  pitch  of  the  screw 
is  § in.  What  force  will  be  exerted  by  a 20-lb.  pull  at  the  end  of  the 
lever? 

26.  A vise  has  a |-in.  pitch  single-threaded  screw  and  an  8-in. 
handle.  If  a boy  pushes  with  50  lb.  at  the  end  of  the  handle,  what  force 
is  exerted  by  the  screw  on  the  jaws  of  the  vise? 


388 


SENIOR  TECHNICAL  MATHEMATICS 


27.  A differential  hoist  has  fixed  pulleys  of  8-  and  5-in.  diameter. 
What  effort  is  needed  to  raise  a 240-lb.  load? 

28.  A windlass  has  a barrel  4 in.  in  radius  and  a crank  20  in. 
long.  A rope  extends  from  the  windlass  to  3 fixed  and  2 movable 
pulleys.  If  an  effort  of  30  lb.  is  exerted  on  the  crank,  what  weight  can 
be  lifted  at  the  movable  pulleys? 

29.  If  the  efficiency  of  the  machine  in  Problem  28  is  45%,  what 
weight  can  be  lifted? 

30.  How  many  jack-screws  with  levers  21  in.  long  and  pitch 
I in.  will  be  required  to  raise  a 30-ton  building  if  the  pull  on  each  lever 
is  60  lb.? 

31.  A differential  pulley  is  used  to  lift  a two-ton  load.  If  the 
diameter  of  the  larger  pulley  is  8 in.  and  that  of  the  smaller  pulley 
6 in.,  find  the  M.A.  of  the  machine,  and  the  applied  force  to  raise 
the  load. 

32.  If  a load  of  100  lb.  can  be  raised  by  an  effort  of  20  lb.  using  a 
differential  pulley,  what  sized  pulley  must  be  used  if  the  smaller 
pulley  is  6 in.  in  radius? 


Review  Exercise 

1.  A vise  has  a |-in.  pitch  single-threaded  screw  and  the  handle 
is  8 in.  long.  If  a man  pushes  with  60  lb.  at  the  end  of  the  handle, 
what  force  is  exerted  by  the  screw  on  the  jaws  of  the  vise? 

2.  What  would  be  the  effect  of  having  an  8-pitch  screw  instead 
of  a 4-pitch  screw  in  Problem  1? 

3.  Skids  12  ft.  long  are  used  to  roll  a barrel  weighing  190  lb.  from 
the  ground  to  a vertical  height  of  3 ft.  What  force  parallel  to  the 
skids  will  be  used? 

4.  A 1000-lb.  piece  of  machinery  is  to  be  lifted  from  the  ground 
to  a platform  2 ft.  high.  The  greatest  force  that  can  be  applied  is 
200  lb.  What  length  of  incline  plane  can  be  used? 

5.  A power  of  600  lb.  supports  2400  lb.  on  an  inclined  plane  10  ft. 
long.  Find  the  height  of  the  plane. 

6.  With  three  fixed  and  two  movable  pulleys,  how  much  weight 
can  10  lb.  support? 

7.  Two  men  carry  a weight  of  250  lb.  on  a pole  8 ft.  long.  Where 
would  the  weight  be  hung  so  that  one  man  carries  twice  as  much  as 
the  other? 


CHAPTER  XXIV 


COMPOSITION  AND  RESOLUTION  OF  FORCES 
Vectors 

Any  force  may  be  completely  represented  by  a directed  line 
segment  or  vector.  Vectors  find  important  applications  in  many  fields. 
They  are  used  in  electrical  theory  to  represent  wave  motion  due  to 
alternating  currents,  and  in  navigation  to  represent  the  displacement 
due  to  a wind  or  water  current. 

Let  the  vector  AB,  drawn  to  scale  on  a 
map,  represent  a wind  of  10  m.p.h. 
from  the  southwest.  Then  a balloon  in 
the  air  would  be  carried  or  displaced 
from  T to  5 in  one  hour. 

A force  of  10  lb.  tends  to  produce  a displacement  of  10  units  in  the 
direction  in  which  the  force  acts.  Vectors  may  be  added  by  combin- 
ing the  displacements  they  represent,  and  this  method  will  be  used 
to  add  forces. 


The  resultant  of  two  forces  acting  at  a point  in  different 
directions. 


Vector  Diagram 


Scale:  1 cm.  = 5 lb. 

Let  OA  and  OC  represent  forces  of  10  lb.  and  15  lb.  acting  at  0 
at  an  angle  of  30°  to  each  other. 


389 


390 


SENIOR  TECHNICAL  MATHEMATICS 


To  find  the  resultant  of  these  two  forces,  consider  the  forces  to 
act  successively.  Under  the  action  of  the  10-lb.  force  alone,  the  body 
will  tend  to  be  displaced  from  0 to  ^ . If  the  15-lb.  force  is  now  applied 
alone,  the  body  will  tend  to  be  displaced  from  A to  B where  AB  is 
parallel  to  OC  and  equal  to  OC.  Under  the  action  of  the  two  forces 
the  body  tends  to  be  displaced  from  0 to  B.  Therefore  OB  represents 
the  resultant  of  the  10-lb.  and  the  15-lb.  forces.  Note  that  OB  is  the 
diagonal  of  the  parallelogram  OABC.  This  parallelogram  is  called 
the  parallelogram  of  forces. 

Conclusion:  To  find  the  resultant  of  two  forces  acting  at  an 
angle  to  each  other,  complete  the  parallelogram  of  which  the  two 
forces  are  adjacent  sides.  Their  resultant  is  the  diagonal  of  the 
parallelogram  drawn  from  the  point  of  application  of  the  two  forces. 

Exercise 

B 

In  the  following  questions  select  a suitable  scale 
accurate  diagram. 

1.  Find,  to  the  nearest  pound,  the  resultant  of 
forces: 

{a)  20  lb.  and  40  lb.  acting  at  an  angle  of  60°, 

(5)  5 lb.  and  10  lb.  acting  at  an  angle  of  90°, 

(c)  12  lb.  and  18  lb.  acting  at  an  angle  of  120°. 

2.  To  move  a large  stone  two  men  pull  on  ropes  attached  to  the 
stone,  one  with  a force  of  100  lb.,  and  the  other  with  a force  of  80  lb. 
If  the  angle  between  the  ropes  is  40°  find: 

{a)  The  resultant  force, 

(5)  The  angle  between  the  resultant  and  the  100-lb.  force. 

3.  A steamer  can  travel  at  23  m.p.h.  in  still  water.  In  crossing 
a river  which  flows  at  3 m.p.h.  the  steamer  heads  straight  across  the 
river.  Find  the  actual  direction  in  which  the  steamer  moves,  and  its 
speed  in  that  direction. 

The  Resultant 

The  resultant  R of  two  forces  P and  Q 
acting  at  a point  A may  be  found  from  a 
vector  diagram.  In  the  diagram,  triangle 
ABC  is  called  a triangle  of  forces,  and  the 
following  law  provides  a method  of  calculat- 
ing R. 


and  draw  an 
the  following 
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The  Law  of  the  Triangle  of  Forces 

If  two  forces  acting  at  a point  are  represented  in  magnitude  and 
direction  by  the  two  sides  of  a triangle  taken  in  order,  their  resultant 
is  represented  in  magnitude  and  direction  by  the  third  side  taken  in 
reverse  order. 


Calculation  of  the  Resultant 

- hLtr^ngle  ABC  by  the  Law  of  Cosines, 

or  = Q2  _|.  p2  _ 2QP  cos  B. 

Since  B = 180°  — x, 
cos  B = cos  (180°  — x)  = — cos 

where  x is  the  angle  between  P and  Q at  A. 


To  find  the  angle  y between  R and  P,  which  gives  the  direction  of  the 
resultant,  it  is  necessary  to  use  the  Law  of  Sines  in  triangle  ABC. 

Example: 

Calculate  the  magnitude  (size)  of  the  resultant  of  two  forces  of 
12  lb.  and  8 lb.  acting  at  a point  at  an  angle  of  40°  to  each  other,  and 
find  its  direction  (to  2-figure  accuracy). 

Solution: 

P2 


R 
sin  y 
8 

sin  y 

y 

The  resultant  is  a force  of  19  lb.  at  an  angle  of  16°  to  the  12-lb.  force. 


P2  (22  2PQ  cos  X 

122  + 82  + 2 X 12  X 8 X cos  40° 

144  + 64  + 192  cos  40° 

144  + 64  + 147  (by  slide  rule) 

355. 

= 18-8. 

sin  140°  sib 

18-8  ’ 

8 X 0-643 


4 


18-8 
15°  48'. 


0-273, 


1 12  lb. 


140 

L 
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Exercise 

B 

1.  Calculate  to  the  nearest  pound,  the  magnitude  of  the  resultant 
of  the  following  forces  acting  at  a point: 

(a)  20  lb.  and  40  lb.  acting  at  an  angle  of  60°  to  each  other, 

(b)  5 lb.  and  10  lb.  acting  at  an  angle  of  90°  to  each  other, 

(c)  12  lb.  and  18  lb.  acting  at  an  angle  of  120°  to  each  other. 

2.  Find  the  magnitude  of  the  single  force  which  would  do  the 
same  work  as  two  forces  of  15  lb.  and  25  lb.  acting  at  an  angle  of 
162°  to  each  other. 

3.  Find  the  magnitude  and  the  direction  of  the  resultant  of  two 
forces  of  40  lb.  and  55  lb.  acting  at  an  angle  of  70°. 

4.  Two  forces  of  x lb.  and  20  lb.  which  act  at  an  angle  of  120° 
to  each  other  have  a resultant  of  10\/3  lb.  Find  x. 

5.  Two  forces  of  2000  lb.  and  4000  lb.  respectively  are  acting 
upon  a point.  If  the  lines  of  action  of  the  forces  are  90°  apart, 
calculate  the  magnitude  and  the  direction  of  their  resultant. 

6.  Find  the  angle  between  forces  of  9 lb.  and  12  lb.  if  their 
resultant  is  15  lb. 

7.  Two  forces  of  7 lb.  and  10  lb.  have  a resultant  of  12  lb.  What 
is  the  angle  between  the  7 lb.  and  10  lb.  forces? 

Equilibrant 

The  equilibrant  of  a number  of  forces  acting  on  a body  is  the 
single  force  which  when  added  to  the  system  maintains  it  in  a state  of 
equilibrium.  The  equilibrant  is  equal  to  the  resultant,  and  acts  in 
the  opposite  direction.  Hence  the  preceding  methods  for  finding  the 
resultant  apply  also  to  finding  the  equilibrant. 

If  a triangle  of  forces  is 
drawn  for  two  forces  P and  Q 
acting  at  a point,  then  the  vec- 
tor CA  represents  the  equili- 
brant. If  CA  is  extended 
to  G so  that  AG  = CA,  then 
the  vector  AG  represents  the 
equilibrant  of  the  forces  P and  Q.  In  order  to  find  the  direction  of  the 
equilibrant,  it  is  necessary  to  calculate  angle  x by  means  of  the  Law 
of  Sines  in  triangle  ABC.  Then  the  equilibrant  acts  at  an  angle 
(180°  — x)  to  the  force  P. 


G^- 
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Exercise 

B 

1.  Calculate  the  magnitude  of  the  equilibrant  of  the  following 
forces  acting  at  a point: 

(а)  12  lb.  and  8 lb.  acting  at  an  angle  of  60°  to  each  other, 

(б)  70  lb.  and  120  lb.  acting  at  an  angle  of  60°  to  each  other, 

(c)  24  tons  and  15  tons  acting  at  an  angle  of  30°  to  each  other, 

(d)  50  gm.  and  85  gm.  acting  at  an  angle  of  45°  to  each  other, 

2.  Two  cables  are  attached  to  a point  in  a body.  Forces  of 
100  lb,  and  150  lb.  act  in  the  cables.  If  the  angle  between  the  cables 
is  90°  calculate  the  magnitude  of  the  equilibrant, 

3.  Two  forces  of  50  lb.  and  65  lb,  act  from  a point  at  an  angle  of 
80°  with  each  other.  Calculate  the  magnitude  and  direction  of  the 
force  required  to  produce  equilibrium  at  the  point. 

4.  Two  forces  of  7 lb.  and  10  lb.  act  at  a point  at  an  angle  of  45° 
to  each  other.  Find  the  equilibrant  and  the  angle  that  the  equilibrant 
makes  with  the  10-lb.  force. 


Condition  for  Equilibrium  when  Three  Forces  Act  at  a Point 

If  3 forces  P,  Q and  E acting  at 
a point  are  in  equilibrium,  then  E 
is  the  equilibrant  of  P and  Q,  and 
must  be  equal  to  the  third  side  of 
the  triangle  of  forces  of  which  P 
and  Q are  the  first  two  sides  taken 
in  order.  Hence  if  a body  is  in 
equilibrium  under  the  action  of  three  forces,  these  three  forces  can 
be  represented  in  magnitude  and  direction  by  three  sides  of  a 
triangle  taken  in  order. 
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Example:  Arrange  3 forces  of  7 lb. 
brium  when  acting  at  a point. 

Solution: 

First  it  is  necessary  to  draw  accurately, 
to  scale,  a triangle  of  forces  ABC.  This 
diagram  gives  the  correct  direction  for 
each  force  to  produce  equilibrium. 

The  final  arrangement  of  forces  at  the 
point  A is  made  by  extending  CA  to  G 
so  = ^C,  and  drawing  AD  parallel 
and  equal  to  BC.  The  vectors  AB,  AD 
and  AG  show  the  arrangement  required 
to  produce  equilibrium. 


8 lb.  and  9 lb.  to  be  in  equili- 


/9  lb. 


From  the  diagram,  the  directions  may  be  measured  or  calculated. 
In  triangle  ABC  by  the  Law  of  Cosines, 


cos  A = 


2bc 


cos  B = 


a^  + c^  - 62 
2ac 


81  + 49  - 64  _ 64  + 49  - 81 

“ 2X9X7  “ 2X8X7 

= 0-524.  = 0-286. 

Angle  + = 58°.  Angle  B = 73°. 

Angle  BAG  = 122°.  Angle  BAD  = 107°. 

Hence  angle  DAG  = 131°. 

The  angle  between  the  7-lb.  and  8-lb.  force  is  107°,  between  the  8-lb. 
and  9-lb.  force  is  131°,  and  between  the  9-lb.  and  the  7-lb.  force  is  122°. 


Exercise 

A 

1.  Can  the  following  sets  of  forces  be  arranged  so  as  to  produce 
equilibrium  at  a point? 

(a)  3 lb.,  4 lb.,  5 lb.  (5)  3 lb.,  4 lb.,  8 lb. 

B 

2.  Arrange  forces  of  5 lb.,  7 lb.  and  9 lb.  to  produce  equilibrium 
at  a point,  and  find  the  angles  between  the  forces, 

(a)  by  measurement,  (b)  by  calculation. 

3.  Three  forces  of  12  lb.,  10  lb.  and  6 lb.  act  at  a point  and  are 
in  equilibrium.  Find  the  angle  between  the  12-  and  10-lb.  forces. 

4.  Two  forces  of  45  lb.  and  70  lb.  acting  at  a point  have  an 
equilibrant  of  95  lb.  Find  the  angle  between  the  two  forces. 
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Resolution  of  Forces 

If  a vector  diagram  is  drawn 
to  scale  for  two  forces  P and  Q 
acting  at  a point,  the  resultant  is 
represented  by  the  diagonal  of  the 
parallelogram  of  forces.  If  a force 
F is  given,  it  is  possible  to  com- 
plete many  parallelograms  having 
the  vector  F as  diagonal.  Each 
parallelogram  gives  a pair  of 
forces  P and  Q whose  resultant 
is  F.  Each  pair  of  forces  P and  Q are  called  components  of  F,  and  the 
force  F is  resolved  into  its  components  P and  Q.  There  is  one  pair  of 
components  which  are  at  right  angles  to  each  other  such  that  P is 
horizontal  and  Q is  vertical. 

When  these  are  found,  F is  resolved  into  its  horizontal  and  vertical 
components. 

Example:  A boy  pulls  a sleigh  by  exerting  a force  of  20  lb.  directed 
along  the  rope,  which  makes  an  angle  of  30°  with  the  ground.  How 
much  of  this  force  actually  is  used  to  move  the  sleigh  forward,  and 
how  much  is  used  in  lifting  the  sleigh?  D C 

I 

Solution : ^ P 60°  20  lb.  I 

^1  At  I 

T p 


AAAAA i 


If  a vector  diagram  is  drawn  to  scale,  20  lb.  is  represented  by  the 
length  of  AC,  and  the  horizontal  component  P is  represented  by  the 
length  of  AB. 

Also  since  -7-::;  = cos  60°, 


ab 

Since  — — = cos  30 

A U 


AC 


20 


= cos  30' 


— = cos  60' 

20 


Hence  P = 20  cos  30°  = 17  -3.  Hence  Q = 20  cos  60°  = 10  0. 

Thus  a force  of  17-3  lb.  pulls  the  sleigh  forward,  a force  of  10  0 lb. 
lifts  the  sleigh. 
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General  Formulas  for  Horizontal  and  Vertical  Components 


By  the  same  method,  if  P and  Q are 
the  horizontal  and  vertical  components 
of  a force  F acting  at  an  angle  x to  the 
horizontal, 

P = F cos  X. 

Q = Fcos  {90°  - x). 


Since  cos  (90°  — x)  = sin  x, 

Q = F sin  X. 


Note:  When  resolving  a force  F into  perpendicular  components,  the 
component  in  either  direction  is  found  by  multiplying  F by  the 
cosine  of  the  angle  between  F and  the  direction  of  the  component 
required. 


Exercise 

B 

1.  Find  the  horizontal  and  vertical  components  of  the  following 
forces : 

(а)  a force  of  100  lb.  acting  at  60°  to  the  horizontal, 

(б)  a force  of  50  lb.  acting  at  40°  to  the  horizontal, 

(c)  a force  of  25  lb.  acting  at  40°  to  the  vertical. 

2.  In  pulling  a wagon  a boy  exerts  a pull  of  25  lb.  along  the 
handle.  If  the  handle  is  inclined  at  35°  to  the  horizontal,  find  the 
magnitude  of  the  force  that  actually  moves  the  wagon  forward. 

3.  A boat  is  pulled  through  the  lock  of  a canal  by  attaching  a 
cable  to  a stanchion  on  the  bank.  If  the  cable  makes  an  angle  of  10° 
with  the  bank  and  a force  of  1500  lb.  is  exerted  in  the  cable,  find  the 
magnitude  of  the  force  pulling  the  boat  toward  the  bank. 

4.  In  pushing  a lawn-mower  a man  exerts  a force  of  40  lb. 
along  the  handle  which  is  inclined  at  an  angle  of  30°  to  the  ground. 
Find  the  force  actually  used  to  push  the  mower  forward.  How  great 
is  the  force  which  tends  to  push  the  mower  into  the  ground? 

5.  Three  forces  of  15  lb.,  12  lb.  and  8 lb.  act  at  a point  0.  The 
angle  between  the  15-  and  12-lb.  forces  is  120°,  and  between  the  12- 
and  8-lb.  forces  is  75°.  If  the  15-lb.  force  makes  an  angle  of  30°  with 
the  horizontal,  find  the  horizontal  and  vertical  components  for  all 
three  forces  together. 
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Alternative  Condition  for  Equilibrium  when  Three  Forces  ' 

In  the  diagram,  three  forces  Fi,  Ft 
and  Fz  act  at  0.  Through  0 draw 
horizontal  and  vertical  lines  and 
resolve  each  of  the  forces  Fi,  Ft  and 
Fz  into  their  horizontal  and  vertical 
components. 

Let  Pi  and  Qi  be  the  horizontal  and  vertical  components  of  Pi,  and 
Ft,  Qz  and  Pz,  Qz  the  components  of  Ft  and  Fz. 

There  will  be  no  motion  to  the  right  or  left  if  Pi  = P2  + P3. 

There  will  be  no  motion  up  or  down  if  Qt  Qi  = Qs- 

If  there  is  no  motion  right  or  left,  or  up  or  down,  then  the  body  is  in 
equilibrium.  Therefore  the  condition  for  equilibrium  is  as  follows: 

Resolve  each  of  the  forces  into  its  horizontal  and  vertical  components. 
Then  there  will  be  equilibrium  if 

{1)  the  sum  of  the  horizontal  components  to  the  right  = the  sum  of 
the  horizontal  components  to  the  left. 

{2)  The  sum  of  the  vertical  components  upward  = the  sum  of  the 
vertical  components  downward. 


Act  at  a Point 


Example:  Three  forces  of  7 lb.,  8 lb.  and  x lb.  act  at  a point  and  are 
in  equilibrium.  The  angle  between  the  7-  and  8-lb.  forces  is  110° 
and  between  the  8-  and  x-lb.  forces  is  130°.  Find  x. 


Taking  the  force  of  x lb.  along  the 
horizontal  and  resolving  the  7-  and 
8-lb.  forces  into  their  horizontal 
components,  for  equilibrium 

X = 1 cos  60°  + 8 cos  50° 


= 8-6. 
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Example:  A weight  of  100-lb.  is  hanging  by  a rope  at  A.  The 
weight  is  pulled  to  one  side  by  a horizontal  force  P until  the  rope 
makes  an  angle  of  25°  with  the  vertical.  In  this  position  find  the 
force  P and  the  tension  T in  the  rope. 

Solution:  P acts  horizontally  and  the  100-lb.  weight  acts  vertically. 
Resolving  T into  its  horizontal  and 
vertical  components,  for  equili- 
brium, 

rcos65°=P  (i). 

Tcos  25°  = 100  (2). 

From  (2)  T = — — — - = 110  -34  or  110  lb. 
cos  25 

From  (i)  P = 110-34  X 0-42262 
= 46  -631  or  47. 

The  force  P is  47  lb.  and  the  tension  P is  110  lb. 

Note:  Three-figure  accuracy  should  be  maintained  in  the  following 
exercise. 


Exercise 

B 

1.  Three  forces  of  85  - 0 lb.,  100  lb.  and  y lb.  acting  at  a point  are 
in  equilibrium.  If  the  angle  between  the  first  two  forces  is  130°  0'  and 
the  angle  between  the  last  two  is  124°  52',  find  y. 

2.  A weight  of  1000  lb.  is  suspended  by  a cable.  The  weight 
is  pulled  to  one  side  by  a horizontal  force  F until  the  cable  makes  an 
angle  of  40°  with  the  vertical.  Find  the  tension  in  the  cable  and  the 
magnitude  of  the  force  F. 

3.  A weight  of  1000  lb.  is  suspended  by  two  cables  each  making  an 
angle  of  45°  to  the  vertical.  Find  the  minimum  force  which  each  cable 
must  be  able  to  exert  to  support  the  weight. 

4.  The  bob  of  a pendulum,  which  is  supported  by  a string  15  in. 
long  is  held  aside  with  a horizontal  force  of  5 lb.  If  the  tension  of  the 
string  is  8 lb.  find  the  angle  that  the  string  makes  with  the  vertical, 
and  find  the  weight  of  the  bob. 

5.  A boy  weighing  80  lb.  is  on  a swing  with  a 40-ft.  rope.  He  is 
held  in  a position  8 ft.  to  one  side  of  the  central  position  by  a hori- 
zontal force.  Find: 

(a)  the  tension  in  the  rope. 


{b)  the  horizontal  force  required. 
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6.  A boy  weighing  70  lb.  is  on  a swing  having  a rope  35  ft.  long. 
A horizontal  force  of  20  lb.  holds  him  to  one  side  of  the  central 
position.  Find: 

(a)  the  angle  between  the  rope  and  the  vertical, 

(b)  the  tension  in  the  rope. 

7.  Find  the  tension  and  horizontal  force  required  to  hold  a 100- 
lb.  boy  on  a swing  with  a 30-ft.  rope  in  a position  5 ft.  to  one  side  of 
the  central  position. 

Reduction  of  Forces  to  a Simple  System 

A system  of  forces  will  not  always  produce  equilibrium.  It  is 
equally  important  to  be  able  to  reduce  a system  of  forces  to  a pair  of 
rectangular  components.  After  this  is  done  it  is  a simple  matter  to 
find  the  resultant.  This  method  may  be  used  to  simplify  any  system 
of  vectors. 

Example:  Three  forces  of  8,  9 and  10  lb.  act  at  a point  so  that  the 
angle  between  the  8-  and  9-lb.  forces  is  65°,  and  the  angle  between  the 
9-  and  the  10-lb.  forces  is  135°.  (All  angles  are  measured  counter- 
clockwise.) 

(a)  Find  the  component  of  the  system  of  forces  in  the  direction 
of  the  8-lb.  force,  and  the  component  at  right  angles  to  the  8-lb.  force. 
(5)  Find  the  magnitude  and  direction  of  the  resultant. 

Solution:  (a)  Let  the  8-lb.  force 
act  horizontally. 

Then  the  angles  are  as  shown  on 
the  diagram. 

Resolving  along  the  8-lb.  force: 

Component  in  the  direction  of  the 
8-lb.  force 

= 8 + 9 cos  65°  — 10  cos  20° 

= 8 + 3-81  - 9-40 
= 2 41. 

Component  perpendicular  to  8-lb.  force 
= 9 cos  25°  — 10  cos  70° 

= 8-15  - 3-42 
= 4-73. 

The  component  along  the  8-lb.  force  is  2-4  lb.,  and  the  perpendicular 
component  is  4 • 7 lb. 
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(b)  Using  only  the  components 
found  in  (a), 

R2  = 2-412  + 4-732 

= 5-81  + 22-4 

= 28-2. 

R = 5-31. 


Let  the  angle  between  the  original  8-lb.  force  and  the  resultant  be  x. 

4-73  , 

tan  = 1-96 

2-41 

= 63°  0' 

The  resultant  is  a force  of  5 -31  lb.  at  an  angle  of  63°  counter-clock- 
wise from  the  8-lb.  force. 


Exercise 

B 

For  each  of  the  following  systems  of  forces,  find: 

(a)  the  component  in  the  direction  of  the  first  (horizontal)  force, 
and  the  component  at  right  angles. 

(b)  the  direction  and  magnitude  of  the  resultant.  (All  angles  are 
measured  counter-clockwise.) 


1. 


12  lb. 


2. 


3.  Forces  of  7 -60  lb.,  8-30  lb.  and  10-5  lb.,  if  the  8 - 30-lb.  force 
is  at  127°  36'  from  the  7 - 60-lb.  force,  and  the  10  - 5-lb.  force  is  at 
92°  18'  from  the  8- 30-lb.  force. 
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4.  Forces  of  8 lb.,  8 lb,  and  8 lb.,  each  angle  being  120°. 

5.  Four  forces  of  8 lb.,  10  lb.,  12  lb.  and  15  lb.,  each  angle 
being  90°. 


6.  In  the  diagram,  find  the 
components  along  OX  and  OY, 
and  find  the  resultant  of  the 
system. 


CHAPTER  XXV 


CENTRE  OF  GRAVITY  AND  FRICTION 
Centre  of  Gravity 

The  centre  of  gravity  of  a body  is  the  point  at  which  the  entire 
weight  of  the  body  may  be  considered  to  act.  The  body  is  made  up  of 
many  small  particles,  each  of  which  has  its  own  weight.  All  these 
small  weights  will  balance  about  some  central  point  called  the  centre 
of  balance  or  Centre  of  Gravity.  (C.G.) 

Experiment  to  Locate  the  C.G. 

A piece  of  cardboard  of  any  shape  ABCDE  is  hung  from  a pin  at 

A,  and  a weighted  string 
also  hangs  from  the  pin.  A 
line  drawn  along  the  string 
will  then  separate  the  card- 
board into  two  equal  areas. 

The  cardboard  is  then  set 
up  to  hang  from  a point  B 
as  shown  and  again  a line 
is  drawn  along  the  string. 
The  two  lines  cross  at  0,  which  is  the  C.  G.  of  the  cardboard. 


Exercise 

B 

1.  Using  a ruler  and  compasses  only,  draw  a circle  with  radius 
in.  Draw  two  chords  not  parallel  to  each  other.  Construct  the 
right  bisectors  of  these  two  chords,  and  mark  the  point  where  they 
intersect  at  0.  Point  0 is  the  centre  of  the  area  of  the  circle  and  its 

C.G. 
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2.  Using  a ruler  and  compasses  only,  construct  a triangle  ABC 
having  sides  in.,  2 in.  and  3 in.  Draw  a line  from  A to  the  middle 
point  of  the  opposite  side.  This  line  is  called  a median  and  divides  the 
area  of  the  triangle  into  halves.  Draw  another  median  from  B and 
have  it  meet  the  first  median  at  point  0.  Point  0 is  called  the  centroid 
of  the  triangle  and  is  its  centre  of  area  and  C.G. 

3.  Show,  using  diagrams,  how  the  C.G.  of  a rectangle,  square, 
rhombus,  and  parallelogram,  may  be  obtained  by  drawing  two 
straight  lines  in  each  case.  Show  why  the  C.G.  of  a trapezium  or 
U-shaped  figure  cannot  be  obtained  in  the  same  way. 

Describe  an  experimental  way  of  finding  the  C.G.  of  such  areas. 


Mathematical  Calculation  of  Centre  of  Gravity 

Example:  A uniform  metal  rod  AB,  30  in.  long  and  16  lb.  in 
weight  has  a mass  of  6 lb.  attached  2 in.  from  A.  Find  the  C.G. 


Solution: 

The  weight  of  the  rod  acts  at 
the  mid-point  C.  Let  the  C.G. 
of  the  two  weights  be  at  G so 
that  AG  = xin. 


j 15"  ^ 

30"  ^ 

C 

1 i , 

i Y t 

6 lb.  22  lb.  16  lb. 


Then  the  entire  22  lb.  may  be  considered  to  act  at  G.  If  moments  are 
taken  about  A,  the  moment  of  the  total  weight  acting  at  G must  be 
equal  to  the  sum  of  the  moments  of  the  original  two  weights. 

(22  X x)  = (6  X 2)  + (16  X 15) 

X = 

The  C.G.  is  11  ^ in.  from  A. 


Exercise 

B 

1.  A uniform  rod  AB,  7 ft.  long  has  8 in.  taken  off  the  end  at 
B.  How  far  from  A is  the  new  C.G.? 
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2.  A truck  25  ft.  long  has  its  C.G.  10  ft.  from  the  front.  The 
truck  weighs  3000  lb.  A load  of  one  ton  is  placed  on  the  truck  so 
that  the  C.G.  of  the  load  is  8 ft.  from  the  rear.  Find  the  C.G.  of  the 
truck  with  its  load. 

3.  A wooden  baseball  bat  weighing  23  ounces  has  a core  weigh- 
ing 3 ounces  hollowed  out  for  a distance  of  8 in.  from  the  large  end 
and  replaced  with  lead  weighing  12  ounces.  If  the  C.G.  of  the  bat 
originally  was  12  in.  from  the  large  end,  what  is  its  position  when  the 
lead  is  used? 

4.  A uniform  axle  AB  12  ft.  long  weighs  120  lb.  Pulleys  weighing 
6,  15,  and  25  lb.  are  attached  2 ft.,  6 ft.  and  9 ft.  respectively  from 
end  A.  Find  the  balancing  point  or  C.G. 

5.  How  far  from  the  left  end  is  the  C.G.  of  the  cardboard  in  the 
diagram? 


30  lb. 


12" 


20  lb. 


12" 


Centre  of  Gravity  of  a Thin  Sheet  or  Lamina 

Example:  From  a circular  tin  disc  a circular  hole  is  punched  out  as 
shown  in  the  diagram.  Find  the  C.G.  of  the  remainder  of  the  disc. 


Solution: 

The  C.G.  of  the  remainder  must  lie  on  the  line  AB.  Let  it  be  at  the 
point  G,  where  AG  = x in. 
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Let  1 sq.  in.  of  tin  weigh  1 lb. 

Weight  of  complete  disc  is  25x  lb.  and  acts  at  C. 

Weight  of  the  part  removed  is  x lb.  and  acts  at  D. 

Weight  of  the  remainder  is  24x  lb.  and  acts  at  G. 

Since  the  moment  of  the  whole  disc  about  A is  equal  to  the  sum  of  the 
moments  of  the  two  parts, 

(25x  X 5)  = (x  X 8)  + (24x  X x), 

125  = 8 + 24x, 

x = ^. 

The  C.G.  of  the  remainder  is  on  AB  and  is  4|  in.  from  A. 


Exercise 

B 


4.  Find  the  C.G.  of  an  equilateral  triangle  having  2-in.  sides. 


5. 


Find  the  C.G.  in  the  above  sheet  of  metal  making  use  of  the  answer 
to  question  4. 
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The  Centre  of  Gravity  of  Solids 

Example:  A steel  cylinder  AB  has  diameter  4 in.  and  length  8 in. 
A small  cylinder  is  bored  out  centrally  at  B having  diameter  2 in. 
and  length  2 in.  Find  the  C.G.  of  the  remainder. 

Solution: 


The  C.G.  of  the  remainder  must  be  on  the  axis  AB.  Let  it  be  at  G 
so  that  AG  = X in. 

Let  1 cu.  in.  of  the  metal  weigh  1 lb. 

Weight  of  entire  cylinder  is  32x  lb.  and  acts  at  C. 

Weight  of  cylinder  removed  is  2x  lb.  and  acts  at  D. 

Weight  of  remainder  is  30x  lb.  and  acts  at  G. 

Since  the  moment  of  the  entire  cylinder  about  A is  equal  to  the  sum 
of  the  moments  of  the  two  parts, 

(32x  X 4)  = (2x  X 7)  + (30x  X x) 

128  = 14  + 30x 

X = 3-8 


The  C.G.  is  on  AB  and  is  3-8  in.  from  A. 
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Stability  and  Tipping 


C.G. 


Stable  About  to  tip  Tipping 

The  stability  or  tipability  of  a solid  object  depends  upon  the 
location  of  its  centre  of  gravity.  For  an  object  not  to  tip,  the  vertical 
line  through  its  C.G.  must  pass  within  its  supporting  base.  If  the 
object  tips  far  enough  so  that  this  vertical  line  passes  outside  the 
supporting  base,  then  the  object  topples  over.  When  the  C.G.  of  an 
object  is  low  down  near  its  supporting  base,  like  a book  or  coin  lying 
face  down,  the  object  is  difficult  to  tip  and  has  stability.  Of  course, 
an  object  is  more  easily  tipped  if  the  supporting  base  becomes  smaller. 
For  example,  a coin  on  its  edge  is  unstable. 

Exercise 

A 

1.  Discuss  the  change  in  stability  in  each  case. 

(a)  A person  stands  up  in  a canoe, 

(b)  A standing  person  gets  down  on  hands  and  knees, 

(c)  Modern  cars  are  built  closer  to  the  ground, 

(d)  A man  gets  onto  a pair  of  stilts, 

(e)  A machine  has  its  supporting  base  made  larger. 

B 

2.  A rectangular  solid  with  base  6 in.  by  6 in.  and  height  8 in. 
is  just  about  to  tip  over.  At  what  angle  is  the  solid  to  the  vertical? 

3.  A mass  of  metal  with  volume  198  cu.  in.  is  melted  and  moulded 
into  a solid  cylinder  with  diameter  3 in.  How  far  is  the  C.G.  of  the 
cylinder  from  the  base,  and  to  what  angle  may  it  be  tipped  from  the 
vertical  before  it  tips  over? 

4.  A solid  cube  of  metal  has  an  edge  of  12  in.  A cylindrical  hole 
whose  diameter  is  6 in.  and  whose  centre  is  at  the  intersection  of  the 
diagonals  on  one  face,  is  bored  to  a depth  of  8 in.  Find  the  distance 
of  the  C.G.  of  the  remaining  part  of  the  cube  from  the  opposite  face. 
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Friction 

Friction  is  defined  as  the  force  which  resists  the  motion  of  a body 
when  it  slides,  or  rolls,  over  another  body.  This  resistance  to  motion 
is  caused  by  small  irregularities  of  the  surfaces  in  contact.  Oiling  or 
greasing  the  surfaces  in  contact  lessens  these  small  irregularities  and 
therefore  lessens  the  friction. 

A book  on  a table  will  resist  sliding  due  to  friction,  but  will  slide 
if  a sufficiently  large  pull  is  exerted.  If  a weight  W is  placed  on  the 
book,  a larger  pull  is  required  to  cause  motion.  In  each  case  a force 

of  friction  F acts  in  a direction 
to  oppose  the  motion.  The 
weight  of  the  book  acts  in  a 
direction  perpendicular  or 

normal  to  the  table.  The  table 
called  the  normal  force  N at  the 


exerts  an  equal  and  opposite  force 
surface  of  the  contact. 


An  Experiment  to  Study  the  Laws  of  Friction 


A wooden  block  is  placed  on  a table.  It  is  attached  to  a string 
leading  over  a frictionless  pulley  to  a scale  pan  6'.  Weights  are  added 
to  the  scale  pan  until  the  block  B just  begins  to  move.  When  this 
occurs,  the  pull  P indicated  by  the  weight  in  the  scale  pan  is  just 
equal  to  the  force  of  friction  F.  The  normal  force  N is  found  by 

F 

weighing  the  block  of  wood,  and  the  ratio  — may  be  calculated. 

If  this  experiment  is  repeated  using  various  weights  placed  on  B, 

F 

it  will  be  found  that  the  ratio  — always  has  the  same  value  for  the 
same  two  surfaces  in  contact. 
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The  ratio  — is  called  the  coefficient  of  starting  friction. 

F 

— = ;u  (a  Greek  letter  pronounced  mu) 

The  experiment  may  be  repeated,  this  time  tapping  or  jarring  the 
table  as  weights  are  added  to  the  scale  pan.  The  tapping  overcomes 
a part  of  the  initial  resistance  to  sliding  so  that  a smaller  force  F is 
sufficient  to  cause  the  block  B to  slide  and  keep  sliding  when  once  in 
motion.  This  force  is  called  the  force  of  sliding  friction  and  the 
. F. 

resulting  value  for  the  ratio  — is  called  the  coefficient  of  sliding  friction. 


Some  Conclusions  Called  the  Laws  of  Friction 

1.  The  direction  of  the  force  of  friction  is  opposite  to  the 
direction  in  which  the  motion  occurs  or  tends  to  occur. 

2.  The  force  of  starting  friction  and  the  force  of  sliding  friction 
do  not  depend  on  the  areas  of  the  surfaces  which  are  in  contact  but 
only  on  the  nature  of  the  surfaces. 

3.  The  coefficients  of  starting  friction  and  of  sliding  friction  are 
constant  for  any  two  surfaces  in  contact,  and  do  not  change  if  the 
pressure  between  the  two  surfaces  changes. 

4.  The  coefficient  of  sliding  friction  is  less  than  the  coefficient 
of  starting  friction. 


Example  1:  A pile  of  books  weighing  14^  lb.  requires  a force  of 
5^  lb.  to  start  them  sliding  on  the  table.  What  is  the  coefficient  of 
friction? 


Solution:  /x 


~N 


The  coefficient  of  friction  is  0-38. 


Example  2:  Another  pile  of  books  of  the  same  material  as  those 
in  the  above  question  rest  on  the  same  table.  These  books  weigh 
12  lb.  What  force  would  be  required  to  start  them  sliding? 

F 

Solution:  Using  (jl  = 0-38,  0 -38  = — , 

F = 12  X 0-38  = 4-56. 

Force  needed  is  approximately  4-6  pounds. 
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Exercise 

A 

1.  Name  five  advantages  of  having  friction  and  three  dis- 
advantages. 

2.  It  is  harder  to  start  a car  rolling  on  a level  road  than  it  is  to 
keep  it  rolling.  Explain. 

p 

3.  In  the  formula  M ^ what  is  the  effect  on  F when  (a)  N is 

doubled,  (&)  N is  halved,  (c)  N is  tripled?  Is  it  possible  to  change  the 
coefficient  of  friction  by  changing  the  force  N1 

B 

4.  If  a horizontal  force  of  5-8  lb.  is  necessary  to  start  a weight 
of  26  -6  lb.  sliding  over  a horizontal  surface,  find  the  coefficient  of 
friction. 

5.  Find  the  force  necessary  to  slide  a large  textbook  weighing 
4-5  lb.  along  a table  if  the  coefficient  of  friction  is  0-28. 

6.  A trunk  weighing  130  lb.  slides  at  a uniform  speed  over  a 
floor  when  a horizontal  force  of  35  lb.  is  applied.  What  horizontal 
force  will  be  required  if  a load  of  120  lb.  is  placed  inside  the  trunk? 

7.  A railway  box-car  weighing  8000  lb.  has  a coefficient  of 
friction  with  the  rails  of  0 - 18.  A strong  wind  is  just  able  to  move  the 
car.  (a)  What  is  the  force  of  the  wind  per  sq.  ft.  if  the  cross-section 
area  of  the  car  is  9 X 10  sq.  ft.?  (5)  What  would  be  the  force  needed 
to  move  the  box-car  in  the  opposite  direction? 

The  Total  Reaction  of  a Surface  on  a Body 


1 ^ 

R 

'n 

Direction  of  Sliding 

1 , F 

IV 

When  a body  resting  on  a surface  is  on  the  point  of  sliding,  the 
force  exerted  by  the  surface  may  be  considered  to  consist  of  two 
parts,  a force  N normal  to  the  surface,  and  a force  of  friction  F along 
the  surface  in  the  opposite  direction  to  that  in  which  the  body  tends 
to  slide.  The  resultant  Roi  F and  N is  the  total  reaction  of  the  surface 
on  the  body. 
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Example:  A sleigh  weighing  125  lb.  is  pulled  along  by  a rope 
which  makes  an  angle  of  30°  with  the  ground.  If  a pull  of  16  lb.  in 
the  rope  is  needed  to  move  the  sleigh,  find  (a)  the  coefficient  of 
friction  between  the  sleigh  and  the  ground,  (6)  the  direction  and 
magnitude  of  the  total  reaction  of  the  ground. 


Solution: 


(a)  A force  of  16  lb.  at  30°  to  the  horizontal  has  horizontal  compon- 
ent = 16  cos  30°  = 13-8  lb. 

vertical  component  F = 16  cos  60°  = 8 0 lb. 

Resolving  horizontally  F = 13  -8  lb. 

Resolving  vertically  8 + A = 125, 

N = 117  lb. 

F 13  • 8 

Hence  u — — = = 0 12. 

N 117 

The  coefficient  of  friction  is  0- 12. 


(6)The  total  reaction  R is  found  as  follows; 

= 13-82  + 1172, 

R = 118  lb. 

Let  the  angle  between  R and  N be  x. 

F 

tan  X = — = 0-12 
N 

X — 1°  from  the  tan  tables. 

The  resultant  is  a force  of  118  lb.  at  7°  to  the  normal. 
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Exercise 

B 

1.  A rectangular  block  weighing  24  lb.  just  starts  to  move  over 
a floor  when  a horizontal  force  of  12  lb.  is  applied.  Find  the  direction 
and  magnitude  of  the  resultant  reaction  of  the  floor. 

2.  A box  weighing  42  lb.  is  on  the  point  of  moving  along  a 
horizontal  plane.  If  the  coefficient  of  friction  is  0 -27,  find  the  direc- 
tion and  magnitude  of  the  total  reaction  of  the  plane, 

3.  A body  placed  on  a rough  horizontal  plane  is  moved  by  a 
force  of  50  lb.  If  the  coefficient  of  friction  with  the  plane  is^,  find 
the  weight  of  the  body,  and  the  resultant  reaction  of  the  plane  and 
its  direction. 

4.  A sleigh  weighing  15  lb.  is  on  the  point  of  moving  on  horizon- 
tal ground  when  a pull  of  6 lb.  is  applied  at  an  angle  of  30°  with  the 
horizontal.  Find  the  coefficient  of  friction,  and  the  direction  and 
magnitude  of  the  resultant  reaction  of  the  ground.  (Hint:  Resolve 
the  pull  horizontally  and  vertically.) 

REVIEW  EXERCISE 

A 

1.  How  would  you  locate  the  C.G.  of  (a)  an  egg-shaped  piece  of 
tin,  (6)  an  L-shaped  piece  of  tin? 

2.  Describe  the  location  of  the  C.G.  of  each: 

(a)  A circle  of  radius  2 in., 

(5)  A triangle  with  sides  1 in.,  2 in.,  and  2|  in. 

What  is  the  name  given  to  the  point  which  is  the  C.G.  of  the  triangle? 

3.  Define:  weight  of  a body,  centre  of  gravity,  centroid,  co- 
efficient of  friction,  force  of  friction,  normal  reaction. 

B 

4.  Two  weights  of  120  lb.  and  275  lb.  are  15  ft.  apart.  Find  the 
point  at  which  their  resultant  weight  acts. 
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5.  A number  of  similar  bricks  are  piled  on  the  floor,  (a)  If  each 
brick  is  2 in.  thick,  how  far  is  the  C.G.  of  the  pile  above  the  floor 
when  9 bricks  have  been  piled?  (b)  If  three  more  bricks  are  added 
to  the  pile,  how  far  will  its  C.G.  be  raised? 

6.  An  axle  3 ft.  long  and  weighing  10  lb.  has  weights  of  2 lb., 
3 lb.,  and  5 lb.  attached  at  the  6 in.,  24  in.  and  30  in.  marks  respect- 
ively. Find  the  C.G.  of  the  system. 

7.  A square  ABCD  with  side  15  in.  is  divided  into  quarters  by 
two  diagonals  which  intersect  at  E.  The  part  EBC  is  cut  out.  Find 
the  C.G.  of  the  remainder. 

8.  A telescope  has  three  parts,  each  part  being  a hollow  cylinder 
of  the  same  uniform  thickness  and  12  in.  long.  If  the  diameters  of 
the  parts  are  4 in.,  3 in.,  and  2 in.,  and  their  weights  are  proportional 
to  the  areas  of  cross-section,  find  the  distance  of  the  C.G.  of  the 
telescope,  when  pulled  to  full  length  (from  the  centre  of  the  larger 
end). 


9.  A chain  10  ft.  long,  weighing  2 lb.  per  ft.,  rests  with  part  of 
its  length  on  a table  and  the  remaining  part  hanging  over  the  smooth 
edge,  the  part  on  the  table  being  at  right  angles  to  the  edge.  It  is 
found  that  the  chain  begins  to  slide  of  its  own  accord  when  2 ft.  of 
its  length  hang  over  the  edge.  Find  the  coefficient  of  friction. 
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SECTION  VII  — GEOMETRY 

SYMBOLS  AND  ABBREVIATIONS 


because,  since 

therefore 

= 

is  equal  to 

is  not  equal  to 

= 

is  congruent  to 

II 

is  parallel  to 

is  perpendicular  to 

z 

angle 

Z’s 

angles 

Z’d 

angled 

A 

triangle 

II  gm. 

parallelogram 

rt. 

right 

St. 

straight 

sq. 

square 

the  square  on  AB 

> 

is  greater  than 

< 

is  less  than 

CHAPTER  XXVI 


PRACTICAL  GEOMETRY 

From  previous  work  on  experimental  geometry,  the  student 
should  be  familiar  with  the  following  definitions  and  theorems. 

On  each  diagram,  a pair  of  equal  lines  or  angles  should  be  marked 
in  the  same  way.  Sample  markings  are  shown  in  the  diagram. 


Definitions 

Draw  a diagram  to  illustrate  each  of  the  following, 
diagram  write  an  exact  definition  or  description. 


1.  An  acute  angle. 

3.  An  obtuse  angle. 

5.  A reflex  angle. 

7.  A pair  of  supplementary 
angles. 

9.  The  difference  of  two  angles. 

11.  An  acute-angled  triangle. 

13.  A right-angled  triangle. 

15.  An  equilateral  triangle. 

17.  A pair  of  alternate  angles. 

19.  A scalene  triangle. 

21.  An  altitude  of  a triangle. 


Under  each 

2.  A right  angle. 

4.  A straight  angle. 

6.  A pair  of  complementary 
angles. 

8.  The  sum  of  two  angles. 

10.  A pair  of  vertically  opposite 
angles. 

12.  An  obtuse-angled  triangle. 

14.  An  isosceles  triangle. 

16.  Two  parallel  lines. 

18.  A pair  of  corresponding 
angles. 

20.  A median  of  a triangle. 

22.  Two  congruent  triangles. 
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23.  The  right  bisector  of 
given  line. 

25.  Three  concurrent  lines. 

27.  A parallelogram. 

29.  A rhombus. 

31.  A quadrilateral. 

33.  A regular  pentagon. 

35.  A regular  hexagon. 

37.  A regular  polygon. 

Theorems  or  Propositions 

Draw  a diagram  to  illustrate  each  of  the  following. 

1.  If  two  straight  lines  intersect,  the  vertically  opposite  angles 
are  equal. 

2.  {a)  In  an  isosceles  triangle  the  angles  opposite  the  equal  sides 

are  equal. 

(b)  If  a triangle  has  two  angles  equal,  the  sides  opposite  the 
equal  angles  are  equal. 

3.  In  an  isosceles  triangle,  the  bisector  of  the  vertical  angle 
bisects  the  base  at  right  angles. 

4.  If  a transversal  cuts  two  parallel  lines, 

(a)  Alternate  angles  are  equal, 

(b)  Corresponding  angles  are  equal, 

(c)  Interior  angles  on  the  same  side  of  the  transversal  are  supplemen- 
tary. 

5.  In  any  triangle,  the  sum  of  the  three  interior  angles  is  180°. 

6.  The  exterior  angle  formed  by  producing  one  side  of  any 
triangle  is  equal  to  the  sum  of  the  two  interior  and  opposite  angles. 

7.  In  any  right-angled  triangle,  the  two  acute  angles  are 
complementary. 

8.  The  sum  of  the  interior  angles  of  any  quadrilateral  is  360°. 

9.  Two  triangles  are  congruent  in  each  of  the  following  cases; 

(а)  If  three  sides  of  one  triangle  are  equal  to  the  three  sides  of  another, 

(б)  If  two  sides  and  the  contained  angle  of  one  triangle  are  equal  to 
two  sides  and  the  contained  angle  of  the  other. 


a 24.  The  centroid  of  a triangle. 

26.  A square. 

28.  A rectangle. 

30.  A trapezoid  or  trapezium. 
32.  A pentagon. 

34.  A hexagon. 

36.  A polygon. 
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(c)  If  one  side  and  two  angles  of  one  triangle  are  respectively  equal 
to  one  side  and  two  angles  of  the  other, 

(d)  If  any  two  sides  of  one  right-angled  triangle  are  equal  to  two 
sides  of  another  right-angled  triangle. 

10.  In  any  triangle  the  greatest  angle  is  opposite  the  greatest  side. 

11.  In  any  parallelogram, 

(a)  Opposite  sides  are  equal, 

(b)  Opposite  angles  are  equal, 

(c)  Each  diagonal  bisects  the  other, 

(d)  Each  diagonal  bisects  the  area. 

12.  If  a polygon  has  n sides,  the  sum  of  the  interior  angles  is 
(2n  — 4)  right  angles  or  (n  — 2)  X 180°. 

Exercise 

B 

Problems  Involving  Theorems  1 to  7 

1.  2. 


B 


Find  the  number  of  degrees  Find  the  number  of  degrees 
in  (a)  AAED,  (b)  AAEC,  in  {a)  ZB,  (b)  ZDAB. 

{c)  ZCEB. 


3. 


4. 


A 


Find  the  magnitude  of 
(a)  ZA,  {b)  ZDCE. 


Find 


(а)  the  magnitude  of  ZDBC, 

(б)  the  length  of  AB. 
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5.  An  isosceles  triangle  has  an  angle  of  41°  24'  between  the  equal 
sides.  How  many  degrees  are  in  each  of  the  other  two  angles? 

6.  An  isosceles  triangle  has  an  angle  of  72°  15'  opposite  one  of 
the  equal  sides.  Find  each  of  the  other  two  angles. 

7.  Two  parallel  lines  are  cut  by  a straight  line  making  one  angle 
equal  to  65°.  Make  a drawing  and  write  down  the  value  of  each  of 
the  angles  formed. 


Problems  Involving  Theorems  1 to  12 

8.  Draw  quadrilateral  ABCD,  making  AB  = 2 in.,  BC  = 1|  in., 
A A = 85°,  A B = 98°  and  A C = 53°.  Calculate  Z D.  Check  with 
protractor. 

9.  In  A ABC,  A A — 90°,  A B = 32°  14'.  How  many  degrees 
are  in  Z C? 

10.  An  irregular  hexagon  ABCDEF  has  A A = 125°,  A B = 
130°,  ZC  = 115°,  AD  = 100°  and  AE  = 112°.  How  many  degrees 
are  in  Z F? 


11. 


D 


A C = 105°,  and  Z D = 121°, 
how  many  degrees  will  be  in 


Find  {a)  A ACB,  (6)  Z B, 
(c)  A CAE. 


12. 


A D 


B C 


In  the  accompanying  parallelo- 
gram, Z ABC  = 48°  and 
Z AED  = 135°. 

Find  the  following  angles: 

{a)  A BCD,  (5)  Z CD  A, 

{c)  A BAD,  (d)  A AEB, 

{e)  A BEC,  if)  A CED. 
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15. 


17. 


In  the  casting  find  the  number 
of  degrees  in  Z 


16. 


18. 


Z B. 


19. 


K H 


A regular  octagon  is  shown. 
How  many  degrees  are  in  (a) 
Z K,  (b)  Z H? 


20. 


A pipe  is  bent  to  provide  an 
offset.  What  should  be  the 
number  of  degrees  in  (a)  A A, 
(b)  AB? 
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The  Circle 

The  student  is  familiar  with  the  words  centre,  radius,  diameter, 
circumference,  arc,  chord  and  sector. 


Definitions: 

A secant  {PQRS)  is  a line  which 
cuts  the  circle  in  two  points. 

A tangent  {ABC)  is  a line  which 
touches  the  circle  in  one  point, 
which  is  called  the  point  of  contact. 


A sector  {AOB)  is  the  part  of  a 
circle  bounded  by  two  radii  and 
the  arc  joining  their  ends. 

A segment  {PQR)  is  the  part  of 
a circle  bounded  by  an  arc  and  a 
chord. 


PQR  is  a minor  segment  having  the  minor  arc  PRQ. 
PSQ  is  a major  segment  having  the  major  arc  PSQ. 


A central  angle  ( Z XO  Y)  is  an 
angle  subtended  by  an  arc  or  chord 
at  the  centre  of  the  circle. 

An  angle  in  a segment  ( Z XZ  Y) 
is  an  angle  subtended  at  the  cir- 
cumference of  the  circle  by  an  arc 
or  chord. 


Locus.  A circle  is  the  locus  or  path  of  points  which  lie  at  a fixed 
distance  (equal  to  the  radius)  from  a fixed  point  (the  centre). 
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Theorems  or  Propositions  on  the  Circle 

Draw  a diagram  to  illustrate  each  of  the  following: 

1.  (a)  The  right  bisector  of  any  chord  of  a circle  passes  through 

the  centre, 

(6)  The  line  joining  the  centre  of  a circle  to  the  mid-point  of 
any  chord  is  perpendicular  to  the  chord, 

(c)  A line  drawn  from  the  centre  of  a circle  perpendicular  to 
a chord  bisects  the  chord. 

2.  A tangent  to  a circle  is  perpendicular  to  the  radius  drawn  to 
the  point  of  contact. 

3.  The  central  angle  is  twice  the  angle  in  the  segment  subtended 
by  the  same  chord  or  arc. 

4.  Angles  in  the  same  segment  are  equal. 

5.  The  angle  in  a semi-circle  is  a right  angle. 

6.  If  a quadrilateral  is  inscribed  in  a circle  opposite  angles  are 
supplementary. 

7.  The  angle  between  a chord  and  a tangent  drawn  at  one  end 
of  the  chord  is  equal  to  the  angle  in  the  segment  on  the  other  side  of 
the  chord, 

8.  If  two  tangents  are  drawn  from  a point  to  a circle, 

(а)  the  tangents  are  equal, 

(б)  the  line  joining  the  point  to  the  centre  bisects  the  angle  between 
the  tangents. 

9.  If  two  circles  are  tangent  to  each  other  (or  touch  each  other) 
the  line  joining  their  centres  passes  through  the  point  of  contact. 

10.  The  product  of  two  sides  of  a triangle  is  equal  to  the  product 
of  the  diameter  of  the  circumscribed  circle  and  the  altitude  drawn 
to  the  third  side. 
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Exercise 

B 

Problems  Involving  Theorems  1 to  5 

1.  2. 


3. 


Problems  Involving  Theorems  1 to  6 

7.  8. 

A 


li  AA  = 40°,  find 
each  of  the  other 
angles  marked  in 
the  diagram. 
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Problems  Involving  Theorems  1 

13. 

D 


If  AB  = 58°,  find 
(a)  ZZ),  (6)  AAOC. 


14. 


B 


A 


If  angle  APB  = 37°,  find 
(a)  AAPO,  (b)  ZBPO, 
{c)  ABOP,  (d)  APOA. 

16. 


Find  the  number  of  degrees 
in  (a)  ZC,  {b)  AAOB. 


to  10 


A circle  is  divided  into  six 
equal  sectors.  Find: 

(a)  A DOE,  ib)  AAOC. 


A 
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17. 


18. 


A 


Find  ZZ. 


If  there  are  8 equally 
spaced  holes  on  the  circle 
find  the  number  of  degrees 
in  angles  A,  B and  C. 


Exercise 

B 


Problems  Involving  Circumscribed  and  Inscribed  Circles 

1.  Draw  APQR  with  PQ  = 2 in.,  QR  = 3 in.  and  PR  = 4 in. 
Draw  the  right  bisector  of  PQ  and  the  right  bisector  of  QR.  Produce 
these  bisectors  to  meet  each  other  at  0.  With  centre  0 and  radius  OP 
draw  a circle.  This  circle  should  pass  through  P,  Q and  R.  Such  a 
circle  is  said  to  be  circumscribed  about  the  triangle.  0 is  the  cir- 
cumcentre  of  the  triangle. 

2.  A,  B and  C are  any  three  points  not  in  a straight  line.  Con- 
struct a circle  to  pass  through  A,  B and  C. 

3.  Draw  AABC  with  ZB  equal  to  135°.  Draw  the  circumscribed 
circle  of  this  triangle. 

4.  Given  arc  PQR  of  a circle,  find  the  centre  of  the  circle:. 

5.  Draw  AABC  with  AB  — 2 \n.,BC  = 2|  in.  and  AC  = 3 in. 
Bisect  ZB  and  Z C and  produce  the  bisectors  to  meet  at  I.  Construct 
a perpendicular  from  I to  BC,  to  meet  BC  at  D.  With  centre  I and 
radius  ID  construct  a circle.  This  is  the  inscribed  circle  of  AABC. 

6.  Construct  APQR'^’ith.QR  = 2^  in.,  ZQ  = 120°  and  ZR  = 
30°.  Inscribe  a circle  in  this  triangle. 

7.  Construct  a triangle  with  sides  3 in.,  4 in.  and  5 in.  respect- 
ively. Inscribe  a circle  in  this  triangle. 

8.  Given  a regular  5-sided  polygon  determine  how  you  would 
draw  the  inscribed  circle. 

9.  Given  a regular  5-sided  polygon  determine  how  you  would 
draw  the  circumscribed  circle. 
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CONSTRUCTION  1 

To  draw  a tangent  to  a given  circle  from  a given  point 
outside  the  circle. 


Given:  A circle  with  centre  0 and  a point  P outside  the  circle. 

Required:  To  construct  a tangent  to  the  circle  from  P. 

Method:  Join  OP.  Bisect  OP  at  A.  With  centre  A and  radius 
OA  draw  an  arc  to  cut  the  circle  at  Q.  Join  PQ. 

Then  PQ  is  the  required  tangent. 

Examples  of  Tangents 

1.  2. 


When  a curve  joins  two  A cylindrical  tank  is  roped 

straight  roads,  the  sections  to  the  floor  of  a truck. 

PA  and  QA  are  tangents  There  are  three  tangents. 


to  the  circles  forming  the 
curve. 

3.  The  rail  is  a tangent  to  the  wheel  of  a locomotive. 

4.  When  an  object  moves  in  a circular  path  it  has  a tendency  to 
break  away  from  the  path  and  move  along  a straight  line  which  is 
tangent  to  the  circle.  The  sparks  from  a carborundum  wheel  fly  off 
along  a tangent. 
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Exercise 

B 

1.  Draw  a circle  with  centre  K.  Take  a point  P outside  the 
circle.  From  P draw  a tangent  to  the  circle. 

2.  Draw  a circle  with  radius  in.  Take  a point  P 2\  in.  from 
the  centre.  Draw  two  tangents  from  P to  the  circle.  Measure  the 
length  of  each  tangent. 

3.  Draw  a circle  with  in.  radius.  Take  a point  K 2 in.  from 
the  centre  0.  Draw  two  tangents  from  K to  the  circle.  Join  KO. 
Measure  the  angle  between  KO  and  each  tangent  and  compare  them. 

4.  Draw  a circle  with  radius  in.  Take  a point  K on  the 
circumference  and  draw  a tangent  KA.  From  K draw  any  chord  KB 
of  the  circle.  Take  any  other  point  C on  the  side  oiBK  remote  from 
A and  ]om  BC  and  KC.  Measure  ABKA  and  AKCB. 

5.  Draw  a circle  of  radius  1^  in.  Mark  a point  P on  the  circum- 
ference. Draw  a tangent  to  this  circle  at  point  P.  Describe  the 
method. 

6.  Draw  a straight  line  PQ.  Mark  K a point  on  PQ.  Through 
K draw  a circle  of  radius  in.  such  that  PQ  will  be  tangent  to  the 
circle. 


7.  Draw  a straight  line  PQ.  Mark  a point  K on  PQ  and  M a 
point  not  on  PQ.  Draw  a circle  to  pass  through  K and  M and  have 
PQ  as  a tangent. 

8.  Construct  two  concentric  circles  of  radii  2|  in.  and  Ij  in. 
At  any  point  on  the  circumference  of  the  inner  circle  construct  a 
tangent  and  produce  it  to  meet  the  outer  circle  at  P and  Q.  Calculate 
the  length  of  PQ. 

9.  Construct  a segment  of  a circle  1 in.  in  height  on  a chord 
4 in.  long. 

(a)  Measure  and  record  the  length  of  the  radius  of  the  circle. 

(b)  Check  the  accuracy  of  your  construction  by  calculating  the 
radius. 

10.  Construct  a segment  of  a circle  | in.  in  height  on  a chord  3 in. 
long.  Check  your  work  as  in  number  5. 
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CONSTRUCTION  2 

To  draw  the  direct  common  tangent  to  two  circles. 


Given:  Two  circles  with  centres  P and  Q respectively. 

Required:  To  draw  a direct  common  tangent  to  the  two  circles 
whose  radii  are  R and  r. 

Method:  With  centre  P and  radius  {R  — r)  draw  a circle.  Join 
PQ.  With  the  mid-point  A of  PQ  as  centre  and  radius  PA,  draw 
a circle  cutting  the  inner  circle  at  D.  Join  PD  and  extend  to  cut  the 
concentric  circle  at  K.  Join  QD.  Draw  QL  perpendicular  to  QD 
cutting  the  circle  with  centre  (2  at L.  Join  KL. 

Then  KL  is  a common  tangent  to  the  two  circles. 

CONSTRUCTION  3 

To  draw  the  transverse  common  tangent  to  two  circles. 


Given:  Two  circles  with  centres  P and  Q respectively. 
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Required:  To  draw  a transverse  common  tangent  to  the  two 
circles  whose  radii  are  R and  r. 

Method:  With  centre  P and  radius  (i?+r)  draw  a circle.  With 
the  mid-point  K of  PQ  as  centre  and  radius  PK  draw  a circle  cutting 
this  outer  concentric  circle  at  E.  Join  PE,  cutting  the  inner  circle 
at  M.  Join  QE.  Draw  QN  perpendicular  to  QE,  cutting  the  circle 
with  centre  Q at  N.  Join  MN. 

Then  MN  is  a transverse  common  tangent  to  the  two  circles. 

Exercise 

B 

1.  Draw  two  circles  with  radii  1 in.  and  1|  in.  respectively  such 
that  their  centres  are  2f  in.  apart.  Draw  their  direct  common 
tangents, 

2.  Draw  two  circles  with  radii  3-5  cm.  and  2-5  cm.  respectively 
and  such  that  their  centres  are  8 cm.  apart.  Draw  their  transverse 
common  tangents. 

CONSTRUCTION  4 

About  a given  circle  to  circumscribe  a triangle,  equiangular 
to  a given  triangle. 


Given:  APQR  and  a circle  with  centre  0. 

Required:  To  circumscribe  about  the  circle  a triangle  equi- 
angular to  APQR. 

Method : Produce  QR  both  ways  to  M and  N.  Draw  any  radius 
OB.  At  0 construct  Z BOA  = AMQP,  and  ABOC  = A NRP. 
Through  A,B,  C draw  lines  ± OA,  OB,  OC  and  produce  them  to  meet 
at  D,  E,  F. 

Then  is  the  required  triangle  having  AE  = AQ,  AR=  AF 
and  AD  = AP. 

(Check  results  carefully  with  a protractor.) 
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CONSTRUCTION  5 

In  a given  circle  to  inscribe  a triangle  equiangular  to  a 
given  triangle. 


Given:  A circle  with  centre  0 and  APQR. 

Required:  To  inscribe  in  the  circle  a triangle  equiangular  to 
APQR. 

Method:  Draw  any  radius  OB.  Draw  XB  Y ± OB.  At  B make 
ZYBC  = Zi?  and  YXBA  = Z.Q.  Join  AC. 

Then  ABC  is  the  required  triangle,  having  A A = ZB,  ZC  = AQ 
and  AB  = A P. 


Exercise 

B 

1.  Draw  a circle  with  centre  0 and  radius  1 in.  About  the  circle 
circumscribe  a triangle  equiangular  to  a given  obtuse-angled  triangle. 

2.  Circumscribe  an  equilateral  triangle  about  a circle  whose 
diameter  is  2f  in. 

3.  Circumscribe  a right-angled  isosceles  triangle  about  a given 
circle. 


4.  Draw  a circle  with  centre  0 and  radius  1^  in.  Inscribe  in  a 
circle  a triangle  equiangular  to  a given  obtuse-angled  triangle. 

5.  Draw  a circle  with  centre  0 and  diameter  2 in.  Inscribe  in  the 
given  circle  a triangle  equiangular  to  a given  isosceles  triangle. 

6.  Inscribe  in  a given  circle  an  equilateral  triangle. 

7.  Draw  a triangle  whose  sides  are  3 in.,  3|  in.,  and  2 in.  Circum- 
scribe about  a circle,  whose  radius  is  in.,  a triangle  equiangular  to 
the  triangle  constructed. 
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Inscribed  and  Circumscribed  Circles  of  a Regular  Polygon 


In  each  of  the  above  diagrams,  a circle  has  been  inscribed  in  a 
regular  polygon.  In  each  case  the  centre  of  the  inscribed  circle  is  the 
point  of  intersection  of  the  bisectors  of  any  two  interior  angles  of  the 
polygon.  Each  side  of  the  polygon  is  a tangent  of  the  circle. 


about  a regular  polygon.  In  each  case  the  centre  of  the  circle  is  the 
point  of  intersection  of  the  right  bisectors  of  any  two  sides  of  the 
polygon.  Each  side  of  the  polygon  is  a chord  of  the  circle. 

CONSTRUCTION  6 

To  construct  a regular  polygon  (for  example,  a pentagon). 


5 


Given:  Each  side  of  a regular  pentagon  is  to  be  If  in. 
Required:  To  construct  the  regular  pentagon. 
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Method:  Draw  a line  PQ  = If  in.  Each  interior  angle  of  a 

regular  pentagon  is  2)  X 180  _ Draw  angle  PQR  = 108° 

5 

and  cut  off  QR  = PQ.  Draw  the  right  bisectors  of  PQ  and  QR  to  meet 
at  0.  With  centre  0 and  radius  OP  draw  the  circumscribed  circle 
of  the  pentagon.  Cut  off  RS  = ST  — PQ.  Join  RS,  ST  and  TP. 
Then  PQRST  is  the  required  figure. 

Exercise 

B 

1.  Construct  a regular  octagon  with  each  side  If  in.  Draw  the 
inscribed  circle. 

2.  Draw  a regular  7-sided  polygon  having  each  side  If  in. 
Draw  the  inscribed  circle. 

Designs 

The  most  complicated  geometric  designs  are  developed  from  a few 
basic  forms. 

Exercise 

B 

Draw  each  of  the  following  accurately,  leaving  in  the  diagram  all 
construction  marks. 

1.  Designs  based  on  the  square. 


432 


SENIOR  TECHNICAL  MATHEMATICS 


in  Shopwork 


Examples  of  Geometric  Design 

1. 


3.  {a) 


Pulleys  connected  by  an 
open  belt. 


A plug  used  to  check  the 
angle  in  a sharp  V thread. 

ib) 


Pulleys  connected  by  a 
crossed  belt. 


British  Association  Thread 
Single  depth  = 0-6  X 
pitch. 

Radius  at  crest  and  root, 
^ _ 2 X pitch 

n 

Angle  = 47^. 


A screw  thread  is  a ridge 
cut  uniformly  on  the  sur- 
face of  a cylinder  or  cone. 

The  ridge  forms  a curve 
called  a helix. 
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To  Draw  a Spiral  from  Centres 


Divide  the  circumference  of  the  primary  circle  AEC  into  any 
number  of  equal  parts  dit  A,  Q,  R,  S,  C,  E.  (The  larger  the  number  of 
parts  the  more  regular  will  be  the  spiral.) 

Construct  the  regular  polygon  AQRSCE.  Produce  RQ,  SR,  CS,  EC, 
AE  and  QA.  With  centre  Q and  radius  AQ,  draw  the  arc  AB,  cutting 
RQ  produced  at  B.  With  centre  R and  radius  BR  draw  the  arc  BD. 
If  this  process  is  continued,  the  spiral  may  be  extended  indefinitely. 


The  Volute 

The  Volute  is  an  architectural  figure  of  a geometrical  nature  based 
on  the  spiral. 
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Let  XY  be  the  width  of  a scroll  or  other  member  for  which  it  is 
required  to  draw  a volute  termination.  Draw  XA  equal  to  3 times 
XY.  Draw  AB  perpendicular  to  XA  and  equal  to  two-thirds  the 
width  of  the  scroll.  Draw  BC  perpendicular  to  AB  and  equal  to 
three-quarters  of  AB.  Draw  the  diagonal  line  AC.  From  B draw  a 
line  BD  perpendicular  to  AC.  At  C draw  a line  perpendicular  to  BC, 
producing  it  until  it  cuts  the  line  in  the  point  D.  From  D draw 
a line  perpendicular  to  CD,  producing  it  until  it  meets  the  line  AC 
in  the  point  E.  In  like  manner  draw  EF  and  FG.  The  points  A,  B, 
C,  D,  . . . are  the  centres  by  which  the  curve  of  the  volute  is  drawn. 
From  A as  centre,  with  AX  as  radius,  describe  the  quarter-circle  XZ. 
Then  from  B as  centre  with  radius  BZ  describe  the  quarter-circle 
ZW  and  so  continue,  using  the  centres  in  order  until  the  curve 
intersects  with  the  other  curve  beginning  at  Y and  drawn  from  the 
same  centres  in  the  same  way,  thus  completing  the  figure. 

Geometric  Designs  in  Pattern  Problems 

The  envelope  of  a square  pyramid. 


Let  EAC  be  the  elevation  of  the  pyramid  and  FHKL  the  plan,  all 
drawn  full  size.  From  the  vertex  A drop  the  line  AB  perpendicular 
to  the  base  EC.  Produce  CE  to  D,  making  BD  equal  to  GF.  Join  DA . 
Then  DA  will  be  the  length  of  the  edge  of  the  pyramid.  From  any 
centre  M,  with  radius  equal  to  DA,  describe  an  arc  PROSN.  Join 
MP.  From  P draw  the  chord  PR  equal  to  HK.  Draw  RO,  OS,  SN 
equal  to  PR.  Join  MR,  MO,  MS  and  MN.  Then  MNSORP  will  be 
the  required  pattern.  If  a base  is  required  it  may  be  added  by 
drawing  the  square  on  OR. 
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The  envelope  of  a hexagonal  pyramid. 


Let  HGI  represent  the  elevation  of  a hexagonal  pyramid,  of  which 
DFCLBE  is  the  plan,  all  drawn  full  size.  From  the  vertex  G draw  the 
line  perpendicular  to  HI.  Produce  KH  to  /,  making  KJ  = AB. 
Then  G/ will  be  the  length  of  the  edge  of  the  pyramid.  From  any 
centre  M withG/  as  radius  draw  an  arc  PROSNQT.  Join  MP.  Draw 
chords  PR,  RO,  OS,  SN,  NQ  and  QT  each  equal  to  DE.  Join  MR, 
MO,  MS,  MN,  MQ  and  MT.  Then  MPROSNQT  is  the  required 
pattern.  If  a base  is  required  it  may  be  added  by  drawing  the  regular 
hexagon  on  NQ. 

Areas  a b x w 


In  the  above  diagram  AX  is  parallel  to  CZ.  Hence  AACD, 
ABCD  and  II  gm.  XYZW  all  have  the  same  altitude  or  height.  In 
geometry,  parallel  lines  are  used  to  ensure  that  triangles  and  paral- 
lelograms have  the  same  height. 

AACD  and  ABCD  are  on  the  same  base  {CD)  and  between  the 
same  parallels  {AB  and  CD). 

If  YZ  = CD,  AACD  and  11  gm.  XYZW  are  on  equal  bases  and 
between  the  same  parallels. 

Note:  Arrowheads  are  used  to  mark  two  parallel  lines. 
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Theorems  or  Propositions  on  Areas 

Draw  a diagram  to  illustrate  each  of  the  following  theorems. 

1.  (a)  If  two  parallelograms  are  on  the  same  base  and  between 
the  same  parallels,  they  are  equal  in  area, 

(&)  If  two  parallelograms  are  on  equal  bases  and  between  the  same 
parallels,  they  are  equal  in  area. 

2.  (a)  If  two  triangles  are  on  the  same  base  and  between  the 
same  parallels  they  are  equal  in  area, 

{b)  If  two  triangles  are  on  equal  bases  and  between  the  same 
parallels  they  are  equal  in  area. 

3.  If  a triangle  and  a parallelogram  are  on  the  same  base  and 
between  the  same  parallels,  the  area  of  the  parallelogram  is  double 
the  area  of  the  triangle. 

Exercise 

B 

Problems  on  Theorems  1,  2 and  3. 

1.  Draw  AABC  having  base  AB  = 3 in.,  BC  = 2|  in.  and  AC  = 
4 in.  On  the  same  diagram  draw  a line  through  C II  AB.  Construct 
the  following  triangles  on  the  same  base  AB,  and  having  the  same 
area  as  AABC. 

(a)  A right-angled  triangle, 

(b)  An  isosceles  triangle. 

2.  Construct  11  gm.  XYZW  having  base  XY  = 3 in.,  Z WXY  = 
60°,  and  side  WX  = 3 in.  Draw  two  other  11  gms.  on  the  same  base 
XY  and  having  the  same  area  as  II  gm.  XYZW. 


CONSTRUCTION  7 


To  construct  a parallelogram  equal  in 
triangle. 


area  to  a given 

D 
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Given;  A ABC. 

Required:  To  construct  a II  gm.  = AABC. 

Method:  From  A draw  AD  II  BC.  Bisect  5C  at  E.  Cut  off  AF 
on  AD  so  that  AF  = BE.  Join  EF. 

Then  ABEF  is  the  required  II  gm.  equal  in  area  to  AABC. 

Exercise 

B 

1.  Draw  a parallelogram  equal  in  area  to  a given  obtuse-angled 
triangle. 

2.  Draw  a parallelogram  equal  in  area  to  a given  equilateral 
triangle. 

3.  Draw  any  triangle  ABC.  Draw  a parallelogram  with  an 
angle  of  65°  equal  in  area  to  AABC. 


CONSTRUCTION  8 

To  construct  a triangle  equal  in  area  to  a given  trapezium. 


Given:  Trapezium  AECD. 

Required:  To  draw  a triangle  equal  in  area  to  trapezium  AECD. 
Method : Join  BD.  From  A draw  AE  II  BD,  meeting  CB  produced 
at  E.  Join  DE. 

Then  ADEC  is  the  required  triangle. 

Exercise 

B 

1.  Construct  a triangle  equal  to  a given  quadrilateral. 

2.  Construct  a triangle  equal  in  area  to  a given  pentagon. 
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CONSTRUCTION  9 


On  a different  base  to  construct  a triangle  equal  in  area  to 
a given  triangle. 


D 


Given:  A ABC  and  the  new  h3.se  BE. 

Required : On  BE  as  base,  to  construct  a triangle  equal  in  area  to 
AABC. 

Method:  Join  AE.  Through  C draw  CD  II  AE,  meeting  BA 
produced  at  D.  Join  DE. 

Then  ADBE  is  the  required  triangle. 


Exercise 

B 

1.  Draw  APQR  with  the  base  QR  equal  to  2|  in.  On  a base  3| 
in.  construct  a triangle  equal  in  area  to  APQR. 

2.  ABC  is  any  triangle  with  base  BC  equal  to  2f  in.  On  a base  2 
in.  long  construct  a triangle  equal  in  area  to  AABC. 

3.  ABC  is  any  given  triangle.  Construct  an  isosceles  triangle 
equal  in  area  to  AABC. 

4.  Draw  AABC  with  base  BC  = 2 in.,  AB  = 2^  in.  and  AC 
= in.  On  a base  in.  long  construct  an  isosceles  triangle  equal 
in  area  to  AABC. 

5.  Let  PQR  be  an  obtuse-angled  triangle  with  base  QR.  Con- 
struct an  isosceles  triangle  on  a base  longer  than  QR  equal  in  area 
to  APQR. 
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6.  ABCD  is  any  given  quadrilateral.  Construct  an  isosceles 
triangle  equal  in  area  to  the  quadrilateral  ABCD. 

7.  ABCD  is  any  given  quadrilateral  on  a base  BC  which  is 
3 in.  long.  Construct  an  isosceles  triangle  on  a base  2\  in.  long  which 
is  equal  in  area  to  the  quadrilateral  ABCD. 


CONSTRUCTION  10 

To  construct  a square  equal  in  area  to  the  sum  of  two 
given  squares. 


Required:  To  construct  a square  equal  in  area  to  {AB'^  + CD^). 

Method:  Draw  a line  XY  = CD.  At  Y draw  YZ  ± XY  so 
that  YZ  = AB.  Join  ZX  and  construct  a square  on  ZX. 

Then  ZX‘^  is  the  required  square. 

Exercise 

B 

1.  Construct  a square  equal  in  area  to  the  sum  of  the  squares  on 
two  lines  of  length  2 in.  and  2\  in. 

2.  Construct  a square  equal  in  area  to  the  sum  of  the  squares  on 
three  lines  of  lengths  2 in.,  2f  in.  and  3 in. 

3.  By  a geometric  construction,  draw  a line  whose  length  is 

in. 
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CONSTRUCTION  11 


To  divide  the  area  of  a given  quadrilateral  into  three 
equal  parts. 


A 


Given:  Quadrilateral  ABCD. 

Required:  To  divide  the  area  of  quad.  ABCD  into  3 equal  parts. 

Method:  Construct  ADEC  = quad.  ABCD.  Divide  EC  into 
3 equal  parts  at  X and  Y so  that  EX  = XT  = VC.  Join  DX  and 
DY. 

Then  ADEX,  ADXY  and  ADYC  are  the  required  parts. 


Exercise 

B 

1.  Divide  the  area  of  a given  triangle  into  5 equal  parts. 

2.  Divide  the  area  of  a given  obtuse-angled  triangle  into  2 
equal  parts. 

3.  Draw  an  irregular  quadrilateral  and  divide  its  area  into  2 
equal  parts. 

{Note:  simpler  methods  may  be  used  in  questions  4,  5 and  6). 

4.  Draw  a regular  hexagon  with  each  side  2 in.  Divide  its  area 
into  3 equal  parts. 

5.  Divide  a given  II  gm.  into  5 equal  parts. 

6.  Draw  a rectangle  3 in.  by  2 in.  and  divide  its  area  into  3 
equal  parts. 


CHAPTER  XXVII 


DEDUCTIVE  GEOMETRY 

It  is  now  desired  to  prove  some  of  the  theorems  or  propositions  in 
geometry  which  have  been  assumed  in  the  previous  chapter.  This  will 
be  done  by  a method  called  deductive  reasoning,  a method  of  great 
importance  in  many  branches  of  mathematics. 

Deductive  reasoning  usually  involves  three  basic  statements  as 
follows: 

1.  The  major  premise  ...  a general  truth, 

2.  The  minor  premise  ...  a particular  truth, 

3.  The  conclusion  ...  a truth  which  follows  from  the  truth  of  the 
previous  statements. 

Example : 

An  example  would  result  from  the  following  question: 

If  every  dog  is  a four-footed  animal  and  Spot  is  a dog,  PROVE 
that  Spot  is  a four-footed  animal. 

Proof:  1.  Every  dog  is  a four-footed  animal.  (Given) 

2.  Spot  is  a dog.  (Given) 

3.  Therefore  Spot  is  a four-footed  animal. 

Note:  In  geometry  the  IF  part  of  a question  is  a given  fact  or 
hypothesis. 

Axioms 

In  order  to  make  use  of  deductive  reasoning,  it  is  necessary  that 
certain  statements  be  accepted  as  truths.  These  true  statements  are 
called  axioms  (or  postulates)  and  are  listed  below. 

1.  Things  which  are  equal  to  the  same  thing  are  equal  to  each 
other. 

2.  If  equals  be  added  to  equals,  the  sums  are  equal. 

3.  If  equals  be  subtracted  from  equals,  the  remainders  are 
equal. 

4.  A magnitude  may  be  replaced  by  its  equal. 
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5.  If  equals  be  added  to  unequals,  the  sums  are  unequal,  the 
greater  sum  being  obtained  from  the  greater  unequal. 

6.  If  equals  be  taken  from  unequals,  the  remainders  are  unequal, 
the  greater  remainder  being  obtained  from  the  greater  unequal. 

7.  If  equals  be  multiplied  by  equals,  the  products  are  equal. 

8.  If  equals  be  divided  by  equals,  the  results  are  equal. 

9.  The  whole  is  greater  than  any  one  of  its  parts,  and  is  equal  to 
the  sum  of  all  its  parts. 

10.  Magnitudes  which  can  be  made  to  coincide  are  equal  to 
each  other. 

11.  Two  straight  lines  which  intersect  cannot  both  be  parallel  to 
the  same  straight  line. 

12.  Given  any  two  points,  one  and  only  one  straight  line  may  be 
drawn  from  one  point  to  the  other. 

13.  A terminated  straight  line  may  be  produced  any  distance  in 
that  straight  line. 

14.  A circle  may  be  described  with  any  point  as  centre  and  with 
any  radius. 

Other  truths,  however  obvious  they  may  seem,  but  which  can  be 
established  by  means  of  axioms,  or  propositions  that  have  been 
proved,  are  not  included  among  the  axioms. 

PROPOSITION  1 

If  two  straight  lines  intersect,  the  vertically  opposite 
angles  are  equal. 


C 

Given:  AB  and  CD  are  two  straight  lines  intersecting  at  0. 

Let  X be  the  number  of  degrees  in  AAOC. 

Let  y be  the  number  of  degrees  in  A DOB. 

Let  z be  the  number  of  degrees  in  AAOD. 

Let  w be  the  number  of  degrees  in  Z COB. 
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Required:  To  prove  x = y and  z = w. 

Proof:  X z = 180  since  COD  is  a st.  line. 
z y = 180  since  AOB  is  a st.  line. 

X -\r  z = z -\-  y (ax.  1). 

X = y (ax.  3). 

Similarly,  z = w. 

Notes: 

1.  A small  letter,  such  as  x,  y or  z,  will  be  used  in  future  work  to 
represent  the  number  of  degrees  in  a certain  angle  as  shown  on  the 
diagram.  No  further  statement  of  this  fact  will  be  given. 

2.  It  is  recommended  that  the  reason  for  every  statement  be 
given,  however  obvious  it  may  seem.  As  the  student  develops 
greater  proficiency  in  geometric  proof,  this  requirement  may  be 
relaxed. 


Exercise 

B 

1.  AB  and  CD  are  two  straight  lines  intersecting  at  K.  If  the 
angle  AKC  equals  47°  18'  calculate  the  size  of  each  of  the  other 
angles  at  K. 

2.  AKB,  CKD  and  FKG  are  three  straight  lines  through  the 
point  K.  If  A AKC  = 90°,  AFKB  — 115°,  give  the  number  of 
degrees  in  each  of  the  other  angles  at  K. 

3.  Two  straight  lines  AB  and  CD  intersect  at  K and  AAKD  is 
greater  than  ADKB  by  22°.  Calculate  the  size  of  each  of  the  other 
angles  at  K.  If  the  AAKD  is  greater  than  ADKB  by  y°,  find  the 
value  of  each  of  the  angles  at  K. 

4.  AEB  and  CED  are  two  intersecting  straight  lines.  Prove  that 
the  bisector  of  AAED  is  perpendicular  to  the  bisector  of  A DEB. 

5.  Two  straight  lines  AB  and  CD  intersect  at  K.  PK  the  bisector 
of  A AKC  is  produced  to  M.  Prove  that  KM  bisects  ABKD. 

6.  KP,  KQ,  KR,  KS  are  straight  lines  drawn  so  that  APKQ 
= ARKS  and  A RKQ  = ASKP.  Prove  that  PK,  KR  and  also 
QK  and  KS  are  in  the  same  straight  line. 
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PROPOSITION  2 

If  two  sides  and  the  contained  angle  of  one  triangle  are 
respectively  equal  to  two  sides  and  the  contained  angle  of 
another  triangle,  the  triangles  are  congruent. 


A D 


AC  = DF,  and  x = y. 

Required : To  prove  that  AABC  = ADEF. 

Proof:  Suppose  that  AABC  is  applied  to  ADEF  so  that  A falls 
on  D and  AB  falls  along  DE. 

AB  = DE,  B must  fall  on  E. 

X = y :.AC  must  fall  along  DF. 

AC  = DF,  C must  fall  on  F. 

B falls  on  E and  C on  F. 

AABC  coincides  with  ADEF. 

AABC  = ADEF. 


Exercise 

A 

1.  In  each  pair  of  triangles,  name  the  angles  which  must  be 
equal  in  order  to  prove  the  triangles  congruent. 

(a)  {h) 
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2.  In  each  pair  of  triangles  name  the  additional  pair  of  sides 
which  must  be  equal  in  order  to  prove  the  triangles  congruent. 


B 

4.  In  the  diagram  AB  = AD 
and  AC  IS  the  bisector  of  ABAD. 

Prove  (a)  z ^ w, 

(b)  BC  = CD, 

(c)  bisects  AC. 

5.  In  the  diagram  EF  is  the 
right  bisector  of  AB  and  K is  any 
point  in  EF. 

Show  that  KA  = KB. 

Give  a general  statement  of  the 
fact  proved. 


A 
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6.  Given  a quadrilateral  ABCD 
with  AC  di  diagonal.  AB  = CD  and 
X = y. 

Prove  BC  = AD  and  z = w. 


7.  ABC  is  an  isosceles  triangle 
in  which  AB  = AC. 

Points  E and  F are  taken  on  AB,  AC 
such  that  BE  = CF. 

Prove  BF  = CE. 


A 


8.  ABCD  is  a quadrilateral  in  which  AB  = CD  and  AB  — AC. 
Prove  AC  = BD. 


9.  Two  concentric  circles  are  drawn  with  the  same  centre  0. 
Two  lines  OBC  and  ODE  are  drawn  from  0 cutting  the  inner  circle 
a.tB,  D and  the  outer  circle  at  C,  E. 

Frove  BE  = CD. 


10.  The  diagonals  of  a quadrilateral  ABCD  bisect  each  other. 
Prove  the  opposite  sides  are  equal. 

11.  The  diagonal  of  a quadrilateral  ABCD  bisects  the  diagonal 
at  right  angles. 

Show  that  J5T>  bisects  the  opposite  angles  ABC  and  ADC. 


12.  The  diagonals  PR  and  QS  of  quadrilateral  PQRS  bisect  each 
other  at  right  angles. 


Prove  PQ  = QR  = RS  = SP. 
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PROPOSITION  3 

If  a triangle  is  isosceles,  the  angles  opposite  the  equal  sides 
are  equal.  . 


Given:  /15C is  an  isosceles  triangle  in  which  ^15  = AC. 
Required:  To  prove  x = y. 

Proof:  Let  the  bisector  oi  A A meet^C  at  D. 

AB  = AC  (given) 

AD  = AD  (common) 
z = w (const.) 

AABD  = A\ACD.  (S.A.S.) 

X = y. 

Note:  The  authority  (S.A.S.)  quoted  above  Is  an  abbreviation 
for  side,  angle,  side,  and  is  used  to  refer  to  Proposition  2. 


In  A’s  ABD,  ACD 


Exercise 

B 

1.  Prove  that  the  three  angles  of  an  equilateral  triangle  ABC 
are  equal. 

2.  In  the  quadrilateral  ABCD,  AB  = BC  and  AD  — CD. 
Prove  that  A A = AC. 

Prove  also  that  if  B and  D be  joined  AABD  = ABCD. 

3.  Prove  that  the  middle  points  of  the  equal  sides  of  an  isosceles 
triangle  are  equidistant  from  the  middle  point  of  the  base. 

4.  P,  Q are  points  in  the  base  EF  of  the  isosceles  triangle  DEF 
such  that  PE  = QF.  Prove  that  DP  = DQ. 

5.  If  the  base  of  an  isosceles  triangle  is  produced  in  both  direc- 
tions, prove  that  the  exterior  angles  so  formed  are  equal. 

6.  Prove  that  the  bisector  of  the  vertical  angle  of  an  isosceles 
triangle  is  a median  of  the  triangle. 
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PROPOSITION  4 


If  the  three  sides  of  one  triangle  are  respectively  equal  to 
the  three  sides  of  another  triangle,  the  triangles  are  congruent. 

D 


Given:  ABC  and  DEF  are  two  triangles  in  which  AB  = DE, 
BC  - EE  and  AC  ^ DF. 


Required:  To  prove  that  AABC  = ADEF. 

Proof:  Suppose  that  AABC  be  so  placed  that  B falls  on  E and 
BC  falls  along  EF. 

'.‘BC  = EF,  C must  fall  on  F. 

Let  A fall  at  G on  the  side  of  EF  remote  from  D.  Join  DG. 

In  AEDG,ED  = EG, 
z ^ w.  (isosceles  A) 

Similarly  x = y. 

z A-  X = w A-  (ax.  2) 
k = p = m. 

AB  = DE,  (given) 


In  A’s  ABC,  DEF 


AC  = DF,  (given) 
m = k.  (proved) 
AABC  = ADEF.  (S.A.S.) 


The  Solution  of  a Deduction 

In  the  solution  of  any  deduction  the  following  preliminary  steps 
are  essential; 

1.  Draw  a reasonably  accurate  diagram  and  mark  the  given  facts 
on  it, 

2.  Decide  what  is  GIVEN  and  write  it  down, 

3.  Decide  what  is  REQUIRED  and  write  it  down. 

When  this  has  been  accomplished,  there  are  two  methods  of 
proceeding  to  a solution. 
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Method  I.  Start  with  what  is  given  and  investigate  everything 
which  may  be  proved,  in  the  hope  of  arriving  at  the  required  result. 

Method  II.  Start  with  the  required  result  and  investigate  various 
methods  of  proving  it,  in  the  hope  that  the  given  facts  will  be 
sufficient  to  provide  the  required  proof. 

In  the  simple  deductions  attempted  up  to  this  point.  Method  I 
has  usually  been  satisfactory.  However,  in  the  solution  of  more 
difficult  deductions,  it  becomes  necessary  to  use  Method  II,  which 
is  called  the  method  of  analysis.  (Often  a combination  of  the  two 
methods  will  lead  most  quickly  to  a solution.) 


The  Analysis  of  a Deduction 

In  the  following  example  it  is  shown  how  the  analysis  of  a deduc- 
tion may  be  carried  out. 

Example:  In  a quad.  ABCD,  if  AB  = CD  and  AB  — AC,  prove 
that  A A = AD. 

Solution: 

Diagram  Preliminary  sketch 


Given:  Quad.  ABCD  having  AB  = CD  and  x = y. 
Required:  To  prove  that  z = w. 


Analysis:  (not  to  be  written  as  part  of  the  solution) 

Two  angles  may  be  proved  equal  by  the  use  of  any  of  the  propositions 
taken  so  far;  but  congruent  triangles  are  suggested  by  the  diagram. 
In  order  to  arrive  at  two  triangles  it  seems  necessary  to  join  AC 
and  AD. 

Now  we  must  prove  AABD  = AACD. 


To  do  so  we  have 


AB  = CD  (given) 
AD  \s  common 
? 


'DoqsBD  ^ ACl  In  order  to  prove  that5T>  = AC,\t  is  necessary 
to  prove  ABCD  = AABC,  and  a study  of  the  diagram  shows  that 
this  is  possible  by  the  use  of  Prop.  2. 
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After  this  analysis,  the  proof  may  be  written  as  follows: 


Proof:  Join  AC  and  BD. 

In  ABCD  and  AABC 

ABCD  ^ AABC,  (S.A.S.) 
BD  = AC. 

In  AABD  and  AACD 

AABD  = AACD.  (S.S.S.) 


BC  is  common 
CD  — AB,  (given) 
y = X.  (given) 


AB  = CD  (given) 
AD  is  common 
BD  — AC  (proved) 


. . z = w. 


Exercise 

B 

1.  If  both  pairs  of  opposite  sides  of  a quadrilateral  are  equal, 
prove  that  the  opposite  angles  are  equal. 

2.  0 is  the  centre  of  a circle.  AB  and  CD  are  two  equal  chords. 
Prove  that  AAOB  = ACOD. 

3.  In  a rhombus,  prove  that  each  diagonal  bisects  the  angles 
through  which  it  passes  and  prove  that  the  diagonals  bisect  each 
other  at  right  angles. 

4.  Two  circles  whose  centres  are  A and  B intersect  at  C and  D. 
Prove  that  AB  is  the  right  bisector  of  CD.  Give  a general  statement 
of  this  fact. 

5.  Prove  that  the  median  to  the  base  of  an  isosceles  triangle  is 
perpendicular  to  the  base. 

6.  ABC  and  DBF  are  two  triangles  in  which  AB  = DE,  AC  = 
DF  and  the  median  from  B is  equal  to  the  median  from  E.  Prove 
AABC  is  congruent  to  ADEF. 

7.  ABC  and  DBC  are  isosceles  triangles  on  opposite  sides  of  the 
common  base  BC.  Prove  that  AD  bisects  ABAC  and  ABDC. 

8.  PK  is  the  median  from  the  vertex  P to  the  base  QR  of  an 
isosceles  triangle  PQR.  Prove  that  any  point  on  PK  is  equidistant 
from  Q and  R. 

9.  AB  and  CD  are  two  diameters  of  a circle.  Prove  that  A’s 
ABC  and  DCB  are  equal  in  area. 
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10.  Prove  that  the  right  bisectors  of  the  three  sides  of  a triangle 
pass  through  one  point,  i.e.,  they  are  concurrent. 

11.  AB  and  CD  are  two  equal  straight  lines.  The  right  bisectors 
of  AC  dindBD  meet  at  K.  Prove  that  AKAB  = KCD. 

PROPOSITION  5 

If  one  side  of  a triangle  is  produced,  the  exterior  angle  so 
formed  is  greater  than  either  of  the  interior  and  opposite 
angles. 


A 


Given:  ABC  is  a triangle  in  which  BC  is  produced  to  D. 


Required:  To  prove  x > y,  and  x > z. 

Proof:  Bisect  AC  at  E.  Join  BE  and  produce  BE  to  F making 
EF=BE.  Join  FC. 

AE  = EC  (const.) 

BE  = EF  (const.) 
w = k (vertically  opposite  angles) 

.'.  AAEB  = AFEC.  (S.A.S.) 


In  A’s  AEB,  ECF 


y = p. 

But  X > p,  (ax.  9) 

X > y.  (ax.  4) 

If  ylCis  produced  toG  we  can  prove  in  like  manner  that  q>  z. 
But  X = q, 


X > z. 
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Indirect  Method  of  Proof 

In  Proposition  6 a new  and  important  method  of  proof  is  used. 
This  method,  called  the  Indirect  Method,  consists  of  three  steps  as 
follows: 

1.  List  all  the  possibilities  concerning  the  thing  to  be  proved. 
(That  is,  either  it  is  true  or  false.) 

2.  Assume  it  is  not  true,  and  show  that  this  is  impossible. 

3.  Conclude  that  it  is  true. 


PROPOSITION  6 

If  a transversal  meets  two  straight  lines,  making  the 
alternate  angles  equal,  the  two  straight  lines  are  parallel. 


Given:  EH  is  a transversal  which  meets  two  straight  lines  AB 
and  CD  at  F and  G respectively,  making  A AEG  = AFGD  or  x = y. 

Required:  To  prove  AB  II  CD. 

Proof:  Either  A5  II  CD  or  AB  K CD.  Assume it  CD. 

Then  AB  and  CD  must  meet  when  produced. 

Let  AB  and  CD  meet  at  K when  produced  toward  B and  D. 

Then  KFG  is  a triangle  in  which  exterior  AAFG  is  equal  to  the 
interior  and  opposite  AFGD,  which  is  impossible. 

Similarly  it  is  impossible  that  AB  and  CD  meet  when  produced 
toward  A and  C. 

It  is  impossible  that  AB  if  CD. 

AB  II  CD. 
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A Corollary  of  a proposition  is  an  important  fact  which  follows 
immediately  from  the  proposition. 

Corollary  i.  If  a transversal  meets  two  straight  lines  and 
makes  two  corresponding  angles  equal,  the  two  lines  are 
parallel. 

Given:  z = y.  (Using  the  diagram  for  Prop.  6.) 

Required:  To  prove  AB  II  CD. 

Proof:  z = X,  (vertically  opposite  angles) 

X = y,  (ax.  1) 

and  AB  II  CD.  (alternate  angles  equal) 

Corollary  2.  If  a transversal  meets  two  straight  lines  and 
makes  two  interior  angles  on  the  same  side  of  the  transversal 
supplementary,  the  two  lines  are  parallel. 

Given:  y + w = 180. 

Required:  To  prove  AB  II  CD. 

Proof:  X w = 180,  since  AB  is  a st.  line. 

.'.  X A-  w = y A-  w,  (ax.  1) 

X ^ y,  (ax.  3) 

and  AB  II  CD.  (alternate  angles  equal). 

Converse  Statements 

In  geometry  the  statement  of  a proposition  consists  of  a part  that 
is  given  and  a part  that  is  required  to  be  proved.  If  these  two  parts 
are  interchanged,  a new  statement  is  obtained  which  is  the  converse 
statement. 

Examples: 

1.  Statement:  If  an  animal  is  a dog,  then  the  animal  has  four 
feet.  (True.) 

Converse:  If  an  animal  has  four  feet,  then  the  animal  is  a 
dog.  (False.) 

2.  Statement:  If  a figure  has  three  sides,  then  the  figure  is  a 
triangle.  (True.) 

Converse:  If  a figure  is  a triangle,  then  the  figure  has  three 
sides.  (True.) 

The  above  examples  indicate  that,  though  a statement  may  be 
true,  its  converse  may  be  true  or  false,  and  requires  a separate  proof. 
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PROPOSITION  7 

{The  converse  of  Prop.  6) 


If  a transversal  meets  two  parallel  straight  lines,  the  alter 
nate  angles  are  equal. 


E 


Given:  EH  is  a transversal  meeting  AB  and  CD  at  F and  G 
respectively,  and  AB  II  CD. 

Required:  To  prove  x = y. 

Proof:  Either  x = y or  x 9^  y. 

Assume  x 9^  y. 

Then  draw  KFL  making  p = y. 

.'.  KL  II  CD.  (alternate  angles  equal) 

But  AB  II  CD.  (given) 

This  is  impossible,  (ax.  11) 

X = y. 


Corollary  1.  If  a transversal  meets  two  parallel  lines,  the 
corresponding  angles  are  equal. 

Given:  AB  II  CD. 

Required:  To  prove  z = y. 

Proof:  2 = X (vertically  opposite  angles)  and  x = y (proved), 
z — y.  (ax.  1) 


Corollary  2.  If  a transversal  meets  two  parallel  lines,  the 
interior  angles  on  the  same  side  of  the  transversal  are  sup- 
plementary. 

Given:  AB  II  CD. 

Required:  To  prove  w A-  y = 180. 

Proof:  w At  X — 180  since  AB  is  a straight  line,  and  ^ = 3;, 
w A-  y — 180.  (ax.  4) 
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Exercise 

A 


1.  In  each  diagram  name  the  pair  of  lines  which  are  parallel 
and  give  the  reason. 

(a)  (b)  (c) 


2.  In  each  diagram  name  pairs  of  angles  which  are  equal  or 
supplementary  and  give  the  reason. 

(«)  ib)  (c) 


, Exercise 
B 

3.  ABCD  is  a II  gm.,  E and  F are  the  middle  points  of  AD,  BC 
respectively.  Prove  that  AECF  is  a II  gm. 

4.  Prove  that  two  lines  which  are  both  perpendicular  to  the 
same  line  are  parallel  to  each  other. 

5.  Given  the  opposite  sides  of  a quadrilateral  are  equal,  prove 
that  the  quadrilateral  is  a parallelogram. 

6.  The  median  BZ)  of  /\ABC  is  produced  to  E so  that  DE  = BD. 
Prove  that  AE  is  parallel  to  BC. 

7.  Prove  that  st.  lines  which  are  parallel  to  the  same  straight 
line  are  parallel  to  each  other. 
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8.  P and  Q are  the  centres  of  two  circles  each  of  which  lies 
entirely  outside  the  other.  PA  and  QB  are  two  parallel  radii  so  placed 
that  AB  meets  the  circles  again  at  C and  D respectively.  Prove 
PC  II  QD. 

9.  In  /aABC,  ad  bisects  ABAC  and  meets at  D.  The  right 
bisector  of  AD  meets  AB  at  E.  Prove  ED  II  AC. 

10.  Prove  that  the  opposite  angles  of  a parallelogram  are  equal. 

11.  If  the  bisector  of  the  exterior  angle  at  one  vertex  of  a triangle 
is  parallel  to  the  opposite  side,  prove  that  the  triangle  must  have  two 
of  its  angles  equal. 

12.  ABC  is  an  isosceles  triangle  in  which  AB  = AC.  BA  is 
produced  to  D and  AE  is  drawn  parallel  to  BC.  Prove  that  AE 
bisects  AD  AC. 

13.  If  one  angle  of  a parallelogram  is  a right  angle,  show  that 
each  of  the  others  is  also  a right  angle. 

14.  In  quadrilateral  ABCD,  AB  = CD  and  AB  II  CD.  Prove  that 
BC  = AD  and  BC  WAD. 


PROPOSITION  8 

If  one  side  of  a triangle  be  produced,  the  exterior  angle  so 
formed  is  equal  to  the  sum  of  the  two  interior  and  opposite 
angles  of  the  triangle,  and  the  sum  of  the  three  interior  angles 
of  the  triangle  is  equal  to  two  right  angles. 


Given:  ABC  is  a triangle  in  which  5C  is  produced  to  D. 

Required:  To  prove  (/)  x = y + 2. 

(2)  y A-  z A-  li’  = 180. 

Proof:  Suppose  CE  is  drawn  parallel  to  AB. 

{1)  :.  p = y.  (alternate  Z ’s) 

And  z = q.  (corresponding  Z ’s) 

And  /.  x = pA-q  = yA-z  (ax.  4) 

{2)  Also  x + ^e;  = y + s + ^^'  (ax.  2) 

But  X + = 180  since  BCD  is  a st.  line. 

y A-  z A-  — 180.  (ax.  4) 
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Corollary  i 

If  two  angles  of  one  triangle  are  respectively  equal  to  two 
angles  of  another  triangle,  the  third  angles  are  equal. 

Corollary  2 

If  one  angle  of  a triangle  is  equal  to  the  sum  of  the  other 
two  angles,  that  angle  is  a right  angle. 

Corollary  3 

Only  one  perpendicular  can  be  drawn  to  a straight  line 
from  a point  outside  that  line. 


Exercise 

A 

In  the  following  diagrams,  certain  angles  are  given.  Calculate 
the  number  of  degrees  in  the  remaining  angles  in  each  diagram.  Lines 
or  angles  that  are  to  be  taken  as  equal  are  so  marked. 


D 
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7.  8.  9. 


Solution  of  Numerical  Problems  Involving  Angles. 

Example:  In  /\ABC,  LB  = 75°  and  ZC  = 45°.  Find  the  acute 
angle  between  the  bisector  of  Z^  and  the  perpendicular  drawn  from 
A to  BC. 


Given:  AABC  with  AB  = 75°,  and  ZC  = 45°. 

AD  ±BC  and  AE  bisects  ABAC. 

Required:  To  find  z. 

Solution:  2x  + 75  + 45  = 180,  (3  Z ’s  in  a A) 

X = 30. 

>;  + 75  + 90  = 180,  (3  Z ’s  in  a A) 

y = 15. 

z = X — y (from  the  diagram) 
= 30  - 15, 

= 15. 


2 
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Exercise 

B 

1.  The  vertical  angle  of  an  isosceles  triangle  is  40°.  The  base 
angles  are  bisected  and  the  bisectors  produced  to  meet  the  equal 
sides.  Determine  the  magnitude  of  each  angle  in  the  figure. 

2.  Calculate  each  of  the  angles  of  a triangle  if; 

(a)  One  angle  is  twice,  and  another  three  times  the  third  angle, 

{b)  The  first  and  second  angles  are  each  four  times  the  third  angle, 

(c)  The  first  angle  is  three  times  the  second  angle  and  their  sum 
is  100°, 

(d)  The  triangle  is  isosceles  and  the  exterior  angle  at  the  vertex  is  1 18°, 

(e)  The  triangle  is  isosceles  and  the  bisectors  of  the  equal  angles 
meet  at  an  angle  of  130°. 

3.  D is  a point  in  the  sideBC  of  AABC  such  that  AD  = AB.  If 
ZB  = 70°  and  ZC  = 25°,  calculate  the  other  angles  in  the  figure. 

4.  In  APQR,  ZQ  = 65°,  ZR  = 35°.  Calculate  the  number  of 
degrees  in  the  acute  angle  between  the  bisector  of  ZQPR  and  the 
perpendicular  from  P to  QR. 

5.  In  II  gm.  ABCD  if  = ZB,  evaluate  all  the  angles  of  the 
parallelogram. 

6.  In  AKLM,  ZK  contains  x degrees.  Show  that  the  number 
of  degrees  in  the  angle  contained  by  the  bisectors  of  Z’s  L and  M 

is  (90  + 1). 

7.  The  interior  angle  at  Q and  the  exterior  angle  at  R in  APQR 
are  bisected  and  the  bisectors  meet  at  T.  Find  the  number  of  degrees 
in  Z QTR  if  (a)  ZP  = 70°,  {h)  Z P = x°. 

Exercise 

B 

1.  Prove  that  the  bisector  of  the  exterior  angle  at  the  vertex  of 
an  isosceles  triangle  is  parallel  to  the  base. 
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2.  Prove  that  the  sum  of  the  angles  of  a quadrilateral  is  equal 
to  four  right  angles. 

3.  Prove  that  each  angle  of  an  equilateral  triangle  contains  60°. 

4.  Prove  that  each  of  the  equal  angles  of  an  isosceles  triangle 
is  acute. 

5.  D is  any  point  within  A ABC.  Prove  Z.BDC  > ABAC. 

6.  ABC  is  a triangle  in  which  is  a right  angle.  BD  and  CD 
are  the  bisectors  of  A’s  B and  C.  Prove  that  ABDC  contains  135°. 

7.  ABCD  is  a quadrilateral  in  which  AB  II  CD.  The  bisectors 
of  Z ’s  A and  D meet  at  P.  Show  that  AAPD  is  a right  angle. 

8.  In  the  quadrilateral  ABCD,  A A = AD  and  AB  = AC. 
Prove  AD  WBC. 

9.  Prove  that  the  sum  of  the  exterior  angles  at  two  opposite 
vertices  of  any  quadrilateral  is  equal  to  the  sum  of  the  interior  angles 
at  the  other  two  vertices. 

10.  From  the  vertex  Z of  a right-angled  A ABC,  a perpendicular 
AD  is  drawn  to  the  hypotenuse  BC.  Prove  that  the  triangles  ABC 
and  ABD,  ACD  are  equiangular  to  one  another. 

11.  AB  is  a diameter  of  a circle  and  0 its  centre.  P is  any  point 
on  the  circumference  except  A and  B.  Show  that  A APB  is  a right 
angle.  (Join  OP.) 

12.  If  the  base  of  a triangle  is  produced  both  ways  prove  that  the 
sum  of  the  exterior  angles  so  formed,  diminished  by  the  vertical 
angle  is  equal  to  two  right  angles. 

13.  Construct  angles  of  60°,  30°,  75°,  82^°  using  only  straight- 
edge and  compasses. 

14.  Trisect  an  angle  of  45°  using  only  straight-edge  and  compasses. 

15.  P is  the  middle  point  oiLM  in  AKLM.  Given  PL  = PK  = 
PM.  Prove  that  ZLi^iff  is  a right  angle. 

16.  PQR  is  a triangle  in  which  PQ  = PR.  PQ  is  produced  to  5 so 
that  QS  = QR.  Prove  APRS  = 3 times  AQSR. 
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PROPOSITION  9 

If  two  angles  and  a side  of  one  triangle  are  respectively 
equal  to  two  angles  and  the  corresponding  side  of  another 
triangle,  the  triangles  are  congruent. 


A D 


Given:  ABC  and  DEF  are  two  triangles  in  which  x = y,  z = w, 
and  BC  = EF. 

Required:  To  prove  AABC  = ADEF. 

Proof:  X = y and  z = w,  p = q. 

Apply  AABC  to  ADEF  so  that  B falls  on  E and  BC  falls  along  EF. 

V BC  = EF  C falls  on  A. 

V z = w,  BA  falls  along  ED  and  A falls  on  ED  or  ED  produced, 
also  p = q CA  falls  along  FD  and  A falls  on  FD  or  FD  produced. 
A must  fall  on  D,  the  one  point  common  to  ED  and  FD. 

AABC  coincides  with  ADEF. 

And  AABC  = ADEF. 


Exercise 

B 

1.  Prove  that  if  the  bisector  of  an  angle  of  a triangle  is  per- 
pendicular to  the  opposite  side,  the  triangle  has  two  equal  sides. 

2.  Prove  that  the  opposite  sides  of  a parallelogram  are  equal. 

3.  ABC  and  DEF  are  two  congruent  triangles.  AX,  DY  are 
perpendiculars  from  two  corresponding  vertices  A and  D to  the 
opposite  sides.  Prove  that  AX  = DY. 

4.  Prove  that  any  point  on  the  bisector  of  an  angle  is  equidistant 
from  the  arms  of  the  angle. 

5.  Find  a point  in  the  base  of  a triangle  equidistant  from  the 
two  sides.  Describe  your  construction  and  prove  that  it  is  correct. 
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6.  A transversal  cuts  two  parallel  lines.  Find  two  points 
equidistant  from  all  three  lines. 

7.  Prove  that  the  perpendiculars  drawn  from  the  ends  of  the 
base  of  an  isosceles  triangle  to  the  opposite  sides  are  equal. 

8.  OX  and  0 Y are  a pair  of  lines  at  right  angles.  OPQR  is  a 
square.  Prove  that  the  distance  of  P from  OX  is  equal  to  the  distance 
of  R from  0 Y,  produced  if  necessary. 

9.  If  a diagonal  of  a quadrilateral  bisects  the  angles  at  the 
vertices  which  it  joins,  prove  that  it  bisects  the  other  diagonal  at 
right  angles. 

10.  In  AABC,  Z.B  = ZC.  Prove  that  = AC.  (Bisect  AA.) 


PROPOSITION  10 

If  the  hypotenuse  and  one  side  of  a right-angled  triangle 
are  respectively  equal  to  the  hypotenuse  and  one  side  of  another 
right-angled  triangle,  the  triangles  are  congruent. 

A D 


Given:  ABC  and  DEF  are  two  right-angled  triangles  having 
X = y = 90,  AB  = DE  and  AC  = DF. 

Required:  To  prove  that  AABC  = ADEF. 

Proof:  Apply  AABC  to  ADEF  so  that  A falls  on  D and  AC  falls 
along  DF. 

V AC  ^ Z)F,  C falls  on  F. 

Let  B fall  at  G on  the  side  of  DF  remote  from  E. 


V 2 = X = y = 90,  EFG  is  a st.  line. 
*.*  DG  = DE,  w = p = q. 

q = w 

In  A’s  ABC,  DEF 


X = y 
AB  = DE 


AABC  = ADEF.  (A.S.A.) 
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Exercise 

B 

1.  P is  a point  within  /\XYZ  such  that  the  perpendiculars 
drawn  from  P to  XY  and  YZ  are  equal.  Prove  that  PY  bisects 
LXYZ. 

2.  Prove  that  the  straight  line  drawn  from  the  vertex  of  an 
isosceles  triangle,  perpendicular  to  the  base,  bisects  the  base. 

3.  Prove  that  the  straight  line  drawn  from  the  centre  of  a 
circle,  perpendicular  to  a chord,  bisects  the  chord. 

4.  Prove  that  any  point  which  is  equidistant  from  the  arms  of 
any  angle,  lies  on  the  bisector  of  that  angle. 

5.  The  bisector  of  Z ’sB  and  C in  /\ABC  meet  at  D.  Prove  that 
DA  bisects  ABAC. 

6.  Prove  that  the  bisectors  of  the  three  angles  of  a triangle  pass 
through  one  point. 

7.  ABC  is  any  angle.  P is  any  point  on  BD  the  bisector  of 
A ABC.  PX  is  drawn  parallel  to  BC  and  meets  AB  at  X.  Prove  that 
XP  = XB. 


PROPOSITION  11 

If  one  side  of  a triangle  is  greater  than  another  side,  the 
angle  opposite  the  greater  side  is  greater  than  the  angle 
opposite  the  less. 


A 


Required:  To  prove  that  w > x. 

Proof;  Cut  ofi  AD  = AC.  Join  DC. 

V AD  = AC,y  = z. 

V w > z,  .'.  w > y. 

In  ADBC,  y > X (exterior  angle  of  ADBC). 
.'.  w > X. 
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Exercise 

B 

1.  In  A ABC,  AB  > AC.  A point  P is  taken  on  the  right 
bisector  of  BC  and  within  the  triangle.  Prove  APB  A < A PC  A. 

2.  If  two  sides  of  a triangle  are  unequal,  prove  that  the  angle 
opposite  the  shorter  of  the  two  sides  is  acute. 

3.  If  one  angle  of  a triangle  is  greater  than  another,  the  side 
opposite  the  greater  angle  is  greater  than  the  side  opposite  the  less. 
(The  converse  of  Prop.  11.  Use  the  indirect  method.) 

4.  Prove  that  the  sum  of  any  two  sides  of  a triangle  is  greater 
than  the  third  side. 


PROPOSITION  12 

In  any  parallelogram,  (1)  The  opposite  sides  are  equal; 
(2)  The  opposite  angles  are  equal;  (3)  Each  diagonal  bisects 
the  area;  (4)  The  diagonals  bisect  each  other. 


A D 


Given : ABCD  is  II  gm.  whose  diagonals  A C and  BD  intersect  at  E. 
Required:  To  prove  (1)  AB  = CD  and  AD  = BC. 

(2)  X + y = 2 + 

p A-  r = s -P  q. 

(3)  AC  and  BD  each  bisects  area  of  II  gm. 
ABCD. 


(4)  E is  the  middle  point  of  AC  and  BD. 
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Proof:  V ABCD  is  a II  gm.  AB  II  CD. 
y = z.  (alternate  angles) 


And  V AD  WBC,  x = w. 

X y = z w.  (ax.  2) 
Similarly  s A-  Q — p 

In  AABC  and  AADC, 


y = z 
w = X 

AC  = AC 


AABC  ^ AADC.  (A.S.A.) 

/.  AB  = CD  and  AD  = BC. 

Also  area  AABC  = area  AADC  and  ylC  bisects  the  area. 


Similarly  it  can  be  proved  that  BD  bisects  the  area. 

AB  = CD 
s = r 
y = z 


In  A’s  ABE,  DEC 


AABE  = ADEC.  (A.S.A.) 

AE  = EC  and  BE  = ED 

and  E is  the  middle  point  of  and  BD. 


Exercise 

B 

1.  Prove  that  a line  through  E,  the  point  of  intersection  of  the 
diagonals  of  a parallelogram,  and  terminated  by  two  opposite  sides, 
is  bisected  at  E and  itself  bisects  the  parallelogram. 

2.  Prove  that  if  the  diagonal  of  a parallelogram  bisects  each  of 
the  angles  through  which  it  passes,  the  parallelogram  is  a rhombus. 

3.  ABCD  is  a II  gm.  BP  and  DQ  are  two  parallel  lines  meeting 
in  P and  Q.  Prove  AP  = CQ  and  AADQ  = ACBP. 
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Construction  Deductions 

In  each  question  in  the  following  exercise,  a construction  is 
required  to  satisfy  the  given  conditions.  The  method  of  analysis 
must  be  used,  based  on  a rough  sketch  of  the  figure  as  it  will  appear 
when  completed. 

Example:  Construct  a triangle  having  given  the  base,  one  of  the 
base  angles,  and  the  difference  between  the  other  two  sides. 

a / 

Given:  Two  lines  a and  h / 

and  an  angle  \ 

Required:  To  construct  a triangle  having 
base  b one  base  angle  and  the  difference  X \ \ 

between  the  other  two  sides  a.  ^ ) — ^ 

Analysis:  (not  to  be  written  as  part  of  the  solution) 


A 


Draw  a sketch  of  the  triangle  ABC  and  mark  on  the  given  parts. 
In  order  to  show  the  difference  AB  — AC  = a,  cut  ofi  AD  = AC. 
Join  CD  and  mark  AD  = AC.  Since  A A DC  is  an  isosceles  A,  mark 
A ADC  = AACD.  The  resulting  figure  may  be  used  as  a guide  in 
making  an  accurate  construction. 

A 


DEDUCTIVE  GEOMETRY 


467 


Construction:  Draw5C  = h.  At 5 make  /.EBC  = x°.  0n5£cut 
ofi  BD  = a.  Join  DC.  At  C make  A DC  A = AEDC,  the  arm  CA 
meeting produced  at  A. 

Then  AABC  is  the  required  triangle. 

Proof:  In  AABC,  the  base^C  = h,  and  base  AB  = x°. 

Since  AADC  = AACB,  AD  = AC. 

AB  - AC  = AB  - AD  = BD  = a. 

Exercise 

B 

1.  Construct  an  isosceles  triangle  having  given  the  base  BC 
and  altitude  X. 

2.  On  a given  base,  construct  a triangle  such  that  one  of  its 
base  angles  is  equal  to  a given  angle  and  its  vertex  lies  on  a given  line, 

3.  Construct  a right-angled  triangle  having  given  the  hypotenuse 
and  one  of  the  other  sides. 

4.  Construct  a triangle,  having  given  two  sides  and  the  median 
drawn  to  one  of  these  sides. 

5.  Construct  a parallelogram,  having  given  one  side  and  the 
two  diagonals. 

6.  Construct  a parallelogram,  having  given  one  side  and  the 
point  of  intersection  of  the  diagonals. 

7.  Construct  an  isosceles  triangle  having  given  the  lengths  of 
one  of  the  equal  sides  and  its  height. 

8.  Construct  an  isosceles  triangle  having  given  the  vertical 
angle  and  the  altitude. 

9.  Describe  a circle  to  pass  through  two  given  points  and  have 
its  radius  equal  to  a given  straight  line. 

10.  Draw  a straight  line  parallel  to  one  side  of  a triangle  such 
that  the  part  of  it  intercepted  between  the  other  two  sides  is  equal 
to  a given  straight  line. 

11.  In  the  base  of  a triangle,  find  a point  such  that  the  straight 
lines  drawn  from  that  point  parallel  to  the  sides  and  terminated  by 
them,  are  equal. 
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12.  Through  a given  point  P,  draw  a straight  line  to  cut  off 
equal  parts  AV,  on  the  arms  of  a given  ABAC. 

13.  Construct  a right-angled  triangle  having  given 

(a)  The  hypotenuse  and  the  sum  of  the  other  two  sides, 

(b)  The  hypotenuse  and  the  difference  of  the  other  two  sides, 

(c)  The  perimeter  and  one  of  the  acute  angles. 

14.  Construct  a triangle  having  given 

(a)  The  perimeter  and  two  of  the  angles, 

(b)  The  vertical  angle,  the  base  and  the  sum  of  the  other  two  sides, 

(c)  The  base,  one  of  the  base  angles  and  the  difference  between  the 
two  sides, 

(d)  Two  sides  and  the  median  drawn  to  the  third  side. 

15.  Construct  an  isosceles  triangle  having  given  its  perimeter  and 
its  altitude. 

16.  Construct  an  isosceles  triangle  having  given  the  base  and  the 
sum  of  the  altitude  and  one  of  the  equal  sides. 

17.  P is  a given  point  within  ZABC.  Through  P draw  a line 
terminated  by  AB  and  BC  and  bisected  at  P. 

18.  P is  a given  point  in  the  side  KL  of  AKLM.  Find  a point 
E in  KM  produced,  such  that  DE  is  bisected  by  LM. 

PROPOSITION  13 

Parallelograms  on  the  same  base  and  between  the  same 
parallels  are  equal  in  area. 


Given:  ABCD  and  EBCF  are  II  gms.  on  the  same  base  BC  and 
between  the  same  parallels  AF  and  BC. 

Required:  To  prove  that  area  !1  gm.  ABCD  = area  II  gm.  EBCF. 
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Proof:  ABCD  is  a II  gm., 
AB  II  CD,  X = y. 

Similarly  z = w. 

In  A’s  AEB  and  DFC, 


AB  = CD. 


z = w 
AB  = CD 

X = y 


/AAEB  = ADFC.  (A.S.A.) 

Fig.  ABCF  - ADFC  = Fig.  ABCF  - AABE. 
area  II  gm.  ABCD  = area  II  gm.  EBCF. 


Corollaries : 

1.  A parallelogram  is  equal  in  area  to  a rectangle  on  the 
same  base  and  having  the  same  altitude,  and  the  area  of  a 
parallelogram  is  equal  to  the  product  of  its  base  and  its 
altitude. 

2.  Parallelograms  on  equal  bases  and  between  the  same 
parallels  are  equal  in  area. 


Exercise 

B 

1.  Prove  that  the  straight  lines  which  join  the  middle  points  of 
the  opposite  sides  of  any  parallelogram  divide  the  parallelogram  into 
four  equal  parallelograms. 

2.  Parallelograms  which  are  equal  in  area  and  between  the  same 
parallels,  have  equal  bases. 

3.  ABCD  is  a II  gm.  £ is  a point  on  CD.  DC  is  produced  to  F so 
that  CF  = DE,  and  AE  is  produced  to  G so  that  EG  = AE.  Prove 
that  BEGF  is  a II  gm.  equal  in  area  to  ABCD. 

4.  ABCD  is  a II  gm.  Through  AB  parallel  st.  lines  are  drawn 
meeting  CD  or  CD  produced  in  E,  F respectively.  Any  point  G in 
EA  is  joined  to  F and  BH  is  drawn  parallel  to  FG  meeting  EA  pro- 
duced in  H.  Prove  that  II  gm.  HBFG  = II  gm.  ABCD. 

5.  Construct  a II  gm.  equal  to  a given  II  gm.  and  having  one  side 
equal  to  a given  st.  line  which  is  greater  than  the  altitude  of  the  II  gm. 

6.  Construct  a rhombus  equal  to  a given  parallelogram. 

7.  is  a given  II  gm.  and  and BC  are  unequal.  Construct 
two  rectangles  each  equal  to  II  gm.  ABCD  but  not  congruent  to  each 
other. 
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8.  ABCD  is  a il  gm.  and  E is  any  point  in  AD.  Construct  a 
II  gm,  equal  to  II  gm.  ABCD  so  that^jE  is  one  of  its  diagonals. 

9.  Construct  a II  gm.  equal  to  a given  II  gm.  and  having  one 
diagonal  equal  to  a given  st.  line  greater  than  the  altitude  of  the 
II  gm. 

PROPOSITION  14 

If  a triangle  and  a parallelogram  are  on  the  same  base  and 
between  the  same  parallels  the  area  of  the  triangle  is  one-half 
the  area  of  the  parallelogram. 


Given:  AABC  and  II  gm.  ABCD  on  the  same  base  BC  and  be- 
tween the  same  parallels  5C  and  AD. 

Required:  To  prove  AABC  = | il  gm.  BCDE. 

Proof : Draw  BF  II  CA  meeting  DA  produced  at  F. 

AABC  = ^ II  gm.  BCAF.  (Diagonal  bisects  area) 

II  gm.  BCAF  ~ II  gm.  BCDE.  (On  same  base  and  between  same  ll’s) 
AABC  = i II  gm.  BCDE. 

Corollaries: 

1.  The  area  of  a triangle  is  one-half  the  area  of  a rectangle 
on  the  same  base  and  having  the  same  altitude,  and  the  area 
of  a triangle  is  one-half  the  product  of  its  base  and  its  altitude. 

2.  Triangles  on  the  same  base,  or  on  equal  bases,  and 
between  the  same  parallels,  are  equal  in  area. 

3.  A median  of  a triangle  bisects  its  area. 

Exercise 

B 

1.  D and  E are  the  middle  points  of  AB,  AC  respectively  in 
AABC.  Prove  that  ADBC  ~ AEBC  and  ABDE  = ACEF. 

2.  E is  any  point  in  the  median  AD  oi  AABC.  Prove  that 
A ABE  = AACE. 

3.  D is  any  point  in  the  side  BC  of  AABC  and  E is  the  middle 
point  of  AD.  Prove  that  AEBC  *=  ^ AABC. 
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4.  Prove  that  the  diagonals  of  a parallelogram  divide  the 
parallelogram  into  4 equal  triangles. 

5.  Construct  an  isosceles  triangle  equal  to  a given  triangle. 

6.  Construct  an  isosceles  equal  to  one-half  a given  triangle. 

7.  If  two  triangles  are  equal  in  area  and  are  between  the 
same  parallels,  prove  they  have  equal  bases. 

8.  X is  any  point  on  the  diagonal  PR  of  II  gm.  PQRS,  XQ  and 

are  joined.  Prove  that  AXQR  = AXSR  and  AXPQ  = AX  PS. 

9.  The  medians  and  CF  of  AABC  intersect  atG.  Show  that 
quadrilateral  AFGE  = AGBC. 

10.  The  side  AB  of  II  gm.  ABCD  is  produced  to  E.  ED  cuts  BC 
at  F.  Prove  that  AAEF  — ABEC. 

11.  P is  any  point  in  the  side  AB  of  AABC.  A st.  line  is  drawn 
through  D parallel  to  BC  meeting  AC  at  E and  is  produced  to  F so 
that  DF  — BC.  Prove  that  AAEF  = ADBE. 

PROPOSITION  15 

To  construct  a parallelogram  equal  to  a given  triangle  and 
having  an  angle  equal  to  a given  angle. 

A E F G 


Given:  ABC  is  a given  triangle  and  A is  a given  angle. 

Required:  To  construct  a 11  gm.  equal  to  AABC  and  having  an 
angle  = AX. 

Construction:  Through  A draw  AG  11  BC.  Bisect  at  D.  At 
B make  Z CBE  = AX  and  produce  BE  to  meet  AG  at  E.  Draw 
DF  11  BE  to  meet  AG  at  F. 

.'.  EBDF  is  the  required  11  gm. 

Proof:  AABC  = ^hh. 

11  gm.  BDFE  = ^hh,  since  BD  = \h. 

AABC  = 11  gm.  BDFE  and  AEBD  = X. 
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PROPOSITION  16 

{The  Pythagorean  Theorem) 

The  square  described  on  the  hypotenuse  of  a right-angled 
triangle  is  equal  to  the  sum  of  the  squares  described  on  the 
other  two  sides. 


G 


Given:  ABC  is  a triangle  in  which  ABAC  is  a rt.  angle  and 
BDEC,  ACFG  and  ABKH  are  squares  on  BC,  AC,  AB  respectively. 

Required:  To  prove = AB^  + AC^. 


Proof : Draw  ALM  II  BD  meeting  BC  at  L and  DE  at  M. 
Join  KC  and  AD. 

V A's  BAC  nnd  BAH  are  rt.  Z ’s  /.  CZiJ  is  a st.  line. 

Z CBD  = a rt.  Z = Z KB  A . 

To  each  add  A ABC.  :.  AABD  — AKBC. 

AB  = KB 


In  A’s  ABD  and  KBC 


BD  =BC 


AABD  = AKBC. 

AABD  = AKBC. 

ALM  II  BD  .’.  AABD  = i rect.  BDML. 

Also  CAH  II BK  AKBC  = | square  KB  AH. 

.’.  rect.  BDML  = square  KB  AH. 

Similarly  rect.  CLME  = square  GZCF. 

rect.  BDML  + rect.  LMEC  = square  KB  AH  + square  ACFG. 
:.  BC^  = ZB2  + AC\ 
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Corollary : 

In  a right-angled  triangle,  the  hypotenuse  is  the  greatest 
side. 

Constructions  Based  on  Proposition  16 

Example  1.  Construct  a square  having  area  5 sq.  in.  Measure 
one  side  of  the  square  and  thus  obtain  an  approximate  value  of  \/b. 
(Diagram  only.) 

Solution: 


By  measurement  \/5  = 2^  in.  (approx.) 

Note:  A speedy  solution  to  the  above  type  of  problem  may  be 
found  if  the  number  can  be  expressed  as  the  sum  or  difference  of 
two  squares.  For  example,  5 = 2^  + P,  7 = P — 3^  8 = 3^  — P. 


Example  2.  Find  an  approximate  value  by  means  of  a geometric 
construction  for  \/2,  \/3,  \/4,  \/5,  . . . 


Method:  Draw  AX  — 1 \n. 

Draw  AY  ± AX  and  cut  off  AB  = 1 in. 

Then  BX  = ^2  in. 

By  measurement  a/2  = If  approx. 

On  AY  cut  off  AC  = BX. 

Then  CX  — a/3  in. 

By  measurement  a/3  = Ifg-  approx. 


On  AY  cut  off  AB  - CX. 

Then  BX  = \/4  in.  or  2 in.  etc. 
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Exercise 

B 

(In  questions  1 to  5,  diagram  only  is  required.) 

1.  Given  two  squares  having  sides  in.  and  If  in.  respectively. 
Make  a square  equal  to  the  sum  of  these  two  squares. 

2.  Given  two  squares  having  sides  If  in.  and  2 in.  Construct  a 
square  equal  to  their  difference. 

3.  Construct  a square  having  an  area  of  2 sq.  in.  Measure  one 
side  of  the  square  and  thus  obtain  an  approximation  to  \/2. 

4.  Find  geometrically  approximations  to  a/TS,  \/W,  \/M. 

5.  On  a straight  line  in.  long,  describe  the  square  ABCD. 
Construct  a square  whose  area  is  5 times  that  of  ABCD. 

6.  If  the  diagonals  of  a quadrilateral  intersect  at  right  angles, 
the  sum  of  the  squares  on  one  pair  of  opposite  sides  is  equal  to  the  sum 
of  the  squares  on  the  other  pair. 

7.  is  a triangle  and  AB  = 90°.  On  and BC  respectively, 

points  X and  Y are  taken.  Prove  that  AY"^  + CX"^  = AC"^  AY"^. 

8.  PQR  is  a triangle,  right-angled  at  Q.  On  QR  a point  5 is 
taken.  Prove  that  PS^  -f-  QR?  = PR^  -f  QS?. 

9.  In  an  isosceles  right-angled  triangle  the  square  on  the 
hypotenuse  is  double  the  square  on  one  of  the  equal  sides. 

10.  In  an  equilateral  triangle  ABC,  AD  is  perpendicular  to  BC. 
Prove  that  AD^  = SBD^. 

11.  Construct  a square  equal  to  the  sum  of  two  given  squares. 

12.  Construct  a square  equal  to  the  difference  of  two  given 
squares. 

13.  Draw  a straight  line  PQ,  2|  in.  long.  In  PQ  find  a point  X 
such  that  PX^  + XQ^  = 4 sq.  in. 

14.  In  a given  straight  line  AB,  find  a point  C such  that  -f- 
CB^  = XY^,  where  XY  is  another  given  straight  line.  When  is  this 
impossible? 
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PROPOSITION  17 

An  angle  at  the  centre  of  a circle  is  double  an  angle  at  the 
circumference  standing  on  the  same  arc. 


Given : ABC  is  a circle  whose  centre  is  0.  AOB  is  the  angle  at  the 
centre,  and  ACB  an  angle  at  the  circumference  standing  on  the  same 
arc  AB. 

Required:  To  prove  A AOB  = 2 A ACB. 

Proof : Join  CO  and  produce  CO  to  meet  the  circle  at  D. 

OC  = OA.  AOAC  = AOCA  = x°. 

Similarly  AOCB  = AOBC  = y°. 

In  AACO,  CO  is  produced  to  D. 

AA0D  = 2x°. 

Similarly  ABOD  = 2y°. 
adding  in  Fig.  1 

A AOB  = 2x°  + 2y\ 

= 2(x  + y)°. 

= 2AACB. 

subtracting  in  Fig.  2. 

A AOB  = 2x°  - 2y\ 

= 2(x  -3;)°. 

= 2AACB. 
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PROPOSITION  18 

Angles  in  the  same  segment  of  a circle  are  equal. 


Given:  ABC  is  a circle  whose  centre  is  0,  and  ACB,  ADB  are 
angles  in  the  same  segment  ACDB. 

Required:  To  prove  AACB  = A ADB. 

Proof:  Join  AO  and  OB. 

AAOB  = 2 A ACB. 

AAOB  = 2AADB. 

.■.2AACB^2AADB. 

A ACB  = A ADB. 


PROPOSITION  19 
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Given:  ABAC  is  any  angle  in  the  semicircle  5Z)C. 

Required:  To  prove  x = 90. 

Proof:  BOC  is  a diameter  of  the  circle,  y = 180. 

BOC  is  an  angle  at  the  centre  of  the  circle  and  BAC  is  an  angle  at  the 
circumference  standing  on  the  same  arc, 

y = 2x  and  x = 90. 

ABAC  is  a right  angle. 

Exercise 

A 


Numerical  Exercises  on  the  Circle. 

In  each  diagram  calculate  the  value  of  x,  y and  2. 

1.  2.  3. 


B 


4. 


5. 


6. 
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Exercise 

B 

1.  Prove  that  the  angle  in  a major  segment  of  a circle  is  acute, 
and  the  angle  in  a minor  segment  is  obtuse. 

2.  Two  chords  AC  and  BD  intersect  at  E.  Prove  AAEB 
equiangular  to  ADEC. 

3.  From  a point  X outside  a circle,  straight  lines  XAB  and  XCD 
are  drawn,  cutting  the  circle  \n  A,  B and  C,  D respectively.  Join 
AD  and  BC.  Prove  AX  AD  equiangular  to  AXCB, 

4.  ABC  is  a triangle  inscribed  in  a circle.  The  bisector  of 
meets  BC  at  D and  the  circle  again  at  E.  Prove  AADB  equiangular 
to  A ACE. 

5.  ABC  is  a triangle  inscribed  in  a circle  and  ZB  is  a diameter. 
AE  is  drawn  _L  BC.  Prove  AABE  is  equiangular  to  AADC. 

6.  A quadrilateral  is  inscribed  in  a circle.  Prove  that  the  sum 
of  either  pair  of  opposite  angles  equals  two  right  angles. 

7.  The  circle  described  upon  a side  PQ  of  a triangle  PQR  as 
diameter  bisects  the  side  QR.  Prove  that  two  angles  of  the  triangle 
are  equal. 

8.  Construct  a right-angled  triangle  having  given  the  hypoten- 
use and  one  side,  by  drawing  a circle  on  the  hypotenuse  as  diameter. 

9.  ABC  is  a triangle  in  which  ZZ  is  obtuse.  On  BC  as  hypot- 
enuse, construct  a right-angled  triangle  equal  in  area  to  AZBC. 

10.  An  equilateral  triangle  ABC  is  inscribed  in  a circle.  BE  is  the 
diameter  through  B.  Prove  that  AE  equals  the  radius  of  the  circle. 

11.  ABCD  is  a quadrilateral  inscribed  in  a circle  whose  centre  is 
0.  ZC  and  BB  intersect  at  £.  Prove  ZZOB  + A COD  — 2 AAEB. 

12.  ABCD  is  a quadrilateral  inscribed  in  a circle,  ZB  and  CD 
are  each  equal  to  the  radius.  ZC  andBB  meet  in  E.  Find  the  number 
of  degrees  in  AAEB. 

13.  ABCD  is  a quadrilateral  inscribed  in  a circle  and  ZB  = CD. 
Prove  that  ZC  = BD. 
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PROPOSITION  20 

The  straight  line  drawn  perpendicular  to  a radius  of  a 
circle  at  the  circumference  is  a tangent. 


Given:  CEF  is  a circle  whose  centre  is  0. 

ACB  is  a St.  line  ± OC. 

Required:  To  prove  ACB  is  a tangent. 

Proof:  Take  D any  point  on  ACB  other  than  C.  Join  OD. 

V AOCD  is  a rt.  angle,  OD  is  the  hypotenuse. 

OD  > OC  (Prop.  16). 

D lies  outside  the  circle. 

But  D is  any  point  on  ACB  other  than  C. 

ACB  meets  the  circle  only  at  C. 

ACB  is  a tangent. 

Corollaries : 

1.  A tangent  to  a circle  is  perpendicular  to  a radius  drawn 
to  the  point  of  contact. 

2.  The  straight  line  drawn  perpendicular  to  a tangent  at 
the  point  of  contact  passes  through  the  centre. 

3.  At  any  point  on  the  circumference  of  a circle,  one  and 
only  one  tangent  can  be  drawn. 
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Exercise 

B 

l:  Draw  a tangent  to  a given  circle  through  a given  point  on  the 
circumference  and  prove  your  method  is  correct. 

2.  Prove  that  tangents  to  a circle  at  the  ends  of  a diameter  are 
parallel. 

3.  Draw  tangents  to  a given  circle: 

{a)  parallel  to  a given  straight  line, 

(&)  perpendicular  to  a given  straight  line, 

(c)  making,  with  a given  straight  line,  an  angle  equal  to  a given 
angle. 

How  many  tangents  can  be  drawn  in  each  case? 

4.  Draw  a circle  to  touch  a given  straight  line  at  a given  point 
and  have  its  centre  on  another  given  straight  line. 

5.  Draw  a circle  to  touch  two  given  intersecting  straight  lines 
and  have  a given  radius.  How  many  such  circles  can  be  drawn? 

6.  .d  is  a given  point  on  a given  straight  lineBC,  and  P is  a given 
point  outside  the  line.  Describe  a circle  to  pass  through  P and 
touch  BC  at  A. 

7.  PQ  is  a diameter  of  a circle  whose  centre  is  0.  A is  taken  on 
the  tangent  Q such  that  AQ  = PQ.  If  PA  cuts  the  circle  at  S,  prove 
that  PS  = SQ  = SA. 

8.  AABC  is  inscribed  in  a circle.  At  B a tangent  BT  is  drawn. 
If  r is  on  the  opposite  side  of  BC  from  A,  prove  ACBT  = A A. 

9.  ABCD  is  a quadrilateral  inscribed  in  a circle.  If  BC  is 
produced  to  P,  prove  that  ADCP  ~ A A. 
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DEFINITIONS 

Abscissa.  The  horizontal  coordinate  of  a point. 

Absolute  term.  A term  which  does  not  contain  an  unknown  letter. 

Acute  angle.  An  angle  which  is  less  than  a right  angle. 

Altitude.  The  height  (measured  in  a direction  perpendicular  to 
the  base). 

Ambiguous.  Having  more  than  one  meaning. 

Angle  of  depression.  The  angle  measured  from  the  horizontal 
direction  to  the  line  of  sight  toward  an  object  below  the  horizontal. 

Angle  of  elevation.  The  angle  measured  from  the  horizontal 
direction  to  the  line  of  sight  toward  an  object  above  the  horizontal. 

Annulus.  A flat  ring. 

Arc.  A part  of  the  circumference  of  a curved  figure. 

Axiom.  A fact  which  is  accepted  as  being  true  without  proof. 

Binomial.  An  expression  having  two  terms. 

Bead.  A spherical  object  having  a cylindrical  hole  drilled  through 
its  centre. 

Centre  of  Gravity.  (C.G.).  The  point  of  balance  in  a body,  at 
which  the  entire  weight  of  the  body  may  be  considered  to  act. 

Centroid.  The  point  of  intersection  of  the  medians  of  a triangle 
(also  its  centre  of  gravity). 

Characteristic.  The  integral  or  whole  number  part  of  a logarithm. 

Chord.  A line  joining  any  two  points  on  the  circumference  of  a circle. 

Circle.  The  locus  of  a point  which  moves  so  that  it  is  always  a 
constant  distance  from  a fixed  point. 

Circumcentre  of  a triangle.  The  centre  of  the  circumscribed 
circle.  It  is  the  point  of  intersection  of  the  right  bisectors  of  the 
sides  of  the  triangle. 

Circumscribed  circle  of  a figure.  The  circle  which  passes  through 
every  vertex  of  the  figure. 
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Coefficient.  Any  factor  of  a term.  It  may  contain  both  numbers  and 
letters. 

Coincident  roots  of  an  equation.  Two  solutions  of  an  equation 
which  are  equal. 

Collinear  points.  Points  which  lie  on  the  same  straight  line. 

Complementary  angles.  Two  angles  whose  sum  is  90°. 

Component  of  a force.  The  pull  exerted  by  the  force  in  a specified 
direction. 

Concentric  circles.  Circles  which  have  the  same  centre. 

Concurrent  straight  lines.  Lines  which  pass  through  the  same 
point. 

Cone  (right).  A solid  figure  which  tapers  uniformly  from  a circular 
base  to  a point  directly  above  the  centre  of  the  base. 

Congruent  figures.  Figures  which  are  equal  in  all  respects  and 
may  be  made  to  coincide. 

Conjugate  surds.  Two  surds  whose  product  is  a rational  number. 

Continued  proportion.  A series  of  numbers  such  that  the  ratio  of 
any  number  to  the  next  is  constant. 

Converse  propositions.  Two  statements  such  that  the  given  part 
of  one  is  the  required  part  of  the  other. 

Corollary.  A fact  of  geometry  which  follows  directly  from  a theorem. 

Decagon.  A closed  figure  having  ten  sides. 

Diagonal.  A line  in  a figure  joining  any  two  vertices  which  are 
not  adjacent. 

Digit.  A single  integer  contained  in  a number. 

Distinct  roots.  Solutions  of  an  equation  which  differ. 

Ellipse.  The  locus  of  a point  which  moves  so  that  the  sum  of  its 
distances  from  two  fixed  points  is  constant. 

Equilateral  triangle.  A triangle  having  three  sides  equal. 

Equilibrant.  The  single  force  which  would  balance  a system  of 
forces. 
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Equilibrium.  The  state  of  rest  which  is  produced  when  all  forces 
acting  on  a body  balance  each  other. 

Escribed  circle  of  a triangle.  A circle  which  touches  one  side  of 
a triangle  and  the  other  two  sides  produced. 

Exterior  angle.  The  angle  formed  outside  a figure  by  one  side  of 
the  figure  and  the  adjacent  side  produced. 

Extraneous  root.  A solution  found  for  an  equation  which  does  not 
satisfy  the  equation.  It  is  produced  by  the  method  of  solving. 

Friction.  The  force  which  resists  the  motion  of  a body  when  it 
slides  or  rolls  over  another  body. 

Frustum.  The  part  of  a cone  or  pyramid  contained  between  the 
base  and  a plane  parallel  to  the  base. 

Fulcrum.  The  point  on  which  a lever  rests. 

Gravity.  The  force  which  attracts  any  mass  towards  another  mass. 

Hexagon.  A closed  figure  having  six  sides. 

Hypotenuse.  The  side  opposite  the  right  angle  in  a right-angled 
triangle. 

Identity.  An  equation  which  is  true  for  every  value  of  the  unknown 
letter. 

Imaginary  number.  The  square  root  of  a negative  number. 

Inscribed  circle  of  a triangle.  The  circle  drawn  inside  a triangle 
touching  each  of  the  sides. 

Irrational  number.  A number  which  cannot  be  expressed  as  a 
terminating  or  repeating  decimal. 

Isosceles  triangle.  A triangle  having  two  equal  sides. 

Lateral  area.  The  area  of  the  sides  of  a solid  figure. 

Literal.  Composed  of  letters  only. 

Locus.  The  path  of  a point  which  moves  in  such  a way  that  it 
always  obeys  a certain  law. 
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Logarithm  of  a number.  The  power  of  ten  which  produces  the 
number. 

Major.  Larger  or  largest. 

Magnitude.  Size. 

Mantissa.  The  decimal  part  of  a logarithm. 

Mass.  The  quantity  of  material  in  a body. 

Mean.  Average. 

Mean  proportional.  The  second  of  three  terms  which  are  in  con- 
tinued proportion. 

Mechanical  advantage.  The  ratio  of  load  to  effort  in  any  machine. 

Median.  A straight  line  in  a triangle  joining  any  vertex  to  the 
mid-point  of  the  opposite  side. 

Minor.  Smaller  or  smallest. 

Moment.  The  turning  effect  of  a force  about  a point. 

Normal.  Perpendicular. 

Obtuse  angle.  An  angle  greater  than  90°  and  less  than  180°. 
Oblique  triangle.  A triangle  which  does  not  contain  a right  angle. 
Octagon.  A closed  figure  having  eight  sides. 

Ordinate.  The  vertical  coordinate  of  a point. 

Orthocentre.  The  point  of  intersection  of  the  altitudes  of  a triangle. 

Parallelogram.  A quadrilateral  having  its  opposite  sides  parallel. 

Parallel  lines.  Lines  in  the  same  plane  which  do  not  meet  no  matter 
how  far  they  are  extended  in  either  direction. 

Pentagon.  A closed  figure  having  five  sides. 

Perimeter.  The  total  length  of  the  lines  bounding  a closed  figure. 

Perpendicular.  (A  line)  making  an  angle  of  90°. 

Polygon.  A closed  figure  bounded  by  several  straight  lines. 

Proportion.  An  equation  which  states  that  one  ratio  is  equal  to 
another. 


DEFINITIONS 


485 


Pyramid  (right).  A solid  object  whose  base  is  a polygon  and  whose 
vertex  is  directly  over  the  centre  of  the  base. 

Quadratic.  Containing  the  second  but  no  higher  power  of  the 
unknown  letters. 

Quadrilateral.  A closed  figure  having  four  sides. 

Ratio.  The  fraction  formed  by  placing  one  number  over  another, 
both  being  expressed  in  the  same  units  (if  possible). 

Rational  number.  A number  which  may  be  expressed  as  a termin- 
ating or  repeating  decimal. 

Reaction.  The  force  which  a body  exerts  in  response  to  a push  or 
pull  exerted  on  the  body. 

Real  number.  Any  number  which  does  not  contain  the  square  root 
of  a negative  number. 

Rectangle.  A parallelogram  having  one  angle  a right  angle. 

Rectilineal.  Bounded  by  straight  lines. 

Reflex  angle.  An  angle  greater  than  180°  but  less  than  360°. 

Regular.  Having  all  its  sides  and  angles  equal. 

Resultant.  The  single  force  which  would  exert  the  same  effect  as 
a given  system  of  forces. 

Rbombus.  A quadrilateral  having  four  equal  sides. 

Right  bisector.  A straight  line  which  bisects  another  line  at  right 
angles. 

Root.  A solution  of  an  equation. 

Scalene  triangle.  A triangle  having  no  equal  sides. 

Secant.  A straight  line  which  cuts  a circle  in  two  distinct  points 
and  extends  outside  the  circle.  (Also  a trigonometric  ratio.) 

Sector  of  a circle.  The  part  of  a circle  bounded  by  two  radii  and 
an  arc. 

Segment  of  a circle.  The  part  of  a circle  bounded  by  a chord  and 
an  arc. 

Semicircle.  The  part  of  a circle  bounded  by  a diameter  and  an  arc. 
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Significant  figures.  All  figures  of  a number  except  zeros  placed  at 
the  beginning  or  end  of  the  number  in  order  to  correctly  place  the 
decimal  point. 

Similar.  Having  their  corresponding  angles  equal  and  their  cor- 
responding sides  proportional. 

Sphere.  A solid  object  such  that  every  point  of  the  surface  is  at 
a constant  distance  from  a fixed  point. 

Square.  A quadrilateral  having  four  equal  sides  and  one  angle  a 
right  angle. 

Stability.  The  property  which  prevents  a body  from  tipping. 

Straight  angle.  180°. 

Subtend.  To  join  a point  on  one  arm  of  an  angle  to  a point  on  the 
other  arm  of  the  angle. 

Supplementary  angles.  Two  angles  whose  sum  is  180°. 

Surd.  The  square  root  of  a number  which  is  not  a perfect  square. 

Tangent.  A straight  line  which  touches  a curve  without  crossing  it. 
(Also  a trigonometric  ratio.) 

Tension.  The  force  which  resists  stretching. 

Transversal.  A straight  line  which  meets  or  crosses  two  or  more 
straight  lines. 

Trapezium  (or  trapezoid).  A quadrilateral  which  has  two  sides 
parallel. 

Trinomial.  An  expression  composed  of  three  terms. 

Uniform.  Without  irregularity. 

Vector.  A directed  line  segment. 

Velocity  ratio.  The  ratio  of  the  distance  the  effort  moves  to  the 
distance  the  load  moves  in  a machine. 

Vertex.  The  point  of  intersection  of  two  straight  lines. 

Weight.  The  force  of  attraction  exerted  by  the  earth  upon  a body 
which  is  on  the  surface  of  the  earth. 
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SQUARE 

ROOTS 

POWERS 

n 

v« 

n 

Vw 

POWERS  OF  2 

POWERS  OF  3 

1 

1 0000 

13 

3-6056 

21  = 2 

31  = 3 

2 

1-4142 

14 

3-7417 

22  = 4 

32  = 9 

3 

1-7321 

15 

3-8730 

23  =8 

33  = 27 

4 

2-0000 

16 

4-0000 

24  = 16 

34  =81 

5 

2-2361 

17 

4-1231 

25  = 32 

35  = 243 

6 

2-4495 

18 

4 2426 

26  = 64 

36  = 729 

7 

2-6458 

19 

4 • 3589 

22  = 128 

32  = 2187 

8 

2 • 8284 

20 

4-4721 

28  = 256 

38  = 6561 

9 

3-0000 

21 

4-5826 

29  = 512 

39  = 19,683 

10 

3 • 1623 

22 

4-6904 

210  = 1024 

310  = 59,049 

11 

3-3166 

23 

4-7958 

211  = 2048 

311  = 177,147 

12 

3-4641 

24 

4-8990 

212  = 4096 

312  = 531,441 

TABLE  OF  WEIGHTS  (AVERAGE) 

METAL 

1 LB 

. PER  CU.  IN. 

MISCELLANEOUS 

LB.  PER  CU.  FT. 

Aluminum 

-0963 

Concrete 

140 

Brass  (50-50) 

•2959 

Earth 

100 

Bronze 

•3195 

Granite 

165 

Copper 

■3195 

Gravel 

no 

Iron  (Cast) 

■2604 

Limestone 

160 

Iron  (wrought) 

•2779 

Marble 

170 

Lead 

•4106 

Sand 

95 

Magnesium 

■0641 

WOOD 

LB.  PER  CU.  FT. 

Nickel 

■3175 

Birch 

41 

Platinum 

•7758 

Fir 

37 

Silver 

•3791 

Elm 

38 

Steel 

■2834 

Maple 

42 

Tin 

•2652 

Oak 

47 

Zinc 

•2526 

Walnut 

36 

DECIMAL  EQUIVALENTS 


64 

A 


•015625 

■03125 

•046875 

•0625 

•078125 

•09375 

• 109375 
•125 

• 140625 

• 15625 
•171875 
•1875 
•203125 
•21875 
•234375 
•250 
•265625 
■28125 
•296875 
•3125 
•328125 


iV 


— -34375 
H -359375 

— -375 

M -390625 

— -40625 
a -421875 

— -4375 
a -453125 

— -46875 
-484375 

— -500 

M -515625 

— -53125 
M -546875 

— -5625 
H -578125 

— -59375 
If  -609375 

— -625 
-640625 

— -65625 


57. 

64 

29  


H -671875 

— -6875 
M -703125 

— -71875 
U -734375 

— -750 

H -765625 

— -78125 
-796875 

— -8125 
M -828125 

— -84375 
M -859375 

— -875 
890625 
90625 

M -921875 

— -9375 
U -953125 

— -96875 
H -984375 
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LOGARITHMS 


0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

1 2 

3 

/lean 

4 

Differei 

5 6 

ices 

7 

8 9 

10 

00000 

00432 

00860 

01284 

01703 

42  85  127 

170  212  254 

297  339  381 

02119 

02531 

02938 

03342 

03743 

40  81  ■ 

121 

162  202  242 

283  323  364 

11 

04139 

04532 

04922 

05308 

05690 

39  77  116 

154  193  232 

270  309  348 

06070 

06446 

06819 

07188 

07555 

37  74  111 

148  185  222 

259  296  333 

12 

07918 

08279 

08636 

08991 

09342 

36  71  • 

106 

142  177  213 

248  284  319 

09691 

10037 

10380 

10721 

11059 

34  68  102 

136  170  204 

238  272  307 

~ 

11394 

11727 

12057 

12385 

12710 

33  66 

98 

131 

164 

197 

229  262  295 

13033 

13354 

13672 

13988 

14301 

32  63 

95 

126  158 

190 

221 

253  284 

14 

14613 

14922 

15229 

15534 

15836 

30  61 

91 

122 

152  183 

213  244  274 

16137 

16435 

16732 

17026 

17319 

29  59 

88 

118  147  177 

206  236  265 

15 

17609 

17898 

18184 

18469 

18752 

28  57 

85 

114  142  171 

199  228  256 

19033 

19312 

19590 

19866 

20140 

28  55 

83 

110  138  165 

193  221  248 

16 

20412 

20683 

20951 

21219 

21484 

27  53 

80 

107 

134 

160 

187  214  240 

^743 

22011 

22272 

22531 

22789 

26  52 

78 

104  130  156 

182  208  233 

TT 

23045 

23300 

23553 

23805 

24055 

26  50 

76 

101 

126 

151 

176  201  227 

24304 

24551 

24797 

25042 

25285 

25  49 

73 

98 

122 

147 

171 

196  220 

18 

25527 

25768 

26007 

26245 

26482 

24  48 

71 

95 

119 

143 

167 

190  214 

26717 

26951 

27184 

27416 

27646 

23  46 

69 

.93 

116 

139 

162 

185  208 

19 

27875 

28103 

28330 

28556 

28780 

23  45 

68 

90 

113 

135 

158 

180  203 

29003 

29226 

29447 

29667 

29885 

22  44 

66 

88 

110 

132 

154 

176  198 

20 

30103 

30320 

30535 

30750 

30963 

31175 

31387 

31597 

31806 

32015 

21  43 

64 

85  106  127 

148 

170  190 

21 

32222 

32428 

32634 

32838 

33041 

33244 

33445 

33646 

33846 

34044 

20  40 

60 

80 

100 

120 

140 

169  180 

22 

34242 

34439 

34635 

«830 

35025 

35218 

,35411 

35603 

35793 

35984 

20  39 

58 

77 

97 

116 

135 

154  174 

23 

36173 

36361 

36549 

36736 

36922 

37107 

37291 

37475 

37658 

37840 

19  37 

56 

74 

93  111 

130 

148  167 

24 

38021 

38202 

38382 

38561 

38739 

38917 

39094 

39270 

39445 

39620 

18  35 

53 

71 

89 

106 

124 

142  159 

25 

39794 

39967 

40140 

40312 

40483 

40654 

40824 

40993 

41162 

41330 

17  34 

51 

68 

85 

102 

119  136  153 

26 

41497 

41664 

41830 

41996 

42160 

42325 

42488 

42651 

42813 

42975 

16  33 

49 

66 

82 

98 

115  131  148 

27 

43136 

43297 

43457 

43616 

43775 

43933 

44091 

44248 

44404 

44560 

16  32 

47 

63 

79 

95 

111 

126  142 

28 

44716 

44871 

45025 

45179 

45332 

45484 

45637 

45788 

45939 

46090 

15  30 

46 

61 

76 

91 

107  122  137 

29 

46240 

46389 

46538 

46687 

46835 

46982 

47129 

47276 

47422 

47567 

15  29 

44 

59 

74 

88 

103  118  132 

30 

47712 

47857 

48001 

48144 

48287 

48430 

48572 

48714 

48855 

48996 

14  29 

43 

57 

72 

86 

100  114  129 

31 

49136 

49276 

49415 

49554 

49693 

49831 

49969 

50106 

50243 

50379 

14  28 

41 

55 

69 

83 

97 

110  124 

32 

50515 

50650 

50786 

50920 

51054 

51188 

51322 

51455 

5.1 587 

51720 

13  27 

40 

54 

67 

80 

94 

107  121 

33 

51851 

51983 

52114 

52244 

52375 

52504 

52634 

52763 

52892 

53020 

13  26 

39 

52 

65 

78 

91 

104  117 

34 

53148 

53275 

53403 

53529 

53656 

53782 

53908 

54033 

54158 

54283 

13  25 

38 

50 

63 

76 

88  101  113 

35 

K 

54407 

54531 

54654 

54777 

54900 

55023 

55145 

55267 

55388 

55509 

12  24 

37 

49 

61 

73 

85 

98  110 

36 

55630 

55751 

55871 

55991 

56110 

56229 

56348 

56467 

56585 

56703 

12  24 

36 

48 

60 

71 

83 

95  107 

37 

56820 

56937 

57054 

57171 

57287 

57403 

57519 

57634 

57749 

57864 

12  23 

35 

46 

58 

70 

81 

93  104 

38 

57978 

58092 

58206 

58320 

58433 

58546 

58659 

58771 

58883 

58995 

11  23 

34 

45 

57 

68 

79 

90  102 

39 

59106 

59218 

59329 

59439 

59550 

59660 

59770 

59879 

59988 

60097 

11  22 

33 

44 

55 

66 

77 

88  99 

40 

. 60206 

60314 

60423 

60531 

60638 

60746 

60853 

60959 

61066 

61172 

11  22 

33 

44 

55 

66 

77 

88  99 

41 

61278 

61384 

61490 

61595 

61700 

61805 

61909 

62014 

62118 

62221 

10  21 

31 

42 

53 

63 

74 

84  95 

42 

62325 

62428 

62531 

62634 

62737 

62839 

62941 

63043 

63144 

63246 

10  20 

31 

41 

51 

61 

71 

82  92 

43 

63347 

63448 

63548 

63649 

63749 

63849 

63949 

64048 

64147 

64246 

10  20 

30 

40 

50 

60 

70 

80  90 

44 

64345 

64444 

64542 

64640 

64738 

64836 

64933 

65031 

65128 

65225 

10  20 

29 

39 

49 

59 

68 

78  88 

45 

65321 

65418 

65514 

65610 

65706 

65801 

65896 

65992 

66087 

66181 

10  19 

29 

38 

48 

57 

67 

76  86 

46 

66276 

66370 

66464 

66558 

66652 

66745 

66839 

66932 

67025 

67117 

9 19 

28 

37 

47 

56 

65 

74  84 

47 

67210 

67302 

67394 

67486 

67578 

67669 

67761 

67852 

67943 

68034 

9 18 

27 

36 

46 

55 

64 

73  82 

48 

68124 

68215 

68305 

68395 

68485 

68574 

68664 

68753 

68842 

68931 

9 18 

27 

36 

45 

53 

63 

72  81 

49 

69020 

69108 

69197 

69286 

69373 

69461 

69548 

69636 

69723 

69810 

9 18 

26 

35 

44 

53 

62 

70  79 
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0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

Mean  Differences 

1 

2 

3 

4 6 6 

7 8 9 

50 

69897 

69984 

70070 

70157 

70243 

70329 

70415 

70501 

70586 

70672 

9 

17 

26 

34  43  52 

60  69  77 

51 

70757 

70842 

70927 

71012 

71096 

71181 

71265 

71349 

71433 

71517 

8 

17 

25 

34  42  50 

59  67  76 

52 

71600 

71684 

71767 

71850 

71933 

72016 

72099 

72181 

722^ 

72346 

8 

17 

25 

33  42  50 

58  66  75 

53 

72428 

72509 

72591 

72673 

72754 

72835 

72916 

72997 

73(J7B 

731  5*^ 

8 

16 

24 

32  41  49 

57  65  73 

54 

73239 

73320 

73400 

73480 

73560 

73640 

73719 

73799 

73878 

73957 

8 

16 

24 

32  40  48 

56  64  72 

55 

74036 

74115 

74194 

74273 

74351 

74429 

74507 

74586 

74663 

74741 

8 

16 

23 

31  39  47 

55  63  70 

66 

74819 

74896 

74974 

75051 

75128 

75205 

75282 

75358 

75435 

75511 

8 

15 

23 

31  39  46 

54  62  69 

57 

75587 

75664 

75740 

75815 

75891 

75967 

76042 

76118 

76193 

76268 

8 

15 

23 

30  38  45 

53  60  68 

68 

76343 

76418 

76492 

76567 

76641 

76716 

76790 

76864 

76938 

77012 

7 

15 

22 

30  37  44 

52  59  67 

69 

77085 

77159 

77232 

77305 

77379 

77452 

77525 

77597 

77670 

77743 

7 

15 

22 

29  37  44 

51  58  66 

60 

77815 

77887 

77960 

78032 

78104 

78176 

78247 
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78390 

78462 

7 

14 

22 
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50  58  65 

61 

78533 

78604 

78675 

78746 

78817 

78888 

78958 

79029 

79099 

79169 

7 

14 

21 
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50  57  64 

62 

79239 

79309 

79379 

79449 

79518 

79588 

79657 

79727 

79796 
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63 

79934 
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80072 

80140 
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80550 

7 

14 
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64 

80618 
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80821 
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81158 
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7 

13 

20 
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65 

81291 
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81558 
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7 

13 
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66 
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82217 

82282 

82347 

82413 

82478 

82543 

7 

13 

20 
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67 

82607 

82672 

82737 

82802 
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83123 
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6 

13 

19 
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68 

83251 

83315 

83378 

83442 
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83696 
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6 

13 
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69 

83885 

83948 
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84073 
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84198 
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84448 

6 

12 

19 

25  31  37 
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70 

84510 
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84634 
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85065 

6 

12 

19 
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71 
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85552 

85612 
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6 

12 

18 
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72 
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86094 
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6 

12 

18 
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73 

86332 
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86510 
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86688 
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6 

12 

18 

24  30  35 

41  47  53 

74 

86923 

86982 

87040 

87099 
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87274 
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87448 

6 

12 

17 

23  29  35 

41  46  52 

75 

87506 

87564 

87622 

87679 
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87795 

87852 
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88024 

6 

12 

17 

23  29  35 

41  46  52 

76 

88081 

88138 

88195 

88252 

88309 
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88423 

88480 

88536 

83593 

6 

11 

17 

23  29  34 
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77 

88649 

88705 

88762 

88818 

88874 

88930 

88986 

89042 
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6 

11 

17 
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78 
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89265 

89321 

89376 
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89487 

89542 

89597 

89653 

89708 

6 

11 

17 
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79 

89763 

89818 
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89927 

89982 
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6 

11 

17 
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80 

90309 
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90526 

90580 

90634 
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90741 
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5 

11 

16 
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81 
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90902 
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5 

11 

16 
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82 

91381 

9f434 

91487 
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91593 

91645 

91698 

91751 

91803 

91855 

5 

11 

16 
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83 
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92012 

92064 

92117 

92169 

92221 

92273 

92324 

92376 

5 

10 

16 
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84 

92428 

92480 

92531 

92583 

92634 

92686 

92737 

92788 

92840 

92891 

5 

10 

15 

20  26  31 

36  41  46 

85 

92942 

92993 

93044 

93095 

93146 

93197 

93247 

93298 

93349 

93399 

5 

10 

15 

20  26  31 

36  41  46 

86 

93450 

93500 

93551 

93601 

93651 

93702 

93752 

93802 

93852 

93902 

5 

10 

15 
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35  40  45 

87 

93952 

94002 

94052 
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94201 

94250 

94300 

94349 

94399 

5 

10 

15 

20  25  30 

35  40  45 

88 

94448 

94498 

94547 

94596 

94645 

94694 

94743 

94792 

94841 

94890 

5 

10 

15 

20  25  29 

34  39  44 

89 

94939 

94988 

95036 

95085 

95134 

95182 

95231 

95279 

95328 

95376 

5 

10 

15 

19  24  29 

34  39  44 

90 

95424 

95472 

95521 

95569 

95617 

95665 

95713 

95761 

95809 

95856 

5 

10 

14 

19  24  29 

34  38  43 

91 

95904 

95952 

95999 

96047 

96095 

96142 

96190 

96237 

96284 

96332 

5 

9 

14 

19  24  28 

33  38  42 

92 

96379 

96426 

96473 

96520 

96567 

96614 

96661 

96708 

96755 

96802 

5 

9 

14 

19  24  28 

33  38  42 

93 

96848 

96895 

96942 

96988 

97035 

97081 

97128 

97174 

97220 

97267 

5 

9 

14 

18  23  28 

32  38  42 

94 

97313 

97359 

97405 

97451 

97497 

97543 

97589 

97635 

97681 

97727 

5 

9 

14 

18  23  28 

32  37  42 

95 

97772 

97818 

97864 

97909 

97955 
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98137 

98182 

5 

9 

14 

18  23  27 

32  36  41 

96 

98227 
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98318 

98363 

98408 

98453 

98498 

98543 

98588 

98632 

5 

9 

14 

18  23  27 

32  36  41 

97 

98677 

98722 

98767 

98811 

98856 
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98945 

98989 

99034 

99078 

4 

9 

13 

18  22  27 
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98 

99123 

99167 

99211 

99255 

99300 

99344 

99388 

99432 
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4 

9 

13 
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31  35  40 

99 
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99695 
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21 
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5 

7 

10 

12 

14 

17 

19 

21 

.02 
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10495 
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10544 

10568 

10593 
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10691 

2 

5 

7 

10 

12 

15 

17 
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10740 
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10789 

10814 

10839 
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3 

5 

8 
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13 
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18 
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23 

.04 
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11015 

11041 
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11092 
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11143 

11169 
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3 

5 

8 

10 

13 

15 

18 

20 

23 
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11246 

11272 

11298 

11324 

11350 

11376 

11402 

11429 

11455 

3 

5 

8 

11 

13 

16 

18 

21 

24 

.06 

11482 

11508 

11535 
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11588 

11614 

11641 

11668 

11695 

11722 

3 

5 

8 

11 

13 

16 

19 

21 

24 

.07 

11749 
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11803 
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11885 

11912 

11940 

11967 

11995 

3 

5 

8 
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14 

16 

19 

22 

25 
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12023 

12050 

12078 
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12134 
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12218 

12246 
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3 

6 

8 
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14 

17 

20 

22 

25 

.09 

12303 

12331 

12359 

12388 

12417 

12445 

12474 

12503 

12531 

12560 

3 

6 

9 

11 

14 

17 

20 

23 

26 

.10 

12589 

12618 

12647 

12677 

12706 

12735 

12764 

12794 

12823 

12853 

3 

6 

9 

12 

15 

18 

21 

24 

26 

.11 

12882 

12912 

12942 

12972 

13002 

13032 

13062 

13092 

13122 

13152 

3 

6 

9 

12 

15 

18 

21 

24 

27 

.12 

13183 

13213 

13243 

13274 

13305 

13335 

13366 

13397 
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13459 

3 

6 

9 

12 

15 

18 

21 

25 

28 

.13 
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13521 
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9 
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13932 
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6 

10 

13 

16 

19 

22 

26 

29 
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14125 
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14191 
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7 

10 

13 

16 

20 

23 

26 

30 

.16 

14454 

14488 

14521 

14555 

14588 

14622 

14655 

14689 

14723 

14757 

3 

7 

10 

13 

17 

20 

24 

27 

30 

.17 

14791 

14825 

14859 

14894 

14928 

14962 

14997 

15031 

15066 

15101 

3 

7 

10 

14 

17 

21 

24 

28 

31 

.18 

15136 

15171 

15205 

15241 

15276 

15311 

15346 

1 5382 

15417 

15453 

4 

7 

11 

14 

18 

21 

25 

28 

32 

.19 

15488 

15524 

15560 

15596 

15631 

15668 

15704 

15740 

15776 

15812 

4 

7 

11 

14 

18 

22 

25 

29 

32 

.20 

15849 

15885 

15922 

15959 

15996 

16032 

16069 

16106 

16144 

16181 

4 

7 

11 

15 

18 

22 

26 

30 

33 

.21 

16218 

16255 

16293 

16331 

16368 

16406 

16444 

16482 

16520 

16558 

4 

8 

11 

15 

19 

23 

26 

30 

34 

.22 

16596 

16634 

16672 

16711 

16749 

16788 

16827 

16866 

16904 

16943 

4 

8 

12 

15 

19 

23 

27 

31 

35 

.23 

16982 

17022 

17061 

17100 

17140 

17179 

17219 

1 7258 

17298 

17338 

4 

8 

12 

16 

20 

24 

28 

32 

36 

.24 

17378 

17418 

17458 

17498 

17539 

17579 

17620 

17660 

17701 

17742 

4 

8 

12 

16 

20 

24 

28 

32 

36 

.25 

17783 

17824 

17865 

17906 

17947 

17989 

18030 

18072 

18113 

18155 
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8 

12 

17 

21 

25 

29 

33 

37 

.26 

18197 

18239 

18281 

18323 

18365 

18408 

18450 

18493 

18535 

18578 

4 

8 

13 

17  21 

25 

30 

34 

38 

.27 

18621 

18664 

18707 

18750 

18793 

18836 

18880 

18923 

18967 

19011 

4 

9 

13 

17  22 

26 

30 

35 

39 

.28 

19055 

19099 

19143 

19187 

19231 

19275 

19320 

19364 

19409 

19454 

4 

9 

13 

18 

22 

26 

31 

35 

40 

.29 

19498 

19543 

19588 

19634 

19679 

19724 

19770 

19815 

19861 

19907 

5 

9 

14 

18 

23 

27 

32 

36 

41 

.30 

19953 

19999 

20045 

20091 

20137 

20184 

20230 

20277 

20324 

20370 

5 

9 

14 

19 

23 

28 

32 

37 

42 

.31 

20417 

20464 

20512 

20559 

20606 

20654 

20701 

20749 

20797 

20845 

5 

10 

14 

19 

24 

29 

33 

38 

43 

.32 

20893 

20941 

20989 

21038 

21086 

21135 

21184 

21232 

21281 

21330 

5 

10 

15 

19 

24 

29 

34 

39 

44 

.33 

21380 

21429 

21478 

21528 

21577 

21627 

21677 

21727 

21777 

21827 

5 

10 

15 

20 

25 

30 

35 

40 

45 

.34 

21878 

21928 

21979 

22029 

22080 

22131 

22182 

22233 

22284 

22336 

5 

10 

15 

20 

25 

31 

36 

41 

46 

.35 

22387 

22439 

22491 

22542 

22594 

22646 

22699 

22751 

22803 

22856 

5 

10 

16 

21 

26 

31 

37 

42 

47 

.36 

22909 

22961 

23014 

23067 

23121 

23174 

23227 

23281 

23336 

23388 

5 

1 1 

16 

21 

27 

32 

37 

43 

48 

.37 

23442 

23496 

23550 

23605 

23659 

23714 

23768 

23823 

23878 

23933 

5 

11 

16 

22 

27 

33 

38 

44 

49 

.38 

23988 

24044 

24099 

24155 

24210 

24266 

24322 

24378 

24434 

24491 

6 

11 

17 

22 

28 

34 

39 

45 

50 

.39 

24547 

24604 

24660 

24717 

24774 

24831 

24889 

24946 

25003 

25061 

6 

11 

17 

23 

29 

34 

40 

46 

51 

.40 

25119 

25177 

25236 

25293 

25351 

25410 

25468 

25527 

25586 

25645 

6 

12 

18 

23 

29 

35 

41 

47 

53 

.41 

25704 

25763 

25823 

25882 

25942 

26002 

26062 

26122 

26182 

26242 

6 

12 

18 

24  30 

36 

42 

48 

54 

.42 

26303 

26363 

26424 

26485 

26546 

26607 

26669 

26730 

26792 

26853 

6 

12 

18 

24  31 

37 

43 

49 

55 

.43 

26915 

26977 

27040 

27102 

27164 
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27290 

27353 

27416 

27479 

6 

13 

19 
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38 

44 

50 

56 

.44 

27542 

27606 

27669 

27733 

27797 

27861 
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27990 

28054 

28119 

6 
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26 

32 

39 

45 

51 

58 

.45 

28184 

28249 

28314 

28379 
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28576 
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28708 
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7 

13 
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46 

52 

59 

.46 
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28907 
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13 
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27 

34 

40 

47 

54 

60 

.47 
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29580 
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29785 
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21 

28 

34 

41 

48 

55 
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30259 
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42 
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68 

78 

87 

.63 

42658 

42756 
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83 
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45 

56 

67 

78 

89 
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23 
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50350 
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51050 

51168 

12 

23 

35 

47 

58 

70 

82 

93 

105 

.71 

51286 

51404 

51523 

51642 

51761 

51880 

52000 

52119 

52240 

52360 

12 

24 

3G 

48 

60 

72 

84 

96 

108 

.72 

52481 

52602 

52723 

52845 

52966 

53088 

53211 

53333 

53456 

53580 

12 

24 

37 

49 

61 

73 

85 

98 

110 

.73 

53703 

53827 

53951 

54075 

54200 

54325 

54450 

54576 

54702 

54828 

13 

25 

38 

50 

63 

75 

88 

100 

113 

.74 

54954 

55081 

55208 

55336 

55463 

55590 

55719 

55847 

55976 

56105 

13 

26 

38 

51 

64 

77 

90 

102 

115 

.75 

56234 

56364 

56494 

56624 

56754 

56885 

57016 

57148 

57280 

57412 

13 

26 

39 

52 

66 

79 

92 

105 

118 

.76 

57544 

57677 

57810 

57943 

58076 

58210 

58345 

58479 

58614 

58749 

13 

27 

40 

54 

67 

80 

94 

107 

121 

.77 

58884 

59020 

59156 

59293 

59429 

59566 

59704 

59841 

59979 

60117 

14 

27 

41 

55 

69 

82 

96 

110 

123 

.78 

60256 

60395 

60534 

60674 

60814 

60954 

61094 

61235 

61376 

61518 

14 

28 

42 

56 

70 

84 

98 

112 

126 

.79 

61659 

61802 

61944 

62087 

62230 

62373 

62517 

62661 

62806 

62951 

14 

29 

43 

58 

72 

86 

101 

115 

130 

.80 

63096 

63241 

63387 

63533 

63680 

63826 

63973 

64121 

64269 

64417 

15 

29 

44 

59 

74 

88 

103 

118 

132 

.81 

64565 

64714 

64863 

65013 

65163 

65313 

65464 

65615 

65766 

65917 

15 

30 

45 

60 

75 

90 

105 

120 

135 

.82 

66069 

66222 

66374 

66527 

66681 

66834 

66988 

67143 

67298 

67453 

15 

31 

46 

62 

77 

92 

103 

123 

139 

.83 

67608 

67764 

67920 

68077 

68234 

68391 

68549 

68707 

68865 

69024 

16 

32 

47 

63 

79 

95 

110 

126 

142 

.34 

69183 

69343 

69503 

69663 

69823 

69984 

70146 

70307 

70469 

70632 

16 

32 

48 

64 

81 

97 

113 

129 

145 

.85 

70795 

70958 

71121 

71285 

71450 

71614 

71779 

71945 

72111 

72277 

17 

33 

50 

66 

83 

99 

116 

132 

149 

.86 

72444 

72611 

72778 

72946 

73114 

73282 

73451 

73621 

73790 

73961 

17 

34 

51 

68 

85 

101 

118 

135 

152 

.87 

74131 

74302 

74473 

74645 

74817 

74989 

75162 

75336 

75509 

75683 

17 

35 

52 

69 

87 

104 

121 

138 

156 

.88 

75858 

76033 

76203 

76384 

76560 

76736 

76913 

77090 

77268 

77446 

18 

35 

53 

71 

89 

107 

125 

142 

159 

.89 

77625 

77804 

77983 

78163 

78343 

78524 

78705 

78886 

79068 

79250 

18 

36 

54 

72 

91 

109 

127 

145 

163 

.90 

79433 

79616 

79799 

79983 

80168 

80353 

80538 

80724 

80910 

81096 

19 

37 

56 

74 

93 

111 

130 

148 

167 

.91 

81283 

81470 

81658 

81846 

82035 

82224 

82414 

82604 

82794 

82985 

19 

38 

57 

76 

95 

113 

132 

151 

170 

.92 

83176 

83368 

83560 

8'3753 

83946 

84140 

84333 

84528 

84723 

84918 

19 

39 

58 

78 

97 

116 

136 

155 

175 

.93 

85114 

85310 

85507 

85704 

85901 

86099 

86298 

86497 

86696 

86896 

20 

40 

60 

79 

99 

119 

139 

158 

178 

.94 

87096 

87297 

87498 

87700 

87902 

88105 

88308 

88512 

88716 

88920 

20 

41 

61 

81 

102 

122 

142 

162 

183 

.95 

89125 

39331 

89536 

89743 

89950 

90157 

90365 

90573 

90782 

90991 

21 

42 

62 

83 

104 

125 

146 

166 

187 

.96 

91201 

91411 

91622 

91833 

92045 

92257 

92470 

92683 

92897 

93111 

21 

42 

64 

85 

106 

127 

149 

170 

191 

.97 

93325 

93541 

'9J786 

93972 

94189 

94406 

94624 

94842 

95060 

95280 

22 

43 

65 

87 

109 

130 

152 

174 

195 

.98 

95499 

95719 

95940 

96161 

96333 

96605 

96828 

97051 

97275 

97499 

22 

44 

67 

89 

111 

133 

155 

178 

200 

.99 

97724 

97949 

98175 

98401 

98628 

98855 

99083 

99312 

99541 

99770 

23 

46 

68 

91 

114 

137jl60 

182 

205 
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0) 

« 

c» 

ID 

a 

0' 

6' 

12' 

18' 

24' 

30' 

36' 

42' 

48' 

54' 

Mean  Differences 

1 

2 

3 

4 

5 

0 

■ 00000 

00175 

00349 

00524 

00698 

00873 

01047 

01222 

01396 

01571 

29 

58 

87 

117 

145 

1 

•01745 

01920 

02094 

02269 

02443 

02618 

02792 

02967 

03141 

03316 

29 

58 

87 

117  145 

2 

■03490 

03664 

03839 

04013 

04188 

04362 

04536 

04711 

04885 

05059 

29 

58 

87 

116 

145 

3 

•05234 

05408 

05582 

05756 

05931 

06105 

06279 

06453 

06627 

06802 

29 

58 

87 

116 

145 

4 

•06976 

07150 

07324 

07498 

07672 

07846 

08020 

08194 

08368 

08542 

29 

58 

87 

116 

145 

5 

■08716 

08889 

09063 

09237 

09411 

09585 

09758 

09932 

10106 

10279 

29 

58 

87 

116 

145 

6 

•10453 

10626 

10800 

10973 

11147 

11320 

11494 

11667 

11840 

12014 

29 

58 

87 

116 

145 

7 

•12187 

12360 

12533 

12706 

12880 

13053 

13226 

13399 

13572 

13744 

29 

58 

87 

115 

144 

8 

•13917 

14090 

14263 

14436 

14608 

14781 

14954 

15126 

15299 

15471 

29 

58 

86 

115 

144 

9 

•15643 

15816 

15988 

16160 

16333 

16505 

16677 

16849 

17021 

17193 

29 

57 

86 

115 

144 

10 

• 1 7365 

17537 

17708 

17880 

18052 

18224 

18395 

18567 

18738 

18910 

29 

57 

86 

114 

143 

11 

•19081 

19252 

19423 

19595 

19766 

19937 

20108 

20279 

20450 

20620 

29 

57 

86 

114 

143 

12 

■20791 

20962 

21132 

21303 

21474 

21644 

21814 

21985 

22155 

22325 

28 

57 

85 

114 

142 

13 

•22495 

22665 

22835 

23005 

23175 

23345 

23514 

23684 

23853 

24023 

28 

57 

85 

113 

141 

14 

•24192 

24362 

24531 

24700 

24869 

25038 

25207 

25376 

25545 

25713 

28 

56 

85 

113 

141 

15 

•25882 

26050 

26219 

26387 

26556 

26724 

26892 

27060 

27228 

27396 

28 

56 

84 

112 

140 

16 

■ 27564 

27731 

27899 

28067 

28234 

28402 

28569 

28736 

28903 

29070 

28 

56 

84 

112 

139 

17 

•29237 

29404 

29571 

29737 

29904 

30071 

30237 

30403 

30570 

30736 

28 

56 

83 

111 

139 

18 

■ 30902 

31068 

31233 

31399 

31565 

31730 

31896 

32061 

32227 

32392 

28 

55 

83 

110 

138 

19 

•32557 

32722 

32887 

33051 

33216 

33381 

33545 

33710 

33874 

34038 

27 

55 

82 

no 

137 

20 

•34202 

34366 

34530 

34694 

34857 

35021 

35184 

35347 

35511 

35674 

27 

55 

82 

109 

136 

21 

•35837 

36000 

36162 

36325 

36488 

36650 

36812 

36975 

37137 

37299 

27 

54 

81 

108 

135 

22 

•37461 

37622 

37784 

37946 

38107 

38268 

38430 

38591 

38752 

33912 

27 

54 

81 

107 

134 

23 

■39073 

39234 

39394 

39555 

39715 

39875 

40035 

40195 

40355 

40514 

27 

53 

GO 

107 

133 

24 

• 40674 

40833 

40992 

41151 

41310 

41469 

41628 

41787 

41945 

42104 

27 

53 

79 

106 

132 

25 

■42262 

42420 

42578 

42736 

42894 

43051 

43209 

43366 

43523 

43680 

26 

53 

79 

105 

131 

26 

•43837 

43994 

44151 

44307 

44464 

44620 

44776 

44932 

45083 

45243 

26 

52 

78 

104 

130 

27 

•45399 

45554 

45710 

45865 

46020 

46175 

46330 

46484 

46639 

46793 

26 

52 

77 

103 

129 

28 

• 46947 

47101 

47255 

47409 

47562 

47716 

47869 

48022 

48175 

48328 

26 

51 

77 

102 

128 

29 

•48481 

48634 

48786 

48938 

49090 

49242 

49394 

49546 

49697 

49849 

25 

51 

76 

101 

126 

30 

• 50000 

50151 

50302 

50453 

50603 

50754 

50904 

51054 

51204 

51354 

25 

50 

75 

100 

125 

31 

•51504 

51653 

51803 

51952 

52101 

52250 

52399 

52547 

52696 

52844 

25 

50 

74 

99 

124 

32 

• 52992 

53140 

53288 

53435 

53583 

53730 

53877 

54024 

54171 

54317 

25 

49 

74 

98 

123 

33 

•54464 

54610 

54756 

54902 

55048 

55194 

55339 

55484 

55630 

55775 

24 

49 

73 

97 

121 

34 

•55919 

56064 

56208 

56353 

56497 

56641 

56784 

56928 

57071 

57215 

24 

43 

72 

96 

120 

35 

•57358 

57501 

57643 

57786 

57928 

58070 

58212 

58354 

58496 

58637 

24 

48 

71 

95 

118 

36 

• 58778 

58920 

59061 

59201 

59342 

59482 

59622 

59763 

59902 

60042 

23 

47 

70 

94 

117 

37 

•60181 

60321 

60460 

60599 

60738 

60876 

61015 

61153 

61291 

61429 

23 

46 

69 

92 

115 

38 

■ 61 566 

61704 

61841 

61978 

62115 

62251 

62388 

62524 

62660 

62796 

23 

46 

68 

91 

114 

39 

•62932 

63058 

63203 

63338 

63473 

63608 

63742 

63877 

64011 

64145 

23 

45 

67 

90 

112 

40 

•64279 

64412 

64546 

64679 

64812 

64945 

65077 

65210 

65342 

65474 

22 

44 

66 

88 

111 

41 

•65606 

65738 

65869 

66000 

66131 

66262 

66393 

66523 

66653 

66783 

22 

44 

65 

87 

109 

42 

•66913 

67043 

671 72 

67301 

67430 

67559 

67688 

67816 

67944 

68072 

22 

43 

64 

86 

107 

43 

• 68200 

68327 

68455 

68582 

68709 

68835 

68962 

69088 

69214 

69340 

21 

42 

63 

84 

106 

44 

■69466 

69591 

69717 

69842 

69966 

70091 

70215 

70339 

70463 

70587 

21 

41 

62 

83 

104 
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NATURAL  SINES 


o 

a> 

6' 

24' 

Mean  Differences 

0) 

Q 

1 

2 

3 

4 

6 

45 

•70711 

70834 

70957 

71080 

71203 

71325 

71447 

71569 

71691 

71813 

20 

41 

61 

82 

102 

46 

•7193^ 

72055 

72176 

72297 

72417 

72537 

72657 

72777 

72897 

73016 

20 

40  60 

80 

100 

47 

•73135 

73254 

73373 

73491 

73610 

73728 

73846 

73963 

74080 

74198 

20 

39 

59 

79 

98 

48 

•74314 

74431 

74548 

74664 

74780 

74896 

75011 

75126 

75241 

75356 

20  39 

58 

77 

96 

49 

•75471 

75585 

75700 

75813 

75927 

76041 

76154 

76267 

76380 

76492 

19 

38 

57 

76 

94 

50 

• 76604 

76717 

76828 

76940 

77051 

77162 

77273 

77384 

77494 

77605 

19 

37 

56 

74 

93 

61 

•77715 

77824 

77934 

78043 

78152 

78261 

78369 

78478 

78586 

78694 

18 

36 

54 

72 

91 

62 

•78801 

78906 

79015 

79122 

79229 

79335 

79441 

79547 

79653 

79758 

18 

35 

53 

71 

89 

63 

•79864 

79968 

80073 

80178 

80282 

80386 

80489 

80593 

80696 

80799 

17 

35 

52 

69 

87 

64 

•80902 

81004 

81106 

81208 

81310 

81412 

81513 

81614 

81714 

81815 

17  34 

51 

68 

84 

55 

•81915 

82015 

82115 

82214 

82314 

82413 

82511 

82610 

82708 

82806 

16 

33 

49 

66 

82 

66 

•82904 

83001 

83098 

83195 

83292 

83389 

83485 

83581 

83676 

83772 

16 

32 

48 

64 

80 

67 

•83867 

83962 

84057 

84151 

84245 

84339 

84433 

84526 

84619 

84712 

16 

31 

47 

62 

78 

68 

•84805 

84897 

84987 

85081 

85173 

85264 

85355 

85446 

85536 

85627 

15 

31 

46 

61 

76 

59 

•85717 

35806 

85896 

85985 

86074 

86163 

86251 

86340 

86427 

86515 

15 

30 

44 

59 

74 

60 

•86603 

86690 

86777 

86863 

86949 

87036 

87121 

87207 

87292 

87377 

14 

29 

43 

57 

72 

61 

•87462 

87546 

87631 

87715 

87798 

87882 

87965 

88048 

88130 

88213 

14 

23 

42 

56 

69 

62 

•88295 

88377 

88458 

88539 

88620 

88701 

88782 

88862 

88942 

89021 

14 

27 

40 

54 

67 

63 

•89101 

89180 

89259 

89337 

89415 

89493 

89571 

89649 

89726 

89803 

13 

26 

39 

52 

65 

64 

•89879 

89956 

90032 

90108 

90183 

90259 

90334 

90408 

90483 

90557 

13 

25 

38 

50 

63 

65 

•90631 

90704 

90778 

90851 

90924 

90996 

91068 

91140 

91212 

91283 

12 

24 

36 

48 

60 

66 

•91355 

91425 

91496 

91566 

91636 

91706 

91775 

91845 

91914 

91982 

12 

23 

35 

46 

58 

67 

•92050 

92119 

92186 

92254 

92321 

92388 

92455 

92521 

92587 

92653 

11 

22 

33 

45 

56 

68 

•92718 

92784 

92849 

92913 

92978 

93042 

93106 

93169 

93232 

93295 

11 

21 

32 

43 

54 

69 

•93358 

93420 

93483 

93544 

93606 

93667 

93728 

93789 

93849 

93909 

10 

20 

31 

41 

51 

70 

•93969 

94029 

94088 

94147 

94206 

94264 

94322 

94380 

94438 

94495 

10 

19 

29 

39 

49 

71 

•94552 

94609 

94665 

94721 

94777 

94832 

94888 

94943 

94997 

95052 

9 

18 

28 

37 

46 

72 

•95106 

95159 

95213 

95266 

95319 

95372 

95424 

95476 

95528 

95579 

9 

17 

26 

35 

44 

73 

•95630 

95681 

95732 

95782 

95832 

95882 

95931 

95981 

96029 

96078 

8 

17 

25 

33 

41 

74 

•96126 

96174 

96222 

96269 

96316 

96363 

96410 

96456 

96502 

96547 

8 

16 

23 

31 

39 

75 

•96593 

96638 

96682 

96727 

96771 

96815 

96858 

96902 

96945 

96987 

7 

16 

22 

29 

36 

76 

•97030 

97072 

97113 

97155 

97196 

97237 

97278 

97318 

97358 

97398 

7 

14 

20 

27 

34 

77 

•97437 

97476 

97515 

97553 

97592 

97630 

97667 

97705 

97742 

97778 

6 

13 

19 

25 

32 

78 

•97815 

97851 

97887 

97922 

97958 

97992 

98027 

98061 

98096 

98129 

6 

12 

17 

23 

29 

79 

•98163 

98196 

93229 

98261 

98294 

98325 

98357 

98388 

98420 

98450 

5 

11 

16 

21 

27 

80 

•98481 

98511 

98541 

98570 

98600 

98629 

98657 

98686 

98714 

98741 

5 

10 

14 

19 

24 

81 

•98769 

98796 

98823 

93849 

98876 

98902 

98927 

98953 

98978 

99002 

4 

9 

13 

17 

22 

82 

•99027 

99051 

99075 

99098 

99122 

99144 

99167 

99189 

99211 

99233 

4 

8 

11 

15 

19 

83 

•99255 

99276 

99297 

99317 

99337 

99357 

99377 

99396 

99415 

99434 

3 

7 

10 

13 

16 

84 

• 99452 

99470 

99488 

99506 

99523 

99540 

99556 

99572 

99588 

99604 

3 

6 

8 

11 

14 

85 

•99619 

99635 

99649 

99664 

99678 

99692 

99705 

99719 

99731 

99744 

2 

5 

7 

9 

11 

86 

•99756 

99768 

99780 

99792 

99803 

99813 

99824 

99834 

99844 

99854 

2 

4 

5 

7 

9 

87 

•99863 

99872 

99881 

99889 

99897 

99905 

99912 

99919 

99926 

99933 

1 

3 

4 

5 

6 

88 

•99939 

99945 

99951 

99956 

99961 

99966 

99970 

99974 

99978 

99982 

1 

2 

2 

3 

4 

89 

80 

•99985 

1 -00000 

99988 

99990 

99993 

99995 

99996 

99998 

99999 

99999 

99999 

0 

1 

1 

1 

494 
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o 

Mean  Differences 

© 

0' 

6' 

12' 

18' 

24' 

30' 

36' 

42' 

48' 

64' 

Q 

1 

2 

3 

4 

5 

0 

1 • 00000 

99999 

99999 

99999 

99998 

99996 

99995 

99993 

99990 

99988 

0 

1 

1 

1 

1 

1 

■99985 

99982 

99978 

99974 

99970 

99966 

99961 

99956 

99951 

99945 

1 

2 

2 

3 

4 

2 

•99939 

99933 

99926 

99919 

99912 

99905 

99897 

99889 

99881 

99872 

1 

3 

4 

5 

6 

3 

•99863 

99854 

99844 

99834 

99824 

99813 

99803 

99792 

99780 

99768 

2 

4 

5 

7 

9 

4 

•99756 

99744 

99731 

99719 

99705 

99692 

99678 

99664 

99649 

99635 

2 

5 

7 

9 

11 

5 

•99619 

99604 

99588 

99572 

99556 

99540 

99523 

99506 

99488 

99470 

3 

6 

8 

11 

14 

6 

•99452 

99434 

99415 

99396 

99377 

99357 

99337 

99317 

99297 

99276 

3 

7 

10 

13 

16 

7 

•99255 

99233 

99211 

99189 

99167 

99144 

99122 

99098 

99075 

99051 

4 

8 

1 1 

15 

19 

8 

•99027 

99002 

98978 

98953 

98927 

98902 

98876 

98849 

98823 

98796 

4 

9 

13 

17 

22 

9 

•98769 

98741 

98714 

98686 

98657 

98629 

98600 

98570 

98541 

98511 

5 

10 

14 

19 

24 

10 

•98481 

98450 

98420 

98388 

98357 

98325 

98294 

98261 

98229 

98196 

5 

11 

16 

21 

27 

11 

•98163 

98129 

98096 

98061 

98027 

97992 

97958 

97922 

97887 

97851 

6 

12 

17 

23 

29 

12 

•97815 

97778 

97742 

97705 

97667 

97630 

97592 

97553 

97515 

97476 

6 

13 

19 

25 

32 

13 

■97437 

97398 

97358 

97318 

97278 

97237 

97196 

97155 

97113 

97072 

7 

14 

20 

27 

34 

14 

•97030 

96987 

96945 

96902 

96858 

96815 

96771 

96727 

96682 

96638 

7 

16 

22 

29 

36 

15 

•96593 

96547 

96502 

96456 

96410 

96363 

96316 

96269 

96222 

96174 

8 

16 

23 

31 

39 

16 

■96126 

96078 

96029 

95981 

95931 

95882 

95832 

95782 

95732 

95681 

8 

17 

25 

33 

41 

17 

•95630 

95579 

95528 

95476 

95424 

95372 

95319 

95266 

95213 

95159 

9 

17 

26 

35 

44 

18 

•95106 

95052 

94997 

94943 

94888 

94832 

94777 

94721 

94665 

94609 

9 

18 

28 

37 

46 

19 

•94552 

94495 

94438 

94380 

94322 

94264 

94206 

94147 

94088 

94029 

10 

19 

29 

39 

49 

20 

•93969 

93909 

93849 

93789 

93728 

93667 

93606 

93544 

93483 

93420 

10 

20 

31 

41 

51 

21 

•93358 

93295 

93232 

93169 

93106 

93042 

92978 

92913 

92849 

92784 

10 

21 

32 

43 

54 

22 

•92718 

92653 

92587 

92521 

92455 

92388 

92321 

92254 

92186 

92119 

11 

22 

33 

45 

56 

23 

•92050 

91982 

91914 

91845 

91775 

91706 

91636 

91566 

91496 

91425 

11 

23 

35 

46 

58 

24 

•91355 

91283 

91212 

91140 

91068 

90996 

90924 

90851 

90778 

90704 

12 

24 

36 

48 

60 

25 

•90631 

90557 

90483 

90408 

90334 

90259 

90183 

90108 

90032 

89956 

13 

25 

38 

50 

63 

26 

•89879 

89803 

89726 

89649 

89571 

89493 

89415 

89337 

89259 

89180 

13 

26 

39 

52 

65 

27 

•89101 

89021 

88942 

88862 

88782 

88701 

88620 

88539 

88458 

88377 

13 

27 

40 

54 

67 

28 

•88295 

88213 

88130 

88048 

87965 

87882 

87798 

87715 

87631 

87546 

14 

28 

42 

53 

69 

29 

•87462 

87377 

87292 

87207 

87121 

87036 

86949 

86863 

86777 

86690 

14 

29 

43 

57 

72 

30 

•86603 

86515 

86427 

86340 

86251 

86163 

86074 

85985 

85896 

85806 

15 

30 

44 

59 

74 

31 

•85717 

85627 

85536 

85446 

85355 

85264 

85173 

85081 

84989 

84897 

16 

30 

46 

61 

76 

32 

•84805 

84712 

84619 

84526 

84433 

84339 

84245 

84151 

84057 

83962 

16 

31 

47 

62 

78 

33 

■83867 

83772 

83676 

83581 

83485 

83389 

83292 

83195 

83098 

83001 

16 

32 

48 

64 

80 

34 

•82904 

82806 

82708 

82610 

82511 

82413 

82314 

82214 

82215 

82015 

16 

33 

49 

66 

82 

35 

•81915 

81815 

81714 

81614 

81513 

81412 

81310 

81208 

81106 

81004 

17 

34 

51 

68 

84 

36 

•80902 

80799 

80696 

80593 

80489 

80386 

80282 

80178 

80073 

79968 

17 

35 

52 

69 

87 

37 

•79864 

79758 

79653 

79547 

79441 

79335 

79229 

79122 

79015 

78908 

18 

35 

53 

71 

89 

38 

•78801 

78693 

78586 

78478 

78369 

78261 

78152 

78043 

77934 

77824 

18 

36 

54 

72 

91 

39 

•77715 

77605 

77494 

77384 

77273 

77162 

77051 

76940 

76828 

76717 

18 

37 

56 

74 

93 

40 

•76604 

76492 

76380 

76267 

76154 

76041 

75927 

75813 

75700 

75585 

19 

33 

57 

76 

94 

41 

•75471 

75356 

75241 

75126 

75011 

74896 

74780 

74664 

74548 

74431 

19 

39 

58 

77 

96 

42 

•74314 

74198 

74080 

73963 

73846 

73728 

73610 

73491 

73373 

73254 

20 

39 

59 

79 

98 

43 

•73135 

73016 

72897 

72777 

72657 

72537 

72417 

72297 

72176 

72055 

20 

40 

60 

80 

100 

44 

•71934 

71813 

71691 

71569 

71447 

71325 

71203 

71080 

70957 

70834 

20 

41 

61 

82 

102 
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NATURAL  COSINES 

<D 

Mean 

1 Differences 

0' 

6' 

12' 

18' 

24' 

30' 

36' 

42' 

48' 

54' 

Q 

1 

2 

3 

4 

6 

45 

•70711 

70587 

70463 

70339 

70215 

70091 

69966 

69842 

69717 

69591 

21 

41 

62 

83 

104 

46 

■69466 

69340 

69214 

69088 

68962 

68835 

68709 

68582 

68455 

68327 

21 

42 

63 

84 

106 

47 

• 68200 

68072 

67944 

67816 

67688 

67559 

67430 

67301 

67172 

67043 

21 

43 

64 

86 

107 

48 

■66913 

66783 

66653 

66523 

66393 

66262 

66131 

66000 

65869 

65738 

22 

44 

65 

87 

109 

49 

■65606 

65474 

65342 

65210 

65077 

64945 

64812 

64679 

64546 

64412 

22 

44 

66 

88 

111 

50 

■64279 

64145 

64011 

63877 

63742 

63608 

63473 

63333 

63203 

63068 

22 

45 

67 

90 

112 

51 

■62932 

62796 

62660 

62524 

62388 

62251 

62115 

61978 

61841 

61704 

23 

45 

68 

91 

114 

52 

61566 

61429 

61291 

61153 

61015 

60876 

60738 

60599 

60460 

60321 

23 

46 

69 

92 

115 

53 

■60181 

60042 

59902 

59763 

59622 

59482 

59342 

59201 

59061 

58920 

23 

47 

70 

94 

117 

54 

58779 

58537 

58496 

58354 

58212 

58070 

57928 

57786 

57643 

57501 

24 

47 

71 

95 

118 

55 

■57358 

57215 

57071 

56928 

56784 

56641 

56497 

56353 

56208 

56064 

24 

48 

72 

96 

120 

56 

■55919 

55775 

55630 

55484 

55339 

55194 

55048 

54902 

54756 

54610 

24 

49 

73 

97 

121 

57 

■54464 

54317 

54171 

54024 

53877 

53730 

53583 

53435 

53288 

53140 

24 

49 

74 

98 

123 

58 

52992 

52644 

52696 

52547 

52399 

52250 

52101 

51952 

51803 

51653 

25 

50 

74 

99 

124 

59 

■51504 

51354 

51204 

51054 

50904 

50754 

50603 

50453 

50302 

50151 

25 

50 

75 

100 

125 

60 

■ 50000 

49849 

49697 

49546 

49394 

49242 

49090 

48938 

48786 

48634 

25 

51 

76 

101 

126 

61 

•48481 

48328 

48175 

48022 

47869 

47716 

47562 

47409 

47255 

47101 

26 

51 

77 

102 

128 

62 

■46947 

46793 

46839 

46484 

46330 

46175 

46020 

45865 

45710 

45554 

26 

52 

77 

103 

129 

63 

■45399 

45243 

45088 

44932 

44776 

44620 

44464 

44307 

44151 

43994 

26 

52 

78 

104 

130 

64 

43837 

43680 

43523 

43366 

43209 

43051 

42894 

42736 

42578 

42420 

26 

53 

79 

105 

131 

65 

■42262 

42104 

41945 

41787 

41628 

41469 

41310 

41151 

40992 

40833 

26 

53 

79 

106 

132 

66 

40674 

40514 

40355 

40195 

40035 

39875 

39715 

39555 

39394 

39234 

27 

53 

80 

107 

133 

67 

■39073 

38912 

38752 

38591 

38430 

38268 

38107 

37946 

37784 

37622 

27 

54 

81 

107 

134 

68 

37461 

37299 

37137 

36975 

36812 

36650 

36488 

36325 

36162 

36000 

27 

54 

81 

108 

135 

69 

•35837 

35674 

35511 

35347 

35184 

35021 

34857 

34694 

34530 

34366 

27 

54 

82 

109 

136 

70 

•34202 

34038 

33874 

33710 

33545 

33381 

33216 

33051 

32887 

32722 

27 

55 

82 

110 

137 

71 

32557 

32392 

32227 

32061 

31896 

31730 

31565 

31399 

31233 

31068 

28 

55 

83 

110 

138 

72 

30902 

30736 

30570 

30403 

30237 

30071 

29904 

29737 

29571 

29404 

23 

56 

83 

111 

139 

73 

•29237 

29070 

28903 

28736 

28569 

28402 

28234 

28067 

27899 

27731 

28 

56 

84 

112 

139 

74 

■27564 

27396 

27228 

27060 

26892 

26724 

26556 

26387 

26219 

26050 

28 

56 

84 

112 

140 

75 

•25882 

25713 

25545 

25376 

25207 

25038 

24869 

24700 

24531 

24362 

28 

56 

85 

113 

141 

76 

•24192 

24023 

23853 

23684 

23514 

23345 

23175 

23005 

22835 

22665 

28 

57 

85 

113 

141 

77 

■22495 

22325 

22155 

21985 

21814 

21644 

21474 

21303 

21132 

20962 

28 

57 

85 

114 

142 

78 

■20791 

20620 

20450 

20279 

20108 

19937 

19766 

19595 

19423 

19252 

29 

57 

86 

114 

143 

79 

■19081 

18910 

18738 

18567 

18395 

18224 

18052 

17880 

17703 

17537 

29 

57 

86 

114 

143 

80 

■17365 

17193 

17021 

16849 

16677 

16505 

16333 

16160 

15983 

15816 

29 

57 

86 

115 

144 

81 

■ 1 5643 

15471 

15299 

15126 

14954 

14781 

14608 

14436 

14263 

14090 

29 

58 

86 

115 

144 

82 

•13917 

13744 

13572 

13399 

13226 

13053 

12880 

12706 

12533 

12360 

29 

58 

87 

115 

144 

83 

■12187 

12014 

11840 

11667 

11494 

11320 

11147 

10973 

10800 

10626 

29 

58 

87 

116 

145 

84 

•10453 

10279 

10106 

09932 

09758 

09585 

09411 

09237 

09063 

08889 

29 

58 

87 

116 

145 

85 

■08716 

08542 

08368 

08194 

08020 

07846 

07672 

07498 

07324 

07150 

29 

58 

87 

116 

145 

86 

■06976 

06802 

06627 

06453 

06279 

06105 

05931 

05756 

05582 

05408 

29 

58 

87 

116 

145 

87 

■05234 

05059 

04885 

0471 1 

04536 

04362 

04188 

04013 

03839 

03664 

29 

58 

87 

116 

145 

88 

•03490 

03316 

03141 

02967 

02792 

02618 

02443 

02269 

02094 

01920 

29 

58 

87 

117 

145 

89 

•01745 

01571 

01396 

01222 

01047 

00873 

00698 

00524 

00349 

00175 

29 

58 

87 

117 

145 

90 

•00000 

1 
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NATURAL  TANGENTS 


o 

© 

Q 

0' 

6' 

12' 

19' 

24' 

30' 

36' 

42' 

48' 

54' 

Mean 

Differences 

1 

2 

3 

4 

5 

0 

■ 00000 

00175 

00349 

00524 

00698 

00873 

01047 

01222 

01396 

01571 

29 

58 

87 

116 

146 

1 

■01746 

01920 

02095 

02269 

02444 

02619 

02793 

02968 

03143 

03317 

29 

58 

87 

116 

146 

2 

■03492 

03667 

03842 

04016 

04191 

04366 

04541 

04716 

04891 

05066 

29 

58 

87 

117 

146 

3 

■05241 

05416 

05591 

05  766 

05941 

06116 

06291 

06467 

06642 

06817 

29 

53 

88 

117 

146 

4 

•06993 

07168 

07344 

07519 

07695 

07870 

08046 

08221 

08397 

08573 

29 

59 

88 

117 

146 

5 

•08749 

08925 

09101 

09277 

09453 

09629 

09805 

09981 

10158 

10334 

29 

59 

88 

117 

147 

6 

■10510 

10687 

10863 

11040 

11217 

11394 

11570 

11747 

11924 

12101 

29 

59 

88 

118 

147 

7 

■12278 

12456 

12633 

12810 

12988 

13165 

13343 

13521 

13698 

13876 

30 

59 

89 

118 

148 

8 

■14054 

14232 

14410 

14588 

14767 

14945 

15124 

15302 

15481 

15660 

30 

59 

89 

119 

149 

9 

•15838 

16017 

16196 

16376 

16555 

16734 

16914 

17093 

17273 

17453 

30 

60 

90 

120 

150 

10 

•17633 

17813 

17993 

18173 

18353 

18534 

18714 

18895 

19076 

19257 

30 

60 

90 

120 

150 

11 

•19438 

19619 

19801 

19982 

20164 

20345 

20527 

20709 

20891 

21073 

30 

60 

91 

121 

152 

12 

21256 

21438 

21621 

21804 

21986 

22169 

22353 

22536 

22719 

22903 

30 

61 

92 

122 

153 

13 

•23087 

23271 

23455 

23639 

23823 

24008 

24193 

24377 

24562 

24747 

31 

61 

93 

124 

155 

14 

•24933 

25118 

25304 

25490 

25676 

25862 

26048 

26235 

26421 

26608 

31 

62 

93 

124 

155 

15 

•26795 

26982 

27169 

27357 

27545 

27732 

27920 

28109 

28297 

28486 

31 

63 

94 

125 

157 

16 

■28675 

28864 

29053 

29242 

29432 

29621 

29811 

30001 

30192 

30382 

32 

63 

95 

127 

158 

17 

■30573 

30764 

30955 

31147 

31338 

31530 

31722 

31914 

32106 

32299 

32 

64 

96 

128 

160 

18 

32492 

32685 

32878 

33072 

33266 

33460 

33654 

33848 

34043 

34238 

32 

65 

97 

129 

162 

19 

■34433 

34628 

34824 

35019 

35216 

35412 

35608 

35805 

36002 

36199 

33 

66 

98 

131 

164 

20 

•36397 

36595 

36793 

36991 

37190 

37388 

37588 

37787 

37986 

38186 

33 

66 

99 

133 

166 

21 

•38386 

38587 

38787 

38988 

39190 

39391 

39593 

39795 

39997 

40200 

34 

67 

101 

134 

168 

22 

40403 

40606 

40809 

41013 

41217 

41421 

41626 

41831 

42036 

42242 

34 

68 

102 

136 

170 

23 

•42447 

42654 

42860 

43067 

43274 

43481 

43689 

43897 

44105 

44314 

34 

69 

104 

138 

173 

24 

•44523 

44732 

44942 

45152 

45362 

45573 

45784 

45995 

46206 

46418 

35 

70 

105 

141 

176 

25 

•46631 

46843 

47056 

47270 

47483 

47698 

47912 

48127 

48342 

48557 

36 

71 

107 

143 

179 

26 

■48773 

48989 

49206 

49423 

49640 

49858 

50076 

50295 

50514 

50733 

36 

73 

109 

145 

182 

27 

•50953 

51173 

51393 

51614 

51835 

52057 

52279 

52501 

52724 

52947 

37 

74 

111 

148 

185 

28 

■53171 

53395 

53620 

53844 

54070 

54296 

54522 

54748 

54975 

55203 

38 

75 

113 

151 

188 

29 

•55431 

55659 

55888 

56117 

56347 

56577 

56808 

57039 

57271 

57503 

38 

77 

115 

154 

192 

30 

•57735 

57968 

58201 

58435 

58670 

58905 

59140 

59376 

59612 

59849 

39 

78 

118 

157 

196 

31 

■ 60086 

60324 

60562 

60801 

61040 

61280 

61520 

61761 

62003 

62245 

40 

79 

120 

160 

200 

32 

■62487 

62730 

62973 

63217 

63462 

63707 

63953 

64199 

64446 

64693 

41 

82 

123 

164 

205 

33 

■64941 

65189 

65438 

65688 

65938 

66189 

66440 

66692 

66944 

67197 

42 

84 

126 

167  209 

34 

■67451 

67705 

67960 

68215 

68471 

68728 

68985 

69243 

69502 

69761 

43 

86 

129 

171 

214 

35 

•70021 

70281 

70542 

70804 

71066 

71329 

71593 

71857 

72122 

72388 

44 

88 

132 

176  219 

36 

•72654 

72921 

73189 

73457 

73726 

73996 

74267 

74538 

74810 

75082 

45 

90 

135 

180 

225 

37 

■75355 

75629 

75904 

76180 

76456 

76733 

77010 

77289 

77568 

77848 

46 

92 

139 

185  231 

38 

•78129 

78410 

78692 

78975 

79259 

79544 

79829 

80115 

80402 

80690 

47 

95 

142 

190  237 

39 

•80978 

81268 

81558 

81849 

82141 

82434 

82727 

83022 

83317 

83613 

49 

98 

147 

195  244 

40 

•83910 

84208 

84507 

84806 

85107 

85408 

85710 

86014 

86318 

86623 

50 

100 

151 

201 

252 

41 

■86929 

87236 

87543 

87852 

88162 

88473 

88784 

89097 

89410 

89725 

52 

103 

155 

207  259 

42 

■ 90040 

90357 

90674 

90993 

91313 

91633 

91955 

92277 

92601 

92926 

53 

107 

160 

214  268 

43 

93252 

93578 

93906 

94235 

94565 

94896 

95229 

95562 

95897 

96232 

55 

111 

165 

221 

276 

44 

•96569 

96907 

97246 

97586 

97927 

98270 

98613 

98950 

99304 

99652 

57 

114 

171 

229  286 
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NATURAL  TANGENTS 

o 

o 

Mean  Differences 

o 

0' 

6' 

12' 

18' 

24' 

30' 

36' 

42' 

48' 

64' 

o 

1 2 3 

4 5 

45 

1 ■ 00000 

00350 

00701 

01053 

01406 

01761 

02117 

02474 

02832 

03192 

58  118  177 

237  296 

46 

1 03553 

03915 

04279 

04644 

05010 

05378 

05747 

06117 

06489 

06862 

61  123  184 

245  307 

47 

1 07237 

07613 

07990 

08369 

08749 

09131 

09514 

09899 

10285 

10672 

63  127  191 

255  319 

48 

1-11061 

11452 

11844 

12238 

12633 

13029 

13428 

13828 

14229 

14632 

66  132  199 

265  331 

49 

1-15037 

15443 

15851 

16261 

16672 

17085 

17500 

17916 

18334 

18754 

69  138  207 

276  344 

50 

1-19175 

19599 

20024 

20451 

20879 

21310 

21742 

22176 

22612 

23050 

72  143  216 

233  359 

61 

1 -23490 

23931 

24375 

24820 

25268 

25717 

26169 

26622 

27077 

27535 

75  150  225 

300  375 

62 

1-27994 

28456 

28919 

29385 

29853 

30323 

30795 

31269 

31745 

32224 

78  157  235 

314  392 

63 

1-32704 

33187 

33673 

34160 

34650 

35142 

35637 

36134 

36633 

37134 

82  164  247 

329  411 

64 

1 -37638 

38145 

38653 

39165 

39679 

40195 

40714 

41235, 

41759 

42286 

86  172  259 

345  431 

55 

1 -42815 

43347 

43881 

44418 

44958 

45501 

46046 

46595 

47146 

47700 

91  181  272 

362  453 

66 

1 -48256 

48816 

49378 

49944 

50512 

51084 

51658 

52235 

52816 

53400 

95  191  286 

382  477 

67 

1-53987 

54576 

551  70 

55767 

56366 

56969 

57575 

58184 

58797 

59414 

100  201  302 

403  504 

68 

1 -60033 

60657 

61283 

61914 

62548 

63185 

63826 

64471 

65120 

65772 

106  213  319 

426  533 

69 

1-66428 

67088 

67752 

68419 

69091 

69766 

70446 

71129 

71817 

72509 

113  226  339 

452  564 

60 

1-73205 

73905 

74610 

75319 

76032 

76749 

77471 

78198 

78929 

79665 

120  240  360 

481  600 

61 

1 -80405 

81150 

81900 

82654 

83413 

84177 

84946 

85720 

86500 

87283 

128  255  383 

511  639 

62 

1 -88073 

88867 

89667 

90472 

91282 

92098 

92920 

93746 

94579 

9541  7 

136  273  409 

546  683 

63 

1 -96261 

97111 

97967 

98828 

99695 

2-00569 

2-01449 

2-02335 

2-03227 

2-04125 

146  292  438 

584  731 

64 

2-05030 

05942 

06860 

07785 

03716 

09654 

10600 

11552 

12511 

13477 

157  314  471 

629  786 

65 

2-14451 

15432 

16420 

17416 

18419 

19430 

20449 

21475 

22510 

23553 

169  338  508 

677  846 

66 

2-24604 

25663 

26730 

27806 

28891 

29984 

31086 

32197 

33317 

34447 

183  366  549 

732  915 

67 

2-35585 

36733 

37891 

39058 

40235 

41421 

42618 

43825 

45043 

46270 

199  397  596 

795  994 

68 

2-47509 

48758 

50018 

51289 

52571 

53865 

55170 

56487 

57815 

59156 

69 

2-60509 

61874 

63252 

64642 

66046 

67462 

68892 

70335 

71792 

73263 

70 

2-74748 

76247 

77761 

79289 

80833 

82391 

83965 

85556 

87161 

88783 

71 

2-90421 

92076 

93748 

95437 

97144 

98868 

3-00611 

3-02372 

3-04152 

3-05950 

72 

3-07768 

09606 

11464 

13341 

15240 

17159 

19100 

21063 

23048 

25055 

73 

3-27085 

29139 

31216 

33317 

35443 

37594 

39771 

41973 

44202 

46458 

74 

3-48741 

51053 

53393 

55761 

58160 

60588 

63048 

65538 

68061 

70616 

75 

3-73205 

75828 

78485 

81177 

83906 

86671 

89474 

92316 

95196 

98117 

76 

4-01078 

04081 

07127 

10216 

13350 

16530 

19756 

23030 

26352 

29724 

77 

4-33148 

36623 

40152 

43735 

47374 

51071 

54826 

58641 

62518 

66458 

78 

4-70463 

74534 

78673 

82882 

87162 

91516 

95945 

5-00451 

5-05037 

5-09704 

79 

5-14455 

19293 

24218 

29235 

34345 

39552 

44857 

50264 

55777 

61397 

80 

5-67128 

72974 

78938 

85024 

91236 

97576 

6-04051 

6-10664 

6-17419 

6-24321 

81 

6-31375 

38587 

45961 

53503 

61220 

69116 

77199 

85475 

93952 

7-02736 

82 

7-11537 

20661 

30018 

39616 

49465 

59575 

69957 

80622 

91582 

8-02848 

83 

8-14435 

26356 

38625 

51259 

64275 

77689 

91520 

9-05789 

9-20516 

9-35724 

84 

9-51436 

9-6768 

9-8448 

10-019 

10-199 

10-385 

10-579 

10-780 

10-988 

11-205 

85 

11-4301 

11-664 

11-909 

12-163 

12-429 

12-706 

12-996 

13-300 

13-617 

13-951 

86 

14-3007 

14-669 

15-056 

15-464 

15-895 

16-350 

16-832 

17-343 

17-886 

18-464 

87 

19-0811 

19-740 

20-446 

21 -205 

22-022 

22-904 

23-859 

24-898 

26-031 

27-271 

88 

28-6363 

30-145 

31  -821 

33-694 

35-801 

38-188 

40-917 

44-066 

47-740 

52-081 

89 

57-2900 

33-657 

71-615 

81 -847 

95-489 

114-589 

143-237 

190-984 

286-48 

572-96 

90 

CO 

1 
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NATURAL  COSECANTS 


1 Degrees! 

0' 

6' 

12' 

18' 

24' 

30' 

36' 

42' 

48' 

64' 

Mean  Differences 

1 

2 

3 

4 

6 

0 

CO 

572-96 

286-48 

190-99 

143-24 

114-59 

95-495 

81-853 

71-622 

63  665 

1 

57-299 

52  - 090 

47-750 

44-077 

40-930 

38-202 

35-815 

33-708 

31-836 

30-161 

2 

28-654 

27-290 

26-050 

24-918 

23-880 

22-926 

22-044 

21 -229 

20-471 

19-766 

3 

19-107 

18-492 

17-914 

17-372 

16-862 

16-380 

15-926 

15-496 

15  089 

14-703 

4 

14-336 

13-987 

13-654 

13-337 

13-035 

12-745 

12-469 

12-204 

11-951 

11-707 

5 

11-474 

11-2493 

11-0336 

10-8260 

10-6261 

10-4334 

10-2477 

10-0685 

9-8955 

9-7283 

6 

9 - 5668 

9-4105 

9-2593 

9-1129 

8-9711 

8-8337 

8-7004 

8-5711 

8-4457 

8-3238 

7 

8-2055 

8 0905 

7-9787 

7-8700 

7-7642 

7 6613 

7-5611 

7-4635 

7-3684 

7-2757 

8 

7-1853 

7 0972 

7-0112 

6-9273 

6-8454 

6-7655 

6-6874 

6-6111 

6-5366 

6-4637 

9 

6-3925 

6-3228 

6-2546 

6-1880 

6-1227 

6-0589 

5 9963 

5-9351 

5-8751 

5 8164 

10 

5-7588 

5-7023 

5-6470 

5-5928 

5-5396 

5-4874 

5-4362 

5-3860 

5-3367 

5-2883 

11 

5-2408 

5-1942 

5 1484 

5-1034 

5-0593 

5 0159 

4-9732 

4-9313 

4-8901 

4-8496 

12 

4-8097 

4-7706 

4-7321 

4 6942 

4-6569 

4-6202 

4-5841 

4-5486 

4-5137 

4-4793 

13 

4-4454 

4-4121 

4-3792 

4-3469 

4-3150 

4-2837 

4-2527 

4-2223 

4-1923 

4-1627 

14 

4-1336 

4-1048 

4-0765 

4-0486 

4-0211 

3-9939 

3-9672 

3 9408 

3-9147 

3-8890 

15 

3-86370 

83871 

81404 

78970 

76568 

74198 

71858 

69549 

67269 

65018 

16 

3-62796 

60601 

58434 

56294 

54181 

52094 

50032 

47995 

45983 

43995 

17 

3-42030 

40089 

38171 

36276 

34403 

32551 

30721 

28912 

27123 

25355 

18 

3-23607 

21878 

20169 

18479 

16808 

15155 

13520 

11903 

10303 

08721 

274 

548 

822 

1047 

137 

19 

3-07155 

05607 

04075 

02559 

01059 

2-99574 

2-98106 

2-96652 

2-95213 

2-93790 

246 

492 

738 

985 

12; 

20 

2-92380 

90986 

89605 

88238 

86885 

85545 

84219 

82906 

81605 

80318 

222 

445 

667 

889 

111 

21 

2-79043 

77780 

76530 

75292 

74065 

72850 

71647 

70455 

69275 

68105 

201 

403 

604 

806 

10( 

22 

2-66947 

65799 

64662 

63535 

62419 

61313 

60217 

59130 

58054 

56988 

181 

367 

550 

734 

91 

23 

2-55930 

54883 

53845 

52815 

51795 

50784 

49782 

48789 

47804 

46827 

168 

335 

504 

671 

8- 

24 

2-45859 

44900 

43948 

43005 

42070 

41142 

40222 

39311 

38406 

37509 

154 

308 

462 

616 

77 

25 

2-36620 

35738 

34863 

33996 

33135 

32282 

31436 

30596 

29763 

28937 

142 

283 

425 

566 

7C 

26 

2-28117 

27304 

26498 

25697 

24903 

24116 

23334 

22559 

21790 

21026 

130 

262 

392 

523 

6: 

27 

2-20269 

19517 

18771 

18031 

17297 

16568 

15845 

15127 

14414 

13707 

121 

242 

363 

484 

6( 

28 

2-13005 

12309 

11617 

10931 

10250 

09574 

08903 

08235 

07575 

06318 

112 

225 

337 

449 

5f 

29 

2-06267 

05619 

04977 

04339 

03706 

03077 

02453 

01833 

01218 

00607 

104 

209 

313 

417 

52 

30 

2-00000 

1 -99398 

1 -98799 

1-98205 

1 -97615 

1-97029 

1-96448 

1 -95870 

1 -95296 

1-94726 

97 

194 

292 

389 

4! 

31 

1 -94160 

93598 

93040 

92486 

91935 

91388 

90845 

90305 

89769 

89237 

90 

182 

272 

363 

4E 

32 

1-88708 

88183 

87661 

87142 

86627 

86116 

85608 

85103 

84601 

84103 

85 

170 

255 

340 

42 

33 

1 - 83608 

83116 

82627 

82142 

81659 

81180 

80704 

80231 

79761 

79293 

79 

159 

239 

318 

32 

34 

1-78829 

78368 

77910 

77454 

77001 

76552 

76105 

75661 

75219 

74781 

75 

149 

224 

299 

37 

35 

1-74345 

73911 

73481 

73053 

72628 

72205 

71785 

71367 

70953 

70540 

70 

140 

211 

281 

3J 

36 

1 -70130 

69723 

69318 

68915 

68515 

68117 

67722 

67329 

66938 

66550 

66 

132 

198 

264 

3- 

37 

1 -66164 

65780 

65399 

65020 

64643 

64268 

63895 

63525 

63157 

62791 

62 

124 

187 

249 

31 

38 

1 -62427 

62065 

61705 

61348 

60992 

60639 

60287 

59938 

59590 

59245 

59 

117 

176 

235 

22 

39 

1-58902 

58560 

58221 

57883 

57547 

57213 

56881 

56551 

56223 

55897 

55 

111 

166 

221 

27 

40 

1-55572 

55250 

54929 

54610 

54292 

53977 

53663 

53351 

53041 

52732 

52 

105 

157 

210 

2( 

41 

1-52425 

52120 

51817 

51515 

51215 

50916 

50619 

50324 

50030 

49738 

49 

99 

149 

198 

2' 

42 

1-49448 

49159 

48871 

48586 

48301 

48019 

47738 

47458 

47180 

46903 

47 

94 

141 

188 

22 

43 

1 -46628 

46354 

46082 

45811 

45542 

45274 

45007 

44742 

44479 

44217 

44 

89 

133 

178 

22 

44 

1-43956 

43696 

43438 

43181 

42926 

42672 

42419 

42168 

41918 

41669 

42 

84 

126 

169 

21 
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NATURAL  COSECANTS 


1 Degrees 

0' 

6' 

12' 

18' 

24' 

30' 

36' 

42' 

48' 

54' 

Mean  Differences 

1 

2 

3 

4 

5 

45 

1 -41421 

41175 

40930 

40687 

40444 

40203 

39963 

39725 

39487 

39251 

40 

79 

120 

160  200 

46 

1 -39016 

38783 

38550 

38319 

38089 

37860 

37632 

37406 

37180 

36956 

38 

76 

114 

152 

ISO 

47 

1 -36733 

36511 

36290 

36070 

35852 

35634 

35418 

35203 

34988 

34775 

36 

71 

108 

145 

181 

43 

1 -34563 

34352 

34142 

33934 

33726 

33519 

33314 

33109 

32905 

32703 

34 

69 

103 

137 

172 

49 

1-32501 

32301 

32101 

31903 

31705 

31509 

31313 

31119 

30925 

30732 

32 

65 

98 

130  163 

50 

1 -30541 

30350 

30160 

29971 

29784 

29597 

29411 

29226 

29041 

28858 

31 

62 

93 

124 

155 

61 

1-28676 

28495 

28314 

28134 

27956 

27778 

27601 

27425 

27250 

27075 

30 

59 

89 

118 

148 

62 

1 - 26902 

26729 

26557 

26387 

26216 

26047 

25879 

25711 

25545 

25379 

28 

56 

84 

113 

141 

63 

1 -25214 

25049 

24885 

24723 

24561 

24400 

24240 

24081 

23922 

23764 

27 

54 

80 

107 

134 

64 

1-23607 

23450 

23295 

23140 

22986 

22833 

22680 

22528 

22377 

22227 

26 

51 

77 

102 

128 

55 

1-22077 

21929 

21781 

21633 

21487 

21341 

21195 

21051 

20907 

20764 

24 

49 

73 

97 

121 

66 

1 -20622 

20480 

20339 

20199 

20059 

19920 

19782 

19645 

19508 

19372 

23 

46 

69 

92 

116 

67 

1-19236 

19102 

18967 

18834 

18701 

18569 

18437 

18307 

18176 

18047 

22 

44 

66 

88 

110 

68 

1-17918 

17790 

17662 

17535 

17409 

17283 

17158 

17033 

16909 

16786 

21 

42 

63 

84 

105 

69 

1-16663 

16541 

16420 

16299 

16179 

16059 

15940 

15822 

15704 

1 5587 

20 

40 

60 

80 

99 

60 

1-15470 

15354 

15239 

15124 

15009 

14896 

14782 

14670 

14558 

14446 

19 

38 

57 

76 

95 

61 

1-14335 

14225 

14115 

14006 

13897 

13789 

13682 

13575 

13468 

13362 

18 

36 

54 

72 

90 

62 

1-13257 

13152 

13048 

12944 

12841 

12738 

12636 

12534 

12433 

12333 

17 

34 

51 

68 

85 

63 

1 -12233 

12133 

12034 

11936 

11838 

11740 

11643 

11547 

11451 

11355 

16 

32 

49 

65 

81 

64 

1-11260 

11166 

11072 

10978 

10885 

10793 

10701 

10609 

10518 

10428 

15 

31 

46 

61 

77 

65 

1-10338 

10248 

10159 

10071 

09982 

09895 

09808 

09721 

09635 

09549 

15 

29 

44 

58 

73 

66 

1-09464 

09379 

09294 

09211 

09127 

09044 

08962 

08880 

08798 

08717 

14 

28 

41 

55 

69 

67 

1 -08636 

08556 

08476 

08397 

08318 

08239 

08161 

08084 

08006 

07930 

13 

26 

39 

52 

64 

68 

1 -07853 

07778 

07702 

07627 

07553 

07479 

07405 

07332 

07259 

07186 

12 

25 

37 

49 

62 

69 

1 -07115 

07043 

06972 

06901 

06831 

06761 

06691 

06622 

06554 

06486 

12 

23 

35 

46 

68 

70 

1 -06418 

06350 

06283 

06217 

06151 

06085 

06020 

05955 

05890 

05826 

11 

22 

33 

44 

55 

71 

1 -05762 

05699 

05636 

05573 

05511 

05449 

05388 

05327 

05266 

05206 

10 

21 

31 

41 

51 

72 

1 -05146 

05087 

05028 

04969 

04911 

04853 

04795 

04738 

04682 

04625 

10 

19 

29 

38 

48 

73 

1-04569 

04514 

04458 

04403 

04349 

04295 

04241 

04188 

04135 

04082 

9 

18 

26 

34 

44 

74 

1-04030 

03978 

03927 

03875 

03825 

03774 

03724 

03674 

03625 

03576 

8 

17 

25 

33 

42 

75 

1-03528 

03479 

03432 

03384 

03337 

03290 

03244 

03197 

03152 

03106 

8 

16 

23 

31 

39 

76 

1 -03061 

03017 

02972 

02928 

02885 

02842 

02799 

02756 

02714 

02672 

7 

14 

22 

29 

36 

77 

1 -02630 

02589 

02548 

02508 

02468 

02428 

02388 

02349 

02311 

02272 

7 

13 

20 

26 

33 

78 

1 -02234 

02196 

02159 

02122 

02085 

02049 

02013 

01977 

01941 

01906 

6 

12 

18 

24 

30 

79 

1 -01872 

01837 

01803 

01769 

01736 

01703 

01670 

01638 

01606 

01574 

5 

11 

16 

22 

27 

80 

1 -01543 

01512 

01481 

01450 

01420 

01391 

01361 

01332 

01303 

01275 

5 

10 

15 

20 

24 

81 

1-01247 

01219 

01191 

01164 

01137 

01111 

01084 

01059 

01033 

01008 

4 

9 

13 

18 

22 

82 

1 -00983 

00958 

00934 

00910 

00886 

00863 

00840 

00817 

00795 

00773 

4 

8 

12 

15 

19 

83 

1 -00751 
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37 

1-32704 

32224 

31745 

31269 

30795 

30323 

29853 

29385 

28919 

28456 

78  157  235 

314  392 

38 

1 -27994 

27535 

27077 

26622 

26169 

25717 

25268 

24820 

24375 

23931 

75  150  225 

300  375 

39 

1-23490 

23050 

22612 

22176 

21742 

21310 

20879 

20451 

20024 

19599 

72  143  216 

288  359 

40 

1-19175 

18754 

18334 

17916 

17500 

17085 

16672 

16261 

15851 

15443 

69  138  207 

276  343 

41 

1-15037 

14632 

14229 

13828 

13428 

13029 

12633 

12238 

11844 

11452 

66  132  199 

265  331 

42 

1-11061 

10672 

10285 

09899 

09514 

09131 

08749 

08369 

07990 

07613 

63  127  191 

255  319 

43 

1-07237 

06862 

06489 

06117 

05747 

05378 

05010 

04644 

04279 

03915 

61  123  184 

245  307 

44 

1-03553 

03192 

02832 

02474 

02117 

01761 

01406 

01053 

00701 

00350 

58  118  177 

237  296 
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NATURAL  COTANGENTS 


1 Degrees 

o' 

6' 

12' 

18' 

24' 

30' 

36' 

42' 

48' 

64' 

Mean  Differences 

1 

2 

3 

4 

5 

45 

1 00000 

99652 

99304 

98958 

98613 

98270 

97927 

97586 

97246 

96907 

57 

114 

171 

229  286 

46 

0-96569 

96232 

95897 

95562 

95229 

94896 

94565 

94235 

9390S 

93578 

55 

111 

165 

221 

276 

47 

0-93252 

92926 

92601 

92277 

91955 

91633 

91313 

90993 

90674 

90357 

53 

107 

160 

214 

268 

48 

0-90040 

89725 

89410 

89097 

88784 

88473 

88162 

87852 

87543 

87236 

52 

103 

155 

207 

259 

49 

0-86929 

86623 

86318 

86014 

85710 

85408 

85107 

84806 

84507 

84208 

50 

100 

151 

201 

252 

50 

0-83910 

83613 

83317 

83022 

82727 

82434 

82141 

81849 

81558 

81268 

49 

98 

147 

195 

244 

61 

0-80978 

80690 

80402 

80115 

79829 

79544 

79259 

78975 

78692 

78410 

47 

95 

142 

190  237 

62 

0-78129 

77848 

77568 

77289 

77010 

76733 

76456 

76180 

75904 

75629 

46 

92 

139 

185 

231 

63 

0-75355 

75082 

74810 

74538 

74267 

73996 

73726 

73457 

73189 

72921 

45 

90 

135 

180  225 

64 

0-72654 

72388 

72122 

71857 

71593 

71329 

71066 

70804 

70542 

70281 

44 

88 

132 

176  219 

55 

0-70021 

69761 

69502 

69243 

68985 

68728 

68471 

68215 

67960 

67705 

43 

86 

129 

171 

214 

66 

0-67451 

67197 

66944 

66692 

66440 

66189 

65938 

65688 

65438 

65189 

42 

84 

126 

167  209 

67 

0-64941 

64693 

64446 

64199 

63953 

63707 

63462 

63217 

62973 

62730 

41 

82 

123 

164  205 

68 

0-62487 

62245 

62003 

61761 

61520 

61280 

61040 

60801 

60562 

60324 

40 

79 

120 

160 

200 

69 

0 - 60086 

59849 

59612 

59376 

59140 

58905 

58670 

58435 

58201 

57968 

39 

78 

118 

157 

196 

60 

0-57735 

57503 

57271 

57039 

56808 

56577 

56347 

56117 

55888 

55659 

38 

77 

115 

154 

192 

61 

0-55431 

55203 

54975 

54748 

54522 

54296 

54070 

53844 

53620 

53395 

38 

75 

113 

151 

188 

62 

0-53171 

52947 

52724 

52501 

52279 

52057 

51835 

51614 

51393 

51173 

37 

74 

111 

148 

185 

63 

0-50953 

50733 

50514 

60295 

50076 

49858 

49640 

49423 

49206 

48989 

36 

73 

109 

145 

182 

64 

0-48773 

48557 

48342 

48127 

47912 

47698 

47483 

47270 

47056 

46843 

36 

71 

107 

143 

179 

65 

0-46631 

46418 

46206 

45995 

45784 

45573 

45362 

45152 

44942 

44732 

35 

70 

105 

141 

176 

66 

0-44523 

44314 

44105 

43897 

43689 

43481 

43274 

43067 

42860 

42654 

35 

69 

104 

138 

173 

67 

0-42447 

42242 

42036 

41831 

41626 

41421 

41217 

41013 

40809 

40606 

34 

68 

102 

136 

170 

68 

0-40403 

40200 

39997 

39795 

39593 

39391 

39190 

38988 

38787 

38587 

34 

67 

101 

134 

168 

69 

0-38386 

38186 

37986 

37787 

37588 

37388 

37190 

36991 

36793 

36595 

33 

66 

99 

133 

166 

70 

0-36397 

36199 

36002 

35805 

35608 

35412 

35216 

35019 

34824 

34628 

33 

66 

98 

131 

164 

71 

0-34433 

34238 

34043 

33848 

33654 

33460 

33266 

33072 

32878 

32685 

32 

65 

97 

129 

162 

72 

0-32492 

32299 

32106 

31914 

31722 

31530 

31338 

31147 

30955 

30764 

32 

64 

96 

128 

160 

73 

0-30573 

30382 

30192 

30001 

29811 

29621 

29432 

29242 

29053 

28864 

32 

63 

95 

127 

158 

74 

0-28675 

28486 

28297 

28109 

27920 

27732 

27545 

27357 

27169 

26982 

31 

63 

94 

125 

157 

75 

0-26795 

26608 

26421 

26235 

26048 

25862 

25676 

25490 

25304 

25118 

31 

62 

93 

124 

155 

76 

0-24933 

24747 

24562 

24377 

24193 

24008 

23823 

23639 

23455 

23271 

31 

61 

93 

124 

155 

77 

0-23087 

22903 

22719 

22536 

22353 

22169 

21986 

21804 

21621 

21438 

31 

61 

92 

122 

153 

78 

0-21256 

21073 

20891 

20709 

20527 

20345 

20164 

19982 

19801 

19619 

30 

60 

91 

121 

152 

79 

0-19438 

19257 

19076 

18895 

18714 

18534 

18353 

18173 

17993 

17813 

30 

60 

90 

120 

150 

80 

0-17633 

17453 

17273 

17093 

16914 

16734 

16555 

16376 

16196 

16017 

30 

60 

90 

120 

150 

81 

0-15838 

15660 

15481 

15302 

15124 

14945 

14767 

14588 

14410 

14232 

30 

59 

89 

119 

149 

82 

0-14054 

13876 

13698 

13521 

13343 

13165 

12988 

12810 

12633 

12456 

30 

59 

89 

118 

148 

83 

0-12278 

12101 

11924 

11747 

11570 

11394 

11217 

11040 

10863 

10687 

29 

59 

88 

118 

147 

84 

0-10510 

10334 

10158 

09981 

09805 

09629 

09453 

09277 

09101 

08925 

29 

59 

88 

117 

147 

85 

0-08749 

08573 

08397 

08221 

08046 

07870 

07695 

07519 

07344 

07168 

29 

59 

88 

117 

146 

86 

0-06993 

06817 

06642 

06467 

06291 

06116 

05941 

05766 

05591 

05416 

29 

58 

88 

117 

146 

87 

0 05241 

05066 

04891 

04716 

04541 

04366 

04191 

04016 

03842 

03667 

29 

58 

87 

117 

146 

88 

0-03492 

03317 

03143 

02968 

02793 

02619 

02444 

02269 

02095 

01920 

29 

58 

87 

116 

146 

89 

0-01746 

01571 

01396 

01222 

01047 

00873 

00698 

00524 

00349 

00175 

29 

58 

87 

116 

146 
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LOGARITHMS  OF  SINES 

CO 

o 

o 

Mean 

Differences 

C9 

0' 

6' 

12' 

18' 

24' 

30' 

36' 

42' 

48' 

64' 

G 

1 

2 

3 

4 

6 

0 

CO 

3-24188 

3-54291 

71900 

84393 

94084 

2-02002 

2-08696 

2-14495 

2-19610 

1 

2-24186 

28324 

32103 

35578 

38796 

41792 

44594 

47226 

49708 

62055 

2 

2 ■ 54282 

56400 

58419 

60349 

62196 

63968 

65670 

67308 

68886 

70409 

3 

2-71880 

73303 

74680 

76015 

77310 

78568 

79790 

80978 

82134 

83261 

4 

2-84358 

85429 

86474 

87494 

88490 

89464 

90417 

91349 

92261 

93154 

5 

2-94030 

94887 

95728 

96553 

97363 

98157 

98937 

99704 

1-00456 

T-01196 

132 

263 

395 

526  658 

6 

1-01923 

02639 

03342 

04034 

04715 

05386 

06046 

06696 

07337 

07968 

1 1 1 

222 

333 

444 

555 

7 

1-08589 

09202 

09807 

10402 

10990 

11570 

12142 

12706 

13263 

13813 

96 

192  288 

384  480 

8 

1-14356 

14891 

15421 

15944 

16460 

16970 

17474 

17973 

18465 

18952 

84  169  253 

338  423 

9 

1-19433 

19909 

20380 

20845 

21306 

21761 

22211 

22657 

23098 

23535 

76 

151 

227 

302  378 

10 

T- 23967 

24395 

24818 

25237 

25652 

26063 

26470 

26873 

27273 

27668 

68 

136 

205 

273  341 

11 

1-28060 

28448 

28833 

29214 

29591 

29966 

30336 

30704 

31068 

31430 

62 

124 

186 

248  311 

12 

T- 31 788 

32143 

32495 

32844 

33190 

33534 

33874 

34212 

34547 

34879 

57 

114  171 

228  285 

13 

1-35209 

35536 

35860 

36182 

36502 

36819 

37133 

37445 

37755 

38062 

53 

105 

158 

211 

263 

14 

r- 38368 

38670 

38971 

39270 

39566 

39860 

40152 

40442 

40730 

41016 

49 

98 

146 

195  244 

15 

T- 41 300 

41582 

41861 

42139 

42416 

42690 

42962 

43233 

43502 

43769 

45 

91 

136 

182 

228 

16 

T- 44034 

44297 

44559 

44819 

45077 

45334 

45589 

45843 

46095 

46345 

42 

85 

128 

170  213 

17 

1-46594 

46841 

47086 

47330 

47573 

47814 

48054 

48292 

48529 

48764 

40 

80 

120 

160 

200 

18 

1-48998 

49231 

49462 

49692 

49920 

50148 

50374 

50598 

50321 

51043 

37 

75 

113 

151 

189 

19 

1-51264 

51484 

51702 

51919 

52135 

52350 

52563 

52775 

52986 

53196 

35 

71 

107 

143 

178 

20 

T- 53405 

53613 

53819 

54025 

54229 

54433 

54635 

54836 

55036 

55235 

34 

68 

101 

135 

169 

21 

1-55433 

55630 

55826 

56021 

56215 

56408 

56599 

56790 

56980 

57169 

33 

64 

96 

128  160 

22 

1-57358 

57545 

57731 

57916 

58101 

58284 

58467 

58648 

58829 

59009 

31 

61 

91 

122 

152 

23 

1-59188 

59366 

59543 

59720 

59895 

60070 

60244 

60417 

60589 

60761 

29 

58 

87 

116  145 

24 

1-60931 

61101 

61270 

61438 

61606 

61773 

61939 

62104 

62268 

62432 

28 

56 

83 

111 

138 

25 

T- 62595 

62757 

62918 

63079 

63239 

63398 

63557 

63715 

63872 

64028 

27 

53 

80 

106  132 

26 

r- 641 84 

64339 

64494 

64647 

64800 

64953 

65104 

65255 

65406 

65556 

26 

51 

77 

101 

126 

27 

1-65705 

65853 

66001 

66148 

66295 

66441 

66586 

66731 

66875 

67018 

25 

49 

73 

97 

121 

28 

1-67101 

67303 

67445 

67586 

67726 

67866 

68006 

68144 

68283 

68420 

24 

47 

70 

93 

116 

29 

1-68557 

68694 

68829 

68965 

69100 

69234 

69368 

69501 

69633 

69765 

23 

45 

67 

89 

112 

30 

T- 69897 

70028 

70159 

70288 

70418 

70547 

70675 

70803 

70931 

71058 

21 

43 

64 

86 

107 

31 

1-71184 

71310 

71435 

71560 

71685 

71809 

71932 

72055 

72177 

72299 

21 

41 

62 

82 

103 

32 

1-72421 

72542 

72663 

72783 

72902 

73022 

73140 

73259 

73377 

73494 

20 

40 

60 

79 

99 

33 

1-73611 

73727 

73843 

73959 

74074 

74189 

74303 

74417 

74531 

74644 

19 

38 

57 

76 

95 

34 

T- 74756 

74868 

74980 

75091 

75202 

75313 

75423 

75533 

75642 

75751 

18 

37 

55 

74 

92 

35 

T- 75859 

75967 

76075 

76182 

76289 

76395 

76501 

76607 

76712 

76817 

18 

35 

53 

71 

89 

36 

1-76922 

77026 

77130 

77233 

77336 

77439 

77541 

77643 

77744 

77846 

17 

34 

51 

68 

85 

37 

T- 77946 

78047 

78147 

78246 

78346 

78445 

78543 

78642 

78739 

78837 

16 

33 

49 

66 

82 

38 

1 - 78934 

79031 

79128 

79224 

79319 

79415 

79510 

79605 

79699 

79793 

16 

32 

48 

64 

79 

39 

1-79887 

79981 

80074 

80166 

80259 

80351 

80443 

80534 

80625 

80716 

15 

31 

46 

61 

77 

40 

1-80807 

80897 

80987 

81076 

81166 

81254 

81343 

81431 

81519 

81607 

15 

30 

44 

59 

74 

41 

1-81694 

81781 

81868 

81954 

82041 

82126 

82212 

82297 

82382 

82467 

14 

29 

43 

57 

71 

42 

T- 82551 

82635 

82719 

82802 

82885 

82968 

83051 

83133 

83215 

83297 

14 

28 

41 

55 

69 

43 

1-83378 

83459 

83540 

83621 

83701 

83781 

83861 

83940 

84020 

84098 

13 

27 

40 

53 

67 

44 

1-84177 

84265 

84336 

84411 

84489 

84566 

84643 

84720 

84796 

84873 

13 

26 

39 

51 

64 
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LOGARITHMS  OF  SINES 


V 

o 

18' 

24' 

30' 

36' 

Mean 

Differences 

o 

Q 

1 

2 

3 

4 

5 

4S 

T- 84948 

85024 

85100 

85175 

85250 

85324 

85399 

85473 

85546 

85620 

12 

25 

37 

50 

62 

46 

1-85693 

85766 

85839 

85912 

85984 

86056 

86128 

86200 

86271 

86342 

12 

24 

36 

48 

60 

47 

1-86413 

86483 

86554 

86624 

86694 

86763 

86832 

86902 

86970 

87039 

12 

23 

36 

46 

58 

43 

1-87107 

87175 

87243 

87311 

87378 

87446 

87513 

87579 

87646 

87712 

1 1 

22 

34 

45 

56 

49 

T- 87778 

87844 

87909 

87975 

88040 

88105 

88169 

88234 

88298 

88362 

11 

22 

32 

43 

54 

50 

T- 88425 

88489 

88552 

88615 

88678 

88741 

88803 

88865 

88927 

88989 

10 

21 

31 

42 

52 

51 

1-89050 

89112 

89173 

89233 

89294 

89354 

89415 

89475 

89534 

89594 

10 

20 

30 

40 

50 

52 

1-89653 

89712 

89771 

89830 

89888 

89947 

90005 

90063 

90120 

90178 

10 

19 

29 

39 

49 

53 

1 - 90235 

90292 

90349 

90405 

90462 

90518 

90574 

90630 

90685 

90741 

9 

19 

28 

37  47 

54 

1-90796 

90851 

90905 

90960 

91014 

91069 

91123 

91176 

91230 

91283 

9 

18 

27 

36 

45 

55 

T-91336 

91389 

91442 

91495 

91547 

91599 

91651 

91703 

91755 

91806 

9 

17 

26 

35 

43 

56 

1-91857 

91908 

91959 

92010 

92060 

92111 

92161 

92211 

92260 

92310 

8 

17 

25 

34 

42 

57 

1-92359 

92408 

92457 

92506 

92555 

92603 

92651 

92699 

92747 

92795 

8 

16 

24 

32 

40 

58 

1-92842 

92889 

92936 

92983 

93030 

93077 

93123 

93169 

93215 

93261 

8 

16 

23 

31 

39 

59 

1-93307 

93352 

93397 

93442 

93487 

93532 

93577 

93621 

93665 

93709 

7 

15 

22 

30 

37 

60 

T- 93753 

93797 

93840 

93884 

93927 

93970 

94012 

94055 

94098 

94140 

7 

14 

21 

29 

36 

61 

1-94182 

94224 

94266 

94307 

94349 

94390 

94431 

94472 

94513 

94553 

7 

14 

21 

27 

34 

62 

1-94593 

94634 

94674 

94714 

94753 

94793 

94832 

94871 

94911 

94949 

7 

13 

20 

26 

33 

63 

1-94988 

95027 

95065 

95103 

95141 

95179 

95217 

95254 

95292 

95329 

6 

13 

19 

25 

32 

64 

1-95366 

95403 

95440 

95476 

95513 

95549 

95585 

95621 

95657 

95692 

6 

12 

18 

24 

30 

65 

T- 95728 

95763 

95798 

95833 

95868 

95902 

95937 

95971 

96005 

96039 

6 

12 

17 

23 

29 

68 

1-96073 

96107 

96140 

96174 

96207 

96240 

96273 

96305 

96338 

96370 

6 

11 

17 

22 

28 

67 

1-96403 

96435 

96467 

96498 

96530 

96562 

96593 

96624 

96656 

96686 

5 

10 

16 

21 

26 

68 

1-96717 

96747 

96778 

96808 

96838 

96868 

96898 

96927 

96957 

96986 

5 

10 

15 

20 

25 

69 

1-97015 

97044 

97073 

97102 

97130 

97159 

97187 

97215 

97243 

97271 

5 

9 

14 

19 

24 

70 

T- 97299 

97326 

97353 

97381 

97408 

97435 

97461 

97488 

97515 

97541 

4 

9 

13 

18 

22 

71 

T- 97567 

97593 

97619 

97645 

97670 

97696 

97721 

97746 

97771 

97796 

4 

8 

13 

17 

21 

72 

1-97821 

97845 

97870 

97894 

97918 

97942 

97966 

97989 

98013 

98036 

4 

8 

12 

16 

20 

73 

1-98060 

98083 

98106 

98128 

98151 

98174 

98196 
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56342 

56576 

56810 

57042 

57274 

57504 

57734 

57963 

58191 

39 

77 

116 

154  193 

21 

1-58418 

58644 

58869 

59094 

59317 

59540 

59762 

59983 

60203 

60422 

37 

74 

111 

148  185 

22 

1-60641 

60859 

61076 

61292 

61508 

61722 

61936 

62150 

62362 

62574 

36 

71 

107 

143  179 

23 

1-62785 

62996 

63205 

63414 

63623 

63830 

64037 

64243 

64449 

64654 

35 

69 

104 

138  173 

24 

1-64858 

65062 

65265 

65467 

65669 

65870 

66071 

66271 

66470 

66669 

33 

67 

100 

134  169 

25 

T- 66867 

67065 

67262 

67458 

67654 

67850 

68044 

68239 

68432 

68626 

33 

65 

98 

130  163 

26 

1-68818 

69010 

69202 

69393 

69584 

69774 

69963 

70152 

70341 

70529 

32 

63 

95 

127  158 

27 

1-70717 

70904 

71090 

71277 

71462 

71648 

71833 

72017 

72201 

72384 

31 

62 

93 

123  154 

28 

1-72567 

72750 

72932 

73114 

73295 

73476 

73657 

73837 

74017 

74196 

30 

60 

90 

121  151 

29 

1-74375 

74554 

74732 

74910 

75087 

75264 

75441 

75617 

75793 

75969 

29 

59 

88 

118  147 

30 

1-76144 

76319 

76493 

76668 

76841 

77015 

77188 

77361 

77533 

77706 

29 

58 

87 

116  144 

31 

1-77877 

78049 

78220 

78391 

78562 

78732 

78902 

79072 

79241 

79410 

28 

57 

85 

113  142 

32 

1-79579 

79747 

79916 

80084 

80251 

80419 

80586 

80753 

80919 

81086 

28 

56 

84 

112  139 

33 

1-81252 

81418 

81583 

81748 

81913 

82078 

82243 

82407 

82571 

82735 

27 

55 

82 

110  137 

34 

1-82899 

83062 

83225 

83388 

83551 

83713 

83876 

84038 

84200 

84361 

27 

54 

81 

108  135 

35 

T- 84523 

84684 

84845 

85006 

85166 

85327 

85487 

85647 

85807^ 

85967 

27 

53 

80 

107  134 

36 

1-86126 

86285 

86445 

86603 

86762 

86921 

87079 

87238 

87396 

87554 

26 

53 

79 

106  132 

37 

1-87711 

87869 

88027 

88184 

88341 

88498 

88655 

88812 

88968 

89125 

26 

52 

79 

105  131 

38 

1-89281 

89437 

89593 

89749 

89905 

90061 

90216 

90371 

90527 

90682 

26 

52 

78 

104  130 

39 

1-90837 

90992 

91147 

91301 

91456 

91610 

91765 

91919 

92073 

92227 

26 

51 

77 

103  129 

40 

T- 92381 

92535 

92689 

92843 

92996 

93150 

93303 

93457 

93610 

93763 

26 

51 

77 

102  128 

41 

1-93916 

94069 

94222 

94375 

94528 

94681 

94834 

94986 

95139 

95291 

26 

51 

76 

102  127 

42 

1-95444 

95596 

95748 

95901 

96053 

96205 

96357 

96510 

96662 

96814 

25 

51 

76 

101  127 

43 

T- 96966, 

97118 

97269 

97421 

97573 

97725 

97877 

98029 

98180 

98332 

25 

51 

76 

101  126 

44 

1-98484 

98635 

98787 

98939 

99090 

99242 

99394 

99545 

99697 

99848 

25 

51 

76 

101  126 
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Mean  Differences 

O) 

0' 

6' 

12' 

18' 

24' 

30' 

36' 

42' 

48' 

64' 

Q 

1 

2 

3 

4 

6 

45 

•00000 

00152 

00303 

00455 

00606 

00758 

00910 

01061 

01213 

01365 

25 

51 

76 

101 

126 

46 

•01516 

01668 

01820 

01971 

02123 

02275 

02427 

02579 

02731 

02882 

25 

51 

76 

101 

126 

47 

•03034 

03186 

03338 

03490 

03643 

03795 

03947 

04099 

04251 

04404 

25 

51 

76 

101 

127 

48 

•04556 

04709 

04861 

05014 

05166 

05319 

05472 

05625 

05778 

05931 

25 

61 

76 

102 

127 

49 

•06084 

06237 

06390 

06543 

06697 

06850 

07004 

07157 

07311 

07465 

26 

51 

77 

102 

128 

50 

•07619 

07773 

07927 

08081 

08235 

08390 

08544 

08699 

08853 

09008 

26 

51 

77 

103 

129 

51 

•09163 

09318 

09473 

09629 

09784 

09939 

10095 

10251 

10407 

10563 

26 

52 

78 

104 

130 

52 

•10719 

10875 

11032 

11188 

11345 

11502 

11659 

11816 

11973 

12131 

26 

52 

79 

105 

131 

53 

•12289 

12446 

12604 

12762 

12921 

13079 

13238 

13396 

13555 

13715 

26 

53 

79 

106 

132 

54 

•13874 

14033 

14193 

14353 

14513 

14673 

14834 

14994 

15155 

15316 

27 

53 

80 

107 

134 

55 

• 1 5477 

15639 

15800 

15962 

16124 

16287 

16449 

16612 

16775 

16938 

27 

54 

81 

108 

135 

56 

•17101 

17265 

17429 

17593 

17757 

17922 

18087 

18252 

18417 

18582 

27 

55 

82 

110 

137 

57 

•18748 

18914 

19081 

19247 

19414 

19581 

19749 

19916 

20084 

20253 

28 

56 

84 

112  139 

58 

•20421 

20590 

20759 

20928 

21098 

21268 

21438 

21609 

21780 

21951 

28 

57 

85 

113 

142 

59 

•22123 

22294 

22467 

22639 

22812 

22985 

23159 

23332 

23507 

23681 

29 

58 

87 

116 

144 

60 

■23856 

24031 

24207 

24383 

24559 

24736 

24913 

25090 

25268 

25446 

29 

59 

88 

118 

147 

61 

•25625 

25804 

25983 

26163 

26343 

26524 

26705 

26886 

27068 

27250 

30 

60 

90 

121 

151 

62 

•27433 

27616 

27799 

27983 

28167 

28352 

28538 

28723 

28910 

29096 

31 

62 

93 

123 

154 

63 

•29283 

29471 

29659 

29848 

30037 

30226 

30416 

30607 

30798 

30990 

32 

63 

95 

127 

158 

64 

•31182 

31374 

31568 

31761 

31956 

32150 

32346 

32542 

32738 

32935 

33 

65 

98 

130 

163 

65 

•33133 

33331 

33530 

33729 

33929 

34130 

34331 

34533 

34735 

34938 

33 

66 

100 

134  167 

66 

•35142 

35346 

35551 

35757 

35963 

36170 

36377 

36586 

36795 

37004 

34 

69 

104 

138 

172 

67 

•37215 

37426 

37638 

37850 

38064 

38278 

38492 

38708 

38924 

39141 

35 

71 

107 

143 

178 

68 

•39359 

39578 

39797 

40017 

40238 

40460 

40683 

40906 

41131 

41356 

37 

74 

111 

148  185 

69 

•41582 

41809 

42037 

42266 

42496 

42726 

42958 

43190 

43424 

43658 

38 

77 

115 

154  193 

70 

•43893 

44130 

44367 

44605 

44845 

45085 

45327 

45569 

45813 

46057 

40 

80 

120 

160  201 

71 

•46303 

46550 

46797 

47047 

47297 

47548 

47800 

48054 

48309 

48565 

42 

84 

126 

168  210 

72 

•48822 

49081 

49341 

49602 

49864 

50128 

50393 

50659 

50927 

51196 

44 

88 

132 

176 

220 

73 

•51466 

51738 

52011 

52286 

52562 

52840 

53119 

53399 

53681 

53965 

46 

93 

139 

185  232 

74 

•54250 

54537 

54826 

65116 

55408 

55701 

55996 

56293 

56592 

56892 

49 

98 

147 

195 

245 

75 

•57195 

57499 

57805 

58113 

58422 

58734 

59048 

59364 

59681 

60001 

52 

104 

156 

208  261 

76 

•60323 

60647 

60973 

61301 

61632 

61965 

62300 

62637 

62977 

63319 

56 

111 

167 

223 

278 

77 

•63664 

64011 

64360 

64712 

65067 

65424 

65785 

66147 

66513 

66881 

60 

119 

178 

239  298 

78 

•67253 

67627 

68004 

68384 

68767 

69154 

69543 

69936 

70332 

70732 

64 

129 

194 

258 

323 

79 

•71135 

71541 

71951 

72365 

72782 

73203 

73628 

74057 

74490 

74927 

70 

141 

212 

282 

353 

80 

•75368 

75813 

76263 

76717 

77176 

77639 

78107 

78‘580 

79058 

79541 

78 

155 

233 

316 

388 

81 

•80029 

80522 

81021 

81525 

82035 

82550 

83072 

83599 

84133 

84673 

86 

173 

259 

346 

432 

82 

•85220 

85773 

86333 

86901 

87475 

88057 

88647 

89244 

89850 

90462 

98 

195 

293 

391 

489 

83 

•91086 

91717 

92357 

93006 

93665 

94334 

95013 

95703 

96403 

97115 

112 

225 

337 

450 

563 

84 

•97838 

98573 

99321 

1 -00081 

1-00855 

1-01642 

1 -02444 

1-03261 

1-04092 

1-04940 

133 

266 

398 

531 

664 

85 

1 05805 

06687 

07586 

08505 

09443 

10402 

11381 

12384 

13409 

14460 

86 

1-15536 

16639 

17770 

18932 

20125 

21351 

22613 

23913 

25252 

26634 

87 

1 -28060 

29535 

31062 

32644 

34285 

35991 

37766 

39616 

41549 

43571 

88 

1 -45692 

47921 

50271 

52755 

55389 

58193 

61191 

64410 

67888 

71668 

89 

1-75808 

80384 

85500 

91300 

97996 

2-05914 

2-15606 

2-28100 

2-45710 

2-75812 
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1 Degreesjj 

0' 

6' 

12' 

18' 

24' 

30' 

36' 

42' 

48' 

54' 

Mean 

Differences 

1 

2 

3 

4 

6 

0 

00 

2-75812 

45709 

28100 

15607 

05916 

1 -97998 

1 -91304 

1 -85505 

1 -80390 

1 

1-75814 

71676 

67897 

64422 

61204 

58208 

55406 

52774 

50292 

47945 

2 

1-45718 

43600 

41581 

39651 

37804 

36032 

34330 

32692 

31114 

29591 

3 

1-28120 

26697 

25320 

23985 

22690 

21432 

20211 

19022 

17866 

16739 

4 

1 • 1 5642 

14571 

13526 

12506 

11510 

10536 

09583 

08651 

07739 

06846 

5 

1 -05970 

05113 

04272 

03447 

02637 

01843 

01063 

00296 

0-99544 

0-98804 

6 

-98077 

97361 

96658 

95966 

95285 

94614 

93954 

93304 

92663 

92032 

111 

222 

333 

444 

556 

7 

-91411 

90798 

90193 

89598 

89010 

88430 

87858 

87294 

86737 

36187 

96 

192 

288 

384 

480 

8 

-85644 

85109 

84579 

84056 

83540 

83030 

82526 

82027 

81535 

81048 

84 

169 

253 

338 

423 

9 

-80567 

80091 

79620 

79155 

78694 

78239 

77789 

77343 

76902 

76465 

76 

151 

227 

302 

378 

10 

- 76033 

75605 

75182 

74763 

74348 

73937 

73530 

73127 

72727 

72332 

68 

136 

205 

272 

341 

11 

-71940 

71552 

71167 

70786 

70409 

70034 

69664 

69296 

68932 

68570 

62 

124 

186 

248 

311 

12 

-68212 

67857 

67505 

67156 

66810 

66466 

66126 

65788 

65453 

65121 

57 

114 

171 

228 

285 

13 

-64791 

64464 

64140 

63818 

63498 

63181 

62867 

62555 

62245 

61938 

53 

105 

158 

211 

263 

14 

-61632 

61330 

61029 

60730 

60434 

60140 

59848 

59558 

59270 

58984 

49 

98 

146 

195 

244 

15 

-58700 

58418 

58139 

57860 

57584 

57310 

57038 

56767 

56498 

56231 

46 

91 

136 

182 

228 

16 

-55966 

55703 

55441 

55181 

54923 

54666 

54411 

54157 

53905 

53655 

42 

85 

128 

170 

213 

17 

.53406 

53159 

52914 

52670 

52427 

52186 

51946 

51708 

51471 

51236 

40 

80 

120 

160 

200 

18 

-51002 

50769 

50538 

50308 

50080 

49852 

49626 

49402 

49179 

48957 

37 

75 

113 

151 

189 

19 

-48736 

48516 

48298 

48081 

47865 

47650 

47437 

47225 

47014 

46804 

35 

71 

107 

143 

178 

20 

•46595 

46387 

46181 

45975 

45771 

45567 

45365 

45164 

44964 

44765 

33 

68 

101 

135 

169 

21 

•44567 

44370 

44174 

43979 

43785 

43592 

43401 

43210 

43020 

42831 

32 

64 

96 

128 

160 

22 

•42642 

42455 

42269 

42084 

41899 

41716 

41533 

41352 

41171 

40901 

30 

61 

91 

122 

152 

23 

•40812 

40634 

40457 

40280 

40105 

39930 

39756 

39583 

39411 

• 39239 

29 

58 

87 

116 

145 

24 

•39069 

38899 

38730 

38561 

38394 

38227 

38061 

37896 

37732 

37568 

27 

56 

83 

111 

138 

25 

•37405 

37243 

37082 

36921 

36761 

36602 

36443 

36285 

36128 

35972 

26 

53 

79 

106 

132 

26 

•35816 

35661 

35506 

35353 

35200 

35047 

34896 

34745 

34594 

34444 

25 

51 

76 

101 

127 

27 

•34295 

34147 

33999 

33852 

33705 

33559 

33414 

33269 

33125 

32982 

24 

49 

73 

97 

121 

28 

•32839 

32697 

32556 

32414 

32274 

32134 

31994 

31856 

31717 

31580 

23 

47 

70 

93 

116 

29 

•31443 

31306 

31171 

31035 

30900 

30766 

30632 

30499 

30367 

30235 

22 

45 

67 

89 

112 

30 

•30103 

29972 

29841 

29712 

29582 

29453 

29325 

29197 

29069 

28942 

21 

43 

64 

86 

107 

31 

•28816 

28690 

28565 

28440 

28315 

28191 

28068 

27945 

27823 

27701 

21 

41 

62 

82 

103 

32 

-27579 

27458 

27337 

27217 

27098 

26978 

26860 

26741 

26623 

26506 

20 

40 

60 

79 

99 

33 

•26389 

26273 

26157 

26041 

25926 

25811 

25697 

25583 

25469 

25356 

19 

38 

57 

76 

95 

34 

•25244 

25132 

25020 

24909 

24798 

24687 

24577 

24467 

24358 

24249 

18 

37 

55 

74 

92 

35 

•24141 

24033 

23925 

23818 

23711 

23605 

23499 

23393 

23288 

23183 

18 

35 

53 

71 

89 

36 

-23078 

22974 

22870 

22767 

22664 

22561 

22459 

22357 

22256 

22154 

17 

34 

51 

68 

85 

37 

•22054 

21953 

21853 

21754 

21654 

21555 

21457 

21358 

21261 

21163 

16 

33 

49 

66 

82 

38 

•21066 

20969 

20872 

20776 

20681 

20585 

20490 

20395 

20301 

20207 

16 

32 

48 

64 

79 

39 

•20113 

20019 

19926 

19834 

19741 

19649 

19557 

19466 

19375 

19284 

15 

31 

46 

61 

77 

40 

•19193 

19103 

19013 

18924 

18834 

18746 

18657 

18569 

18481 

18393 

15 

30 

44 

59 

74 

41 

•18306 

18219 

18132 

18046 

17959 

18774 

17788 

17703 

17618 

17533 

14 

29 

43 

57 

71 

42 

•17449 

17365 

17281 

17198 

17115 

17032 

16949 

16867 

16785 

16703 

14 

28 

41 

55 

69 

43 

•16622 

16541 

16460 

16379 

1 6299. 

16219 

16139 

16060 

15980 

15901 

13 

27 

40 

53 

67 

44 

•15823 

15745 

15666 

15589 

15511 

15434 

15357 

15280 

15204 

15127 

13 

26 

39 

51 

64 
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Mean  Differences 

1 

2 

3 

4 

5 

45 

•15051 

14976 

14900 

14825 

14750 

14676 

14601 

14527 

14453 

14380 

12 

25 

37 

50 

62 

46 

■14307 

14234 

14161 

14088 

14016 

13944 

13872 

13800 

13729 

13658 

12 

24 

36 

48 

60 

47 

■13587 

13517 

13446 

13376 

13306 

13237 

13168 

13098 

13030 

12961 

12 

23 

35 

46 

58 

48 

■12893 

12825 

12757 

12689 

12622 

12554 

12487 

12421 

12354 

12288 

1 1 

22 

34 

45 

56 

49 

■12222 

12156 

12091 

12025 

11960 

11895 

11831 

11766 

11702 

11638 

11 

22 

32 

43 

54 

50 

■11575 

11511 

11448 

11385 

11322 

11259 

11197 

11135 

11073 

11011 

10 

21 

31 

42 

52 

51 

■10950 

10888 

10827 

10767 

10706 

10646 

10585 

10525 

10466 

10406 

10 

20 

30 

40 

50 

52 

■10347 

10288 

10229 

10170 

10112 

10053 

09995 

09937 

09880 

09822 

10 

19 

29 

39 

49 

53 

■09765 

09708 

09651 

09595 

09538 

09482 

09426 

09370 

09315 

09259 

9 

19 

28 

37 

47 

54 

■09204 

09149 

09094 

09040 

08986 

08931 

08877 

08824 

08770 

08717 

9 

18 

27 

36 

45 

55 

■08664 

08611 

08558 

08505 

08453 

08401 

08349 

08297 

08245 

08194 

9 

17 

26 

35 

43 

66 

■08143 

08092 

08041 

07990 

07940 

07889 

07839 

07789 

07740 

07690 

8 

17 

25 

33 

42 

57 

■07641 

07592 

07543 

07494 

07445 

07397 

07349 

07301 

07253 

07205 

8 

16 

24 

32 

40 

58 

■07158 

07111 

07064 

07017 

06970 

06923 

06877 

06831 

06785 

06739 

8 

16 

23 

31 

39 

59 

■06693 

06648 

06603 

06558 

06513 

06468 

06423 

06379 

06335 

06291 

7 

15 

22 

30 

37 

60 

■06247 

06203 

06160 

06116 
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70332 

69936 

69543 

69154 

68767 

68384 

68004 

67627 

64 

129 

194 

258  323 

12 

•67253 

66881 

66513 

66147 

65785 

65424 

65067 

64712 

64360 

64011 

60 

119 

178 

239  298 

13 

•63664 

63319 

62977 

62637 

62300 

61965 

61632 

61301 

60973 

60647 

65 

111 

167 

223  278 

14 

•60323 

60001 

59681 

59364 

59048 

58734 

58422 

58113 

57805 

57499 

52 

104 

156 

208  261 

15 

•57195 

56892 

56592 

56293 

55996 

55701 

55408 

55116 

54326 

54537 

49 

98 

147 

195  245 

16 

•54250 

53965 

53681 

53399 

53119 

52840 

52562 

52286 

52011 

51 738 

46 

93 

139 

185  232 

17 

•51466 

51196 

50927 

50659 

50393 

50128 

49864 

49602 

49341 

49081 

44 

88 

132 

176  220 

18 

•48822 

48565 

48309 

48054 

47801 

47548 

47297 

47047 

46797 

46550 

42 

84 

126 

168  210 

19 

•46303 

46057 

45813 

45569 

45327 

45085 

44845 

44605 

44367 

44130 

40 

80  120 

160  201 

20 

•43893 

43658 

43424 

43190 

42958 

42726 

42496 

42266 

42037 

41809 

38 

77 

115 

154  193 

21 

•41582 

41356 

41131 

40906 

40683 

40460 

40238 

40017 

39797 

39578 

37 

74 

111 

148  185 

22 

•39359 

39141 

38924 

38708 

38492 

38278 

38064 

37850 

37638 

37426 

35 

71 

107 

143  178 

23 

•37215 

37004 

36795 

36586 

36377 

36170 

35963 

35757 

35551 

35346 

34 

69 

104 

138  172 

24 

•35142 

34938 

34735 

34533 

34331 

34130 

33929 

33729 

33530 

33331 

33 

66 

100 

134  167 

25 

•33133 

32935 

32738 

32542 

32346 

32150 

31956 

31761 

31568 

31374 

33 

65 

98 

130  163 

26 

•31182 

30990 

30798 

30607 

30416 

30226 

30037 

29848 

29659 

29471 

32 

63 

95 

127  158 

27 

•29283 

29096 

28910 

28723 

28538 

28352 

28167 

27983 

27799 

27616 

31 

62 

93 

123  154 

28 

•27433 

27250 

27068 

26886 

26705 

26524 

26343 

26163 

25983 

25804 

30 

60 

90 

121  151 

29 

•25625 

25446 

25268 

25090 

24913 

24736 

24559 

24383 

24207 

24031 

29 

59 

88 

118  147 

30 

•23856 

23681 

23507 

23332 

23159 

22985 

22812 

22639 

22467 

22294 

29 

58 

87 

116  144 

31 

•22123 

21951 

21780 

21609 

21438 

21268 

21098 

20928 

20759 

20590 

28 

57 

85 

113  142 

32 

•20421 

20253 

20084 

19916 

19749 

19581 

19414 

19247 

19081 

18914 

28 

56 

84 

112  139 

33 

•18748 

18582 

18417 

18252 

18087 

17922 

17757 

17593 

17429 

17265 

27 

55 

82 

110  137 

34 

•17101 

16938 

16775 

16612 

16449 

16287 

16124 

15962 

15600 

15639 

27 

54 

81 

108  135 

35 

•15477 

15316 

15155 

14994 

14834 

14673 

14513 

14353 

14193 

14033 

27 

53 

80 

107  134 

36 

•13874 

13715 

13555 

13396 

13238 

13079 

12921 

12762 

12604 

12446 

26 

53 

79 

106  132 

37 

•12289 

12131 

11973 

11816 

11659 

11502 

11345 

11188 

11032 

10875 

26 

52 

79 

105  131 

38 

•10719 

10563 

10407 

10251 

10095 

09939 

09784 

09629 

09473 

09318 

26 

52 

78 

104  130 

39 

•09163 

09008 

08853 

08693 

08544 

08390 

08235 

08081 

07927 

07773 

26 

51 

77 

103  129 

40 

•07619 

07465 

07311 

071 57 

07004 

06850 

06697 

06543 

06390 

06237 

26 

51 

77 

102  128 

41 

•06084 

05931 

05778 

05625 

05472 

05319 

05166 

05014 

04861 

04709 

25 

51 

76 

102  127 

42 

•04556 

04404 

04252 

04099 

03947 

03795 

03643 

03490 

03338 

03186 

25 

51 

76 

101  127 

43 

•03034 

02882 

02731 

02579 

02427 

02275 

02123 

01971 

01820 

01668 

25 

51 

76 

101  126 

44 

•01516 

01365 

01213 

01061 

00910 

00758 

00606 

00455 

00303 

00152 

25 

51 

76 

101  126 
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LOGARITHMS  OF  COTANGENTS 


I Degreesjj 

0' 

6' 

12' 

18' 

24' 

30' 

36' 

42' 

48' 

64' 

Mean 

Differences 

1 

2 

3 

4 

6 

45 

0- 00000 

1-99848 

99697 

99545 

99394 

99242 

99090 

98939 

98787 

98635 

25 

51 

76 

101 

126 

46 

T • 98484 

98332 

98180 

98029 

98777 

97725 

97573 

97421 

97269 

97118 

25 

51 

76 

101 

126 

47 

T • 96966 

96814 

96662 

96510 

96357 

96205 

96053 

95901 

95748 

95596 

25 

51 

76 

101 

127 

48 

1-95444 

95291 

95139 

94986 

94834 

94681 

94528 

94375 

94222 

94069 

26 

51 

76 

102 

127 

49 

1-93916 

93763 

93610 

93457 

93303 

93150 

92996 

92843 

92689 

92535 

26 

51 

77 

102 

128 

50 

T- 92381 

92227 

92073 

91919 

91765 

91610 

91456 

91301 

91147 

90992 

26 

51 

77 

103 

129 

61 

1-90837 

90682 

90527 

90371 

90216 

90061 

89905 

89749 

89593 

89437 

26 

52 

78 

104 

130 

62 

1-89281 

89125 

88968 

88812 

88655 

88498 

88341 

88184 

88027 

87869 

26 

52 

79 

105 

131 

53 

T- 87711 

87554 

87396 

87238 

87079 

86921 

86762 

86603 

86445 

86285 

26 

53 

79 

106 

132 

64 

1-86126 

85967 

85807 

85647 

85487 

85327 

85166 

85006 

84845 

84684 

27 

53 

80 

107 

134 

55 

T- 84523 

84361 

84200 

84038 

83876 

83713 

83551 

63388 

83225 

83062 

27 

54 

81 

108 

135 

66 

T - 82899 

82735 

82571 

82407 

82243 

82078 

81913 

61748 

81583 

81418 

27 

55 

82 

110 

137 

67 

1-81252 

81086 

80919 

80753 

80586 

80419 

80251 

80084 

79916 

79747 

28 

56 

84 

112 

139 

63 

T- 79579 

79410 

79241 

79072 

78902 

78732 

78562 

78391 

78220 

78049 

28 

57 

85 

113 

142 

69 

1-77877 

77706 

77533 

77361 

77188 

77015 

76841 

76668 

76493 

76319 

29 

58 

87 

116 

144 

60 

T- 761 44 

75969 

75793 

75617 

75441 

75264 

75087 

74910 

74732 

74554 

29 

59 

88 

118 

147 

61 

1-74375 

74196 

74017 

73837 

73657 

73476 

73295 

73114 

72932 

72750 

30 

60 

90 

121 

151 

62 

T- 72567 

72384 

72201 

72017 

71833 

71648 

71462 

71277 

71090 

70904 

31 

62 

93 

123 

154 

63 

1-70717 

70529 

70341 

70152 

69963 

69774 

69584 

69393 

69202 

69010 

32 

63 

95 

127 

158 

64 

1-68818 

68626 

68432 

68239 

68044 

67850 

67654 

67458 

67262 

67065 

33 

65 

98 

130 

163 

65 

T- 66867 

66669 

66470 

66271 

66071 

65870 

65669 

65467 

65265 

65062 

33 

67 

100 

134 

169 

66 

T- 64858 

64654 

64449 

64243 

64037 

63830 

63623 

63414 

63205 

62996 

35 

69 

104 

138 

173 

67 

T- 62785 

62574 

62362 

62150 

61936 

61722 

61508 

61292 

61076 

60859 

36 

71 

107 

143 

179 

68 

T- 60641 

60422 

60203 

59983 

59762 

59540 

59317 

59094 

58869 

58644 

37 

74 

111 

148 

185 

69 

1-58418 

58191 

57963 

57734 

57504 

57274 

57042 

56810 

56576 

56342 

39 

77 

116 

154 

193 

70 

T- 561 07 

55870 

55633 

55395 

55155 

54915 

54673 

54431 

54187 

53943 

40 

80  120 

160  201 

71 

T- 53697 

53450 

53202 

52953 

52703 

52452 

52199 

51946 

51691 

51435 

42 

84  126 

168  210 

72 

1-51178 

50919 

50659 

50398 

50136 

49872 

49607 

49341 

49073 

48804 

44 

88 

132 

176  220 

73 

T- 48534 

48262 

47989 

47714 

47438 

47160 

46881 

46601 

46319 

46035 

46 

93 

139 

185  232 

74 

T- 45750 

45463 

45174 

44884 

44592 

44299 

44004 

43707 

43408 

43108 

49 

98 

147 

196  244 

75 

T- 42805 

42501 

42195 

41887 

41578 

41266 

40952 

40636 

40319 

39999 

52 

104 

156 

208  261 

76 

T- 39677 

39353 

39027 

38699 

38368 

38035 

37700 

37363 

37023 

36681 

56 

111 

167 

223 

278 

77 

T- 36336 

35989 

35640 

35288 

34933 

34576 

34215 

33853 

33487 

33119 

60 

119  179 

239 

299 

78 

1-32747 

32373 

31996 

31616 

31233 

30846 

30457 

30064 

29668 

29268 

64 

129 

194 

258 

323 

79 

T- 28865 

28459 

28049 

27635 

27218 

26797 

26372 

25943 

25510 

25073 

70 

141 

212 

282 

353 

80 

T- 24632 

24186 

23737 

23283 

22824 

22361 

21893 

21420 

20942 

20459 

78 

155  233 

311 

388 

81 

1-19971 

19478 

18979 

18475 

17965 

17450 

16928 

16401 

15867 

15327 

86 

173 

259 

346 

432 

82 

1-14780 

14227 

13667 

13099 

12525 

11943 

11353 

10756 

10150 

09537 

98 

195  293 

391 

489 

83 

T- 0891 4 

08283 

07643 

06994 

06335 

05666 

04987 

04297 

03597 

02885 

112 

225  337 

450 

562 

84 

1-02162 

T-01427 

T- 00679 

2-99919 

2-99145 

2-98358 

2-97556 

2-96739 

2-95908 

2-95060 

133 

266 

398 

531 

664 

85 

2-94195 

93313 

92414 

91495 

90557 

89598 

88618 

87616 

86591 

85540 

86 

2-84464 

83361 

82230 

81068 

79875 

78649 

77387 

76087 

74748 

73366 

87 

2-71940 

70465 

68938 

67356 

65715 

64009 

62234 

60384 

58451 

56429 

88 

2-54308 

52079 

49729 

47245 

44611 

41807 

38809 

35590 

32112 

28332 

89 

2-24192 

2-19616 

2-14500 

2-08700 

2-02004 

3-94086 

3-84394 

3-71900 

3-54291 

3-24188 
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3.  3^2  + 2xy  — y"^. 

5.  15x2  - 32x  - 18. 

7.  9a^  — 3^2. 

9.  X®  4"  y^'^y  + 7x3^2  -f  33/3^ 

11.  *“  hy’^- 
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4.  — 2x^  + x2  + 4x  + 2, 

6.  + 63  + + (^3. 

8.  x3  + 3x23;  -f  xy"^  — 3/3, 
10.  \a  — |6. 

12.  - - xy  + f/. 


13. 

1 

to 

1 

to 

14.  13x  4-  183;  — 92. 

15. 

12a6  — 106c  — lOcd. 

16.  2ac  4~  2bd. 

17. 

— cd  — ac  — bd. 

18.  2x3;. 

19. 

- 2a  + 8a3. 

20.  y — y 

,2 

21. 

2x3  — 2x. 

22.  (a  4-  36)  miles  S. 
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7. 

- 28. 

8. 

106. 

9.  - 65. 

10. 

6. 

11. 

- 120. 

12.  38. 

13. 

- 16. 

14. 

11. 

15.  65. 
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10. 

6. 

11. 

30. 

12.  23. 

13. 

- 20. 

14. 

- 50. 

15.  - 100. 

16. 

40. 

17. 

- 63. 

18.  118. 

19. 

- 130. 

20. 

- 54. 

21.  3. 
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9. 

— a + b. 

10.  3a  4-  5 - 3c. 

11.  3x2  _ 3 

12. 

4a  + 46  — 15c. 

13.  4a 

^ — 46  4-  4c  — 4:d.  14.  y. 

15. 

0. 

16.  - 

4a. 

17.  7x  4"  63;. 

18. 

6a  — 5c. 

19.  - 

3x  4"  153;. 

20.  0. 

21. 

4x  + 53^. 

22.  - 

6x. 

23.  x2  4-  X 4-  9. 

24. 

— a + |6  + lr2C. 

25.  40. 

26. 

- 29x  + 123;. 

27.  8a  - 

56. 

28. 

— 16x  — 7y. 

29.  0. 

30. 

2x2  + lOx  - 26. 

31.  6a2  - 

24a6  4-  1062. 

32. 

20x^  + 2x3  — 12x33;  4-  3x  23/2  , 33.  IQx^y 

2 4“  14x23/2  — 23x23/' 

34. 

17a3  4-  14a2  - 8a. 

35.  22x2  4-  24x  - 11. 

36. 

10x2  _ 5^ 

37.  x2  4-  8x  - 12. 

38. 

a — 106. 

39.  3x  - 

8. 

40. 

a2  - 1. 

41.  2x  - 

9. 

42. 

— 5a. 
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1.  6x2  _ 20y^. 

3.  25a2  - 16Z>2. 

5.  acx2  — bcxy  — adxy  + bdy'^. 

7.  x^  — 5x2  _|_  _ 4_ 

9.  6x^  — 19x2  ^ _j_  g_ 

11.  3x^  — 6x‘‘  + 2x^  + 16x2  — 25x  + 6. 

12.  x^  - 9x3  ^ 22x2  - 31x  + 15. 

13.  28x3  + x^j  — 33x33/2  -|-  31x23/3  -(-  20xy‘^ 
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2.  2x2  - 17x  + 35. 

4.  abx^  — 2abxy  + aby^. 

6.  15x3  - 21x23/2  - 20xy  + 283/3. 
8.  x^  + 2x3  - 7x2  _ 8x  + 12. 

10.  x®  + 3/®. 


123/3 


14.  0. 


15.  195. 


16.  2 - X + 4x2  - 2x3. 


1.  X + 4. 

3.  X + 5. 

5.  4a  + 3x. 

7.  — 32^  -)-  2a  5. 
9.  x3  — 2x  + 3. 
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2.  a — 6. 

4.  3x  + 1. 

6.  3x3  _|_  ^2  _ 2x  — 5, 

8.  x2  — X + 1. 

10.  x2  — 2ax  + 2a2. 
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1.  - 46  + 6c.  2.  2x4  _ 40x2  _ 45x  + 24. 

3.  a -j-  46  -j-  13c.  4.  10a  4“  66. 

5.  (15x2  -f  19x3/  — IO3/2)  sq.  in.  6.  (a  — 2)  in. 

7.  - 12a  + 8.  8.  x2  + X - 12. 

9.  (a)  35.  (6)  9.  (c)  - 3.  (d)  27.  10.  x3  - 9x2  + 4x  + 43. 

11.  3a4  — 2a3  — 5a^  — 2a  + 3. 

12.  (a)  2.  (6)  16.  (c)  12.  (d)  0.  (c)  - 8f.  (/)  2^ 

13.  4a2  — 6a6  + 962. 

14.  6x®  — 19x3  _ _|_  27x3  + 31x2  _ 9^^.  _ 9^ 

15.  65x  - 493/.  16.  2a2  + 3a6  - 362. 
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19. 

5. 

20. 

9. 

21. 

3. 

22. 

24. 

23. 

2. 

24. 

7. 

25. 

12. 

26. 

18f. 

27. 

- lOi 

28. 

7 

8- 

29. 

m- 

30. 

1 

2- 

31. 

4. 

32. 

8. 

33. 

6. 

34. 

8. 

35. 

- 2. 

36. 

5. 

37. 

11. 
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SENIOR  TECHNICAL  MATHEMATICS 


1.  7. 

4.  5400  sq.  ft. 
7.  12,  8. 

10.  2,  3. 

13.  11,  7. 

16.  6f  lb. 

19.  12  mi. 
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2.  23,  78. 

5.  250  ft.,  300  ft. 

8.  30°,  60°. 

11.  1200  gal. 

14.  40,  21. 

17.  22  7 oz. 

20.  6 mi. 


3.  34,  107. 

6.  $320,  $240. 

9.  80°,  55°,  45°. 
12.  16,  30. 

15.  20  -6  lb. 

18.  4-2  lb. 

21.  189  mi. 


19.  {a)  0-448  {b)  -206. 

21.  (a)  250  (b)  1-875  (c)  7-5. 
23.  (a)  73-3.  (b)  2-2.  (c)  55. 
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20.  (a)  0-0315  (b)  47-7  (c)  238. 

22.  56-25. 


24.  D = 
26.  15. 

28.  a = 


V 


KLI 


b^  - 4: 
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12.  a{c  — b). 
ab 

16.  — . 


13. 


23a 


17.  a + b. 


14.  c + b. 


18. 


25.  20. 

V -V 

27.  a = ^ — . 

vt 


e 


dh  + eg 


1.  5,  6. 

4.  17,  -19. 

7.  3,  0. 

10.  - 4,  8. 
13.  10,  6. 

16.  -3,  5. 
19.  15,  3. 
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2.  3,  1. 

5.  1,  - 2. 

8.  3,  -3. 

11.  8,  2. 

14.  14,  15. 

17.  4,  5. 

20.  - 3,  7. 


3.  3,  4. 

6.  3,  2. 

9.  2f,  — 

12.  - f,  - i. 
15.  3,  5. 

18.  1,  -1. 
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11.  4,  1.  12.  2,  1.  13.  1,  2.  14.  4,  2.  15.  2,  2|. 

16.  4,  3.  17.  0,  0.  18.  5,  3.  19.  4,  3.  20.  3,  7. 
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Pages  25  - 26 


1. 

1,  2,  3. 

2.  - 

2,  4,  1.  3.  1,  2, 

3. 

CO 

5. 

2,  1,  5. 

6.  3, 

5,  - 2.  7.  2,  4, 

6. 

8.  9,  11,  13. 

9. 

2,  0,  - 2. 

10.  2, 

3,  1. 
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1. 

$125,  $60. 

2.  $0.70,  $1.10. 

3. 

10^  in.  by  4^  in. 

4. 

30,  18. 

5.  12,  26. 

6. 

14,  9. 

7. 

2 m.p.h.,  4 

m.p.h. 

8.  1,  1+  + 

9. 

28. 

10. 

43. 

11.  81. 

12. 

27. 

Pages  28  - 29 


1.  4f,  - 7|.  2.  5i,  $7.00. 

3.  10.  4.  $100.  5.  Ij/f,  $10.00,  $12.16. 


Page  30 

1.  18-8  g.,  81-2  g.  2.  133  lb.,  867  lb. 

3.  413  lb.,  387  lb.  4.  100  lb.,  600  lb. 


1.  - 5x2  ^ 14^  _ 14 

3.  x2  - 20. 

5.  18x  — 45. 

7.  - 16a2  - 40a6  - 2052. 
9.  1 fX  + T6  • 

11.  - 3x2  _ 23x  + 88. 

13.  5x2  _ 14^  ^ 11^ 

15.  - 4x2  4.  Q2x  - 28. 

17.  9x2  _ 38x3;  + 683/2, 

19.  39^2  - ll7a5  + 6O52. 
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2.  14a2  — 12^5  — 652, 
4.  x2  - 20x  + 7. 

6.  5x2  _j_  _ 17 

8.  6a2  -f  27a  - 46. 

10.  27x2  + 8x  + 68. 

12.  56x2  + 12x  - 47. 
14.  — x2  — 4x  + ,31. 
16.  7a2  - 8452. 

18.  2^2  — i^a  — li^. 

20.  - x2  + 46. 
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1.  5.  2.  3.  3.  6.  4.  15.  5.  3.  6.  -1.  7.  8.  8.  3.  9.  -11. 


Page  34 

1.  X2  + 43/2  +922  _ 4^^  _ 12^2  + QxZ. 

2.  25^2  + 1652  + 4c2  - 40a5  - 16  5c  + 20ac. 

3.  9x2  _|_  ^2  ^2  _ 6j^^  4_  2yz  — 6x2. 

4.  49a2  + 452  + 9c2  - 28a5  - 125c  + 42ac. 
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5.  + 2^  + 2xy  + 2yz  + 2xz. 

6.  4a4  - 12a^  + _ 6a  + 1. 

7.  5x2  5^2  _|_  522  _ 2x3;  — IO3/2  + 2x2. 

8.  - 6a2  + 2552  - 5c2  - 24a6  - 266c  + 36ac. 

9.  7a2  + 3862  i2c2  - 34a6  - 286c  + 2ac. 


5. 

$25,  $50,  $50. 
Ilm2  — 7m  — 8. 


7.  (a)  TV  = 


<2^ 

0-4x/’ 
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2.  14x^  — 15x2  _j_ 

4.  a'*  -f“  — 3a2  -{“  7a  — 3. 

6.  2a  -j-  6 -|-  15c. 


8. 

10. 

12. 

14. 

15. 

16. 
18. 
19. 


— 2xyz  + iyz^  + 5x‘^y. 
x»  - 256. 


9.  0. 

11.  18. 

58^  lb.  13.  6a3  + 3a2  + a. 

(a)  72,  (6)  0,  (c)  60,  {d)  - 40,  (c)  2f,  (/)  - 5. 
(a)  0-24,  (6)  270,  (c)  12,000,  (d)  0-21. 

3 in.,  4^  in.,  4 in.  17.  — xV 

15x^  + x^y  — 24x^3'2  \^x‘^y^  + llx^  — 123^^ 


20.  2a2  — a — 2. 


21. 


23.  13. 


25.  L = 


24.  a2 . 


4x2 


27.  (a)  15-9,  (6)  29-4. 


- 3a  - 1. 

x62 

T 

26.  4 ft.,  10  ft. 
ah 


22.  10  ft. 


28. 


29. 

31. 


33. 

35. 


3a2  -f-  4a  2. 
10  cm. 

/2 


L = 
29. 


1-21’ 


5 16. 


36.  2. 


1 + ac 

30.  a2  -{-  ab  4-  2a  -f"  62  — ^ 
32.  27°C. 

34.  C = 4-4iV  -49,  831. 
37.  — x2  + 9x2  _ I 


12.  b{Zmn^  — 5m  + 1). 
14.  ?»x{y  — 4x2  + 6x3^^). 
16.  8g(4/)  — g + 2). 
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13.  a(a2  - 762  14^  _ i). 

15.  9(pV  _ 2/?  + 3g^). 

17.  (m  + w)  (^  — r + 5). 
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18.  (a  + b)  (^2  — X + 1).  19.  x{p  + q)  (2  + x). 


20.  3(x  y)  {d  b)  (1  + 2k) 

22.  (x2  - 2y^)  (3  - x). 

24.  (x  + 3)  (5a  — 2b). 


55.  6(x  - 1)  (x  - 1). 
57.  5(x  — 5)  (x  — 5). 
59.  a(x  + 9)  (x  + 2). 


1.  (2x  + 3)  (x  + 1). 

3.  (a  - 8)  (a  + 7). 

5.  (2a  - 3)  (2a  - 5). 

7.  (2x  — y)  (x  + 3y). 

9.  (4x  + 3;)  (3x  — 23;). 

11.  (5m  — 2)  (m  — 3). 

13.  i5p  + 3g)  {2p  - 5g). 
15.  (3x  — 3^)  (2x  + y). 

17.  (3a  + lb)  (a  - 35). 

19.  {ip  - llq)  OP  - llq). 

21.  (5r  + 2m)  (5r  + 2m). 
23.  (4m  + 9)  (4m  + 9). 

25.  (11a  - 2b)  (11a  - 2b). 


1.  a(3a  — 4)  (a  — 1). 

3.  (5x  - 1)2. 

5.  3(x  + 2)  (4x  - 5). 

7.  xy{x  — y)  (x  + 3;). 

9.  (9x  — 43')  (x  — 3;). 

11.  (5  + 33^)  (1  -33;). 

13.  (3a  - 20)2. 

15.  (x  — 3 — 3^)  (x  — 3 + 3^). 
17.  (53^2  - 3)  (33/2  + 4). 

19.  (3x  + 2)  (8x  - 1). 


, 21.  4m(2^  + 3g)  (1  + 3w). 

23.  (x  + 1)  (x  - 1). 

25.  X (3;  — 1)  (x  — 1). 
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56.  3(x  — 5)  (x  + 3). 

58.  7(x  - 2)  (x  + 1). 

60.  2(x  + 8)  (x  - 3). 
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2.  (5  + x)  (1  -x). 

4.  (2x  — 33^)  (2x  + 3^). 

6.  (5a  + 2b)  (2a  - 55). 

8.  (5m  — 3w)  (2m  + 5w). 

10.  (6m  — r)  (2m  + 3r). 

12.  (3a  + 75)  (a  - 55). 

14.  (45  + 3)  (25  - 5). 

16.  (3m  — 5)  (11m  + 4). 

18.  Ok  - 35)  {2k  + 55). 

20.  Ok  - 3)  Ok  - 3). 

22.  (75  + 6)  (75  + 6). 

24.  (3w  - 7)  (3«  - 7). 

26.  (3m  — 2r)  (3m  — 2r). 
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2.  (25  - 1)  (5  + 2). 

4.  2x(x  — 3)  (x  + 3). 

6.  (x2  — 103^2)2. 

8.  2(a  — 25)  (a  — 1). 

10.  (9x  + 1)  (8x  - 1). 

12.  (x  — 3;  — 5)  (x  — 3^  + 5). 
14.  (5x  — 1)  (x  + 3). 

16.  (3a  - 2)2  (3a  + 2)2. 

18.  2a{a  — 55)  (a  + 55). 

20.  (a  — 5 — m)  (a  — 5 + m). 


22.  (9x  - 4)  (2x  + 3). 
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23.  2{9y‘^  — x)  (93^2  + x). 


25.  {2bp  + 16)  {p  - q).  26.  2(3x  - 23;)2. 

27.  (x2+  y"^—  xy)  (x2+  y‘^-{-  xy).  28.  5(1  + 2a)  (8  — 3a). 

29.  8x(x  — 7)  (x  — 3).  30.  x(2  + 3x)  (6  — x). 

31.  (5x  — y -i-  z)  (5x  + 3/  — 2).  32.  (3a  — 2b)  (2a  + 156). 


34.  4(3x  + 53^)  (4x  — 33^). 


35.  (6  — 2a  H"  6)  (6-1-  2a  — 6).  36. 


37.  5x2(7x  - 3)  (x  -h  4).  38. 

39.  (5x2  _ 40. 

41.  5(a  + 8)  (a  - 9).  42. 

43.  3(x  -K  3)  (x  -F  1).  44. 


45.  x(x  — 3)(x-f3)(x  — l)(x-l- 1).46. 


3 (3a  - 26)2. 

{x  — y a — b)  {x  — y — a b) 
7(2x  - 3)  (3x  + 4). 

(3a  H-  6)  (3a  — b)  {a  — b){a  -f-  6) 
(x  - 2)(x  4-  2)(x  - l)(x  -4  1). 
(x-2)(x  + 2)(x2  + 4). 
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9.  (x  — 3;)  {y  — 2).  10.  (x2  -)-  1)  (x  — 1). 

11.  (2a  -1-  36)  (x  - 3;).  12.  (x2  4-  2)  (7x  - 1). 

13.  (x  — 2 — 3^)  (x  — 2 -f-  3')-  14.  (a  — 6 4-  3)  (a  4-  6 — 3). 

15.  (x  — 3 — ?>y)  (x  — 3 4-  33/).  16.  (5  — X — 53^)  (5  4-  x -j-  53^). 
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1.  (x2  4-  X 4-  1)  (x2  — X 4-1).  2.  (x2  — X — 1)  (x2  4-  X — 1). 

3.  (x2  — X 4-  3)  (x2  4-  X 4-  3).  4.  (x2  4-  3x  4-  5)  (x2  — 3x  4-  5). 

5.  (a2  - 5)  (a  - 1)  (a  -f-  1).  6.  (3a2  - 3a  - l)(3a2  -4  3a  - 1) 

7.  (a2-3a4-10)(a2-43a-hl0).  8.  (a2  - 2a  - 10)(a2 -h  2a  - 10). 

9.  (x2  -4  1)  (x2  -4  3).  10.  (x2  -4  11)  (x2  -4  9). 


1.  (x  — 1)  (x  — 17). 

3.  (x  - 3)  (x2  -4  3x  -4  9). 

5.  (x  - 2)  (x2  - X 4-  3). 

7.  (x  — 3^)  (x2  -4  X3'  -4  y^). 

9.  (x  — 1)  (2x2  — 5x  — 10). 
11.  (x  -4  1)  (5x  - 1)  (2x  - 1). 
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2.  (x  — 1)  (x2  — 4x  — 1). 

4.  (x  -4  3)  (x2  — 3x  -4  9). 

6.  (x  — 3)  (x2  4“  X 4“  3). 

8.  (a  - 1)  (a  - 2)  (a  -4  3). 

10.  (x  — 1)  (x  -4  1)  {x  — 2). 

, 12.  {y  - 1)  (3^  + 2)  {y  - 7). 
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1.  (a  + b)  (a^  — ab  -{-  b'^).  2.  {a  — b)  (a^  ab  + b^). 

3.  {a  - 2)  (a2  + 2a  + 4).  4.  (jc  + 4)  (x^  - 4x  + 16). 

5.  (x  + 33;)  (x2  - 3xy  + 93^2).  6.  (^x  - 1)  (^x^  + |x  + 1). 

7.  (5x- 33;) (25x2 + 15x3/ + 93/2).  8.  (x+  12)  (x2  - 12x  + 144). 

9.  (1  + X + 3;)  (1  — X — 3^  + x2  + 2xy  + y"^). 

10.  2(x  — 2)  (x2  + 2x  + 4).  11.  a(x  + y)  (x^  — X3'  + y‘^). 


(i_l)  (i  + ± + -L). 

V2  33;/  V4  63/  93/2/ 
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1.  3(2x  — 43;  + 2). 

3.  (x  - 4)2. 

5.  (5x  - 4)  (5x  + 4). 

7.  (x-3;-  1)  (x  + 3;+  1). 

9.  (x  - 1)  (x^  + x2  + X + 3). 
11.  (x  — 1)  (x2  + X + 1). 

13.  (x  — 9)  (x  -f“  2). 

15.  (5x  — 7)  (2x  4-  1). 

17.  (x  — 33/)  (x  + 1). 

19.  (x2  — 4x  + 2)(x2  + 4x  + 2), 

21.  (1  + X3')  (1  — xy  + x23;2). 

22.  (x  — 3;  — 3)  (x2  — 2xy  + 3^2 

23.  6x(x  — 23;). 

25.  (x  — 1)2. 

27.  (x  - 3;  + 2)  (x  + 3;  - 2). 

29.  (3x  - 53/+  l)(3x  + 53;  - 1). 
31.  (x  - 1)  (x  + 3)  (x  - 2). 

S3,  (i-1)  (l  + l + I). 

\a  bj  \a^  ab  b^/ 


2.  (x  — 5)  (x  — 1). 

4.  (5x  - 2)  (x  - 4). 

6.  (x2  + 3)  (1  — x). 

8.  (x2  — X — 1)  (x2  + X — 1). 
10.  (a  "t-  2)  (a2  — 2a  -(-  4). 

12.  3(x2  — 7y). 

14.  (x  - 7)2. 

16.  (5x  — 43;)  (5x  + 43^). 

18.  (x  — 2 — 3;)  (x  — 2 + 3;). 

20.  (x2  - 3)  (x  - 1). 

+ 3x  - 3j  + 9). 

24.  (a  - 7b)  (a  + 45). 

26.  (5x  - 2)  (2x  - 3). 

28.  (2x  - 33/)  (x  + 22). 

30.  (x2  - 2x  + 2)(x2  + 2x  + 2). 
32.  (x  + 3^2)  (x2  — xyz  + 3^222). 


34.  (1  — a + 5)  (1  + a — 5 + a2  — 2ab  + b^). 

35.  (3x  - 4)  (x  - 1).  36.  (x  - 2)  (x  + 2)  (x2  + 1). 

37.  (8x2  _ 4^^  _|_  y2J  _j_  4^^  _|_  y2y 

38.  (a  — b)  {a~  4-  ab  4“  52  4“  !)• 

39.  (x  — 3^)  (x  4-  y)  (x2  4-  23/2).  40.  (2x  — 5a)2. 

41.  {xy  — X — 1)  (x3'  4“  X — 1).  42.  (x  — 2)  (x  + 2)  (x2  4-  1). 

43.  (5x  — 3)  (3x  4-  1).  44.  (a  — 5)  (a  — 5 4-  !)• 

45.  (1  - x)2  (1  4-  x).  46.  (a2  4"  b^){a^  - a^b^  4-  5^. 

47.  2(3x  4-  5)  (x  - 3).  48.  (x  - 1)  (x  - 2)  (x  - 3). 

49.  (x  — 53;  — 1)  (x  — 53;  4-  1).  50.  (x  — 3')(x  4"  3')(^^  4- 3'^)(x^  4- 3''^)- 
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Pages  51  - 52 


1.  2b. 


4. 


3m 


5(m  — 3w) 

7.  1. 


10. 


13. 


3 ■ 

X 4-  2y 
3(x  — 2y)' 


5. 


8. 


3(x  - 3) 
2x  ' 


15 


11. 


(3m  + 2)  (4m  - 3)' 
3 


14. 


X -\-  ?>y 

n{m  — 2) 
18m^  ' 


6. 


12. 


15. 


7. 


10. 


13. 


16. 


19. 


22. 


25. 


az  + 
xyz 

2x  + 13 


8. 


11. 


Pages  52  - 54 

a;y2  + bxz  — ^3/2 
X3/2 

- 3m  + 22 


+ 9x  + 20  m^  + 4m  — 12 


41a 

~2S' 

- 13a  + 2 
28  ■ 


14. 


17. 


4x2  _ 5 
6x 

5a2  + 7a 
^a2  - 1’ 


— x2  + 5x  + 2 — 33m  — 62 


x2  - 1 

a + 56 
12 

- 7x  - 21 


20. 


23. 


70 

m + 5«  + 7 


26.  2. 


9. 


12. 


15. 


18. 


21. 


24. 


27. 


1 

a — 26’ 

1 

2a  -(-  6 

5x 

1 

(a  -)-  6)  (3a6  7) 

3 


7a  - 6 
a2  — a — 6' 

- 106 
a2  - 62’ 

67a 

Yo’ 

3a  “I-  2 
66  ■ 

13r  + 10 
12  ■ 

4x2  — 19x  — 4 
x2  — X — 6 

116a  + 73 


x2  + X — 12 


105 
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- 7a  + 3 
~2a  - 4 ' 


+ 6x  + 9 


— — 5m  + 21 


28. 


30, 


— 13w  + 14 


3 


-3a  4- 4 
a — 2 


32, 


+ 3m  + 35 
m^  — 49 


Pages  57  - 58 


8.  (a)  6f,  (b)  H,  (c)  +V6300, 


9.  (a)  ±9,  ib)  +X3;,  (c)  + 10,  (d)  ±\/84,  (e)  + x^  (/)  ±x/abcd. 

10.  (a)  20,  (b)  (c)  ay,  (d)  xy.  11.  b.  12.  2cd 


ab 
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1.  81f  cu.  in.  2.  120.  3.  76.  4.  $195.65.  5.  2^t  hrs.  6.  25|  in. 


Pages  63  - 64 


1.  50.  2.  491-52  lb.  3.  5f  min.  4.  875  ft.  5.  133  -9  cu.  in. 

6.  4i.  7.  44|  ohms.  8.  8 times.  9.  half.  10.  6 times. 

Pages  69  - 70 

17.  15 V2.  18.  4V7.  19.  4V5.  20.  3v/3.  21.  5^2. 

22.  4V6.  23.  4a/TT.  24.  5\/2.  25.  12-728.  26.  36-056. 

27.  20-616.  28.  3 464.  29.  4 243  30.  21-795.  31.  ±4  796 

32.  + 4 243.  33.  + 3 873.  34.  + 4-583.  35.  ± 3 873. 

36.  + 2-450.  37.  4-243  in.,  8-485  in.  38.  2-646  in. 

39.  14  -142  in. 
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Pages  72  - 73 

11.  18^2  - 4V3  - 15V6  + 10.  12.  V55  + + \/9T. 

13.  5^yn  - 3V5  + 7^15  - 3V7.  14.  21  - 6VT0. 

15.  70  + 20VT0.  16.  - 18  - 1 V6- 

17.  31  - 4x/T5  - 4a/6  + 8VT0.  18.  24  - - 6^10  + 4^6' 

19.  40  - 12VT0  - 2^15  + 4^/6.  20.  6 + 2^15. 

21.  12  + V6  + 7VT0.  22.  6 - 6V6  + 8^3  + 2^2. 

23.  24  - 15VT5  + 3Vi0  - 24V6.  24.  12.  25.  V2  in. 

26.  80-73  sq.  in.  27.  ■\/5  + \/ll.  28.  55-11  sq.  in. 
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16.  2^5. 

21  + 6V3 

20. — 

37 

23.  8 4-  2\/ 6. 


17.  |\/14. 


18.  iV42. 


21. 


24. 


36  - 7v'T6 
17  ■ 

V5  - 7V2 
31  ■ 


19.  2 + V3. 


22. 


p + ypQ 

p - q ' 


25.  1-41. 


26.  1-73.  27.  0 45.  28.  1 22.  29.  0 13.  30.  1 95. 


31.  1 04.  32.  0-30.  33.  - 0 03.  34.  1 29.  35.  2 12. 

36.  1-39.  37.  2 10.  38.  1-06.  39.  9-90. 
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1.  ±5.  2.  ± 6.  3.  +3.  4.  + 5.  5.  +1-73.  6.  ± 1-20. 

7.  ±1-37.  8.  ± 2 24.  9.  ±2-18.  10.  ±2-83.  11.  ±3-74. 

12.  ± 2-24.  13.  (a)  7,  (6)  V9T,  (c)  14.  + \/89. 
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6.  4,  1.  7.  4,  - 4.  8.  - 4,  - 2.  9.  - 5,  2.  10.  0,  7. 

11.  5,  - 4.  12.  7,  2.  13.  6,  - 6.  14.  -5,-4.  15.  - 5,  3. 

16.  -f,-  I.  17.  I,  i 18.  f,  19.  -f,  1.  20.-i  -f. 

21.  3,  - 1.  22.  2.  23.  i,  4.  24.  25.  12,  - 2. 
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10.  - 8,  1. 

- 5 + V53. 

2 

14.  2-78,  0-72.  15.  0-91, 


18. 


a ± a\/b 


20. 


- b + Vb‘ 


4a 


2a 
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11.  6,  - 1. 

1 + \/i3 
13.  - 3 

2-57.  16.  8-52,  - 1-52.  17.  3 • 62,  1 • 38. 
— ab  ± V a^b^  + 4c 


21. 


- b ± Vb^  - Aac 
2a 
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1.  7,  - 1.  2.  - 8,  3.  3.  10,  4.  4.  7,  - 6.  5.  11,  - 8. 

6.  - 5,  3.  7.  - I,  5.  8.  I,  - 4.  9.  3-83,  - 1-83. 

10.  1-67,  - 1 00.  11.  2-79,  - 1-79.  12.  0-84,  - 0-24. 

13.4-41,-  3 41.  14.  4-61,  - 0-11.  15.  0-67,  - 0-50. 

7 + V-  71 

16.  1-47,  - 1-14.  17.  -^= -.  18.  0-48,  -0-21. 

6 

Pages  86  - 90 


1.  - 10,  - 2,  or  2,  10. 
4.  6 in.  5.  13,  12,  5, 
8.  27  -7  in.  9.  10  in. 


2.  15  in.  by  5 in.  3.  6 in.  by  4 in. 
6.  24  in.,  7 in.  7.  8 in.  by  5-5  in. 
10.  i in.  11.  11-3;  18-3,  16-3,  8-3. 


12.  6-5;  15,  6-5,  13-5.  13.  15 -4;  9,  7,  11 -4.  14.  4 • 6;  9,  9 ■ 2,  1 • 6. 


15.  105in.  16.  1 6754  in.  17.  1-5278  in.  18.  2 ft. 

19.  6-972  ft.  20.  16  m.p.h.,  24  m.p.h.  21.  27  m.p.h.  22.  12. 


23.  30  m.p.h.  24.  4 -3845  sec.  25.  1-6568  in.  26.  0 -565  in. 

27.  21-95  in.  28.  1 - 8542  ohms. 

29.  (a)  7 -4495  or  2 -5505  (b)  No  value. 

30.  3 -464  in.  by  2-309  in. 


Page  91 

1.  10.  2.  16.  3.  53.  4.  3.  5.  22^.  6.  9.  7.  12.  8.  7. 

9.  3.  10.  7.  11.  9.  12.  4.  13.  12.  14.  1.  15.  9 or  4. 

16.  11. 
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Page  93 

1.  3,  2.  2.  4,  — 2.  3.  — 5,  2.  4.  — 3.  5.  Imaginary  roots. 

6.  0,  3. 

Page  95 

1.  (4,  3),  (3,  4).  2.  (10,  2),  (-  10,  - 2).  3.  (3,  2),  (-  6,  - 1). 

4.  (-  1,  - 4),  (4,  1).  5.  (8,  10),  (-  8,  - 10). 

6.  (2,  - 4),  (-  I,  - I).  7.  (4,  3),  (-  u.  - W)- 

8.  (1,  - 1),  (4,  1).  9.  (-  5,  2),  (-  I,  - %*)•  10.  (4,  2),  (5,  1). 


Page  98 

1.  (±  3,  ± 6),  (±  6,  + 3).  2.  (-f,  - V^),  (1,3),(-  3,  3),  (2,  - 2). 
3.  Imaginary.  4.  (±6,  + 2). 

, / 116  29\  /- 3 ± - 3 ± \/^\ 

5.  (4,  1).  j 

6.  (-  6,  2),  (-  1 ± VSS,  - 1 ± \/33). 


1.  (+  1,  + 1). 

3.  ( i 6,  + 5) . 


Page  98 

, , / + 6x/7  + 10V7\ 

2.  (±2,  ±4), 

4.  (±  9,  + 3).  5.  (±  2,  + 3),  (±  3,  +2). 


6.  (+4,  + 1) 


■( 


± 13\/85  ± 5\/85 


34 


17 


Pages  99-100 


1.  (7,  2),  (2,  7).  2.  (3,  4),  (-  „ 

4.  (-  2,  - f),  (5,  2).  5.  (+  2,  + 1),  (±  2,  + 1). 

6.  (4,  3)  (-  1,  - I),  (3,  2),  (-  1,  -§).  7.  (7,  1),  (-  1, 


7). 
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17.  9;  rational,  unequal. 

19.  136;  irrational,  unequal. 
21.  17;  irrational,  unequal. 
23.  229;  irrational,  unequal. 


Page  102 

18.  0;  rational,  equal. 

20.  —23;  imaginary. 

22.  189;  irrational,  unequal 
24.  0;  rational,  equal. 


Page  104 


26.  24x2  _ 37^  + 14  = 0. 

28.  8x2  _ _ 75  = Q 

30.  x2  - lOx  + 13  = 0. 

32.  x2  — 2ax  = 0. 

34.  x2  — (^2  b^)  X aW  = 0. 


27.  18x2  - 75x  + 77  = 0. 

29.  x2  — 6x  + 2 = 0. 

31.  — (a  b)  X ab  = 0. 
33.  x2  - 2ax  + a2  _ 30  ^ 0. 


Pages  106  - 107 

1.  10,  16,  2n.  2.  29,  47,  Qn  - 1. 

3.  1,  - 5,  11  - 2n.  4.  9,  8i,  10^  - in. 

5.  12  + a,  21  + 3w  + a — 3.  6.  22x,  37x,  x{5n  — 3). 

7.  6a  + 4,  9a  + 7,  a + aw  + w — 1. 

8.  X — 2y,  X — 5y,  x + 3y  — ny.  9.  33.  10.  7.  11.  10. 

12.  5.  13.  6.  14.  - 18,  7.  15.  2n  - 5.  16.  1,  6,  11,  . . . 

17.  - 14,  - 4,  6,  . . . 18.  71.  19.  - 29.  20.  58.  21.  26. 

22.  23. 

Pages  109-110 

2.  15i,  17i,  19f.  3.  - f,  - 6i  - Hi  - 17i  4.  a/S. 

5.  3a  - 2,  5a  - 7.  6.  (a)  63,  {b)  - 14,  (c)  98,  (d)  - 35. 

7.  (a)  |w  — |w2,  (b)  3w  + 2w2,  (c)  f w + f w2,  {d)  |w  — |w2. 

8.  - 35.  9.  117. 

10.  (a)  874,  (b)  551,  {c)  229i  (d)  - 1105. 


Page  111 

2.  80,  5 X 2"-i.  3.  i,  - 4.  2^-".  5.  128,  (-  1)"-1  X 2”. 

7.  5,  + 20,  80,  ...  8.  i i i . . . 9.  3,  + 1,  i • 

10-  i - i i • 11.  TWO,  To,  1,  . • • 12.  2"-3.  13.  54.  14.  6. 

15.  9.  16.  6.  17.  6. 

Page  114 

1.  ±6.  2.  + 4\/3.  3.  + x^.  4.  + f.  5.  + lOx.  6.  + i 

7.  682.  8.  15i  16  - 2^-^  9.  6Mf.  10.  2f.  11. 

12.  510.  13.  2186.  14.  1093.  15.  60i  16.  5f. 


WTW' 


530 


SENIOR  TECHNICAL  MATHEMATICS 


48.  1. 
55.  3^ 


49. 


be 

a^' 


50. 


Pages  119  - 120 

51.  1.  52.  2^6;  23"*.  53.  3'°;  54.  2^*. 


Pages  120  - 121 

1.  340,000;  1,730,000;  27,000,000,000;  46,350,000.  2.  6-543  x 10®; 

4-976  X 10“ ; 1-866  x 10®.  3.  2-5  x lO^®  miles.  4.  5-87  X lO^^  miles. 

5.  1-86  X 10®  miles  per  second.  6.  6 X 10“  tons;  _ 

4,000 


Pages  123 

1.  6 X 10-®;  7-5  X 10-^  4-38  x 10“®;  2-632  x lO'^.  2.  0-0000576 

cm.  3.  4-77  X 10-^°  e.s.u.  4.  1-67  X 10““  gm. 


Pages  125 


59.  8.  60.  8.  61.  2.  62.  -§■.  63.  64.  9.  65.  1. 

68.  8.  69.  8.  70.  1.  71.  i.  72.  73.  0-0025. 

76.  f. 

66.  ■§■.  67.  8. 

74.  4.  75.  1. 

Pages  126 

4.  3-62  X 10-®;  4-632  x 10^  5-38  x 10“ 
0 - 000547 ; 0 - 00000837 ; 64,000,000.  6. 

8.  9.  10.  51.  11.  25.  12.  m = 3. 

2-97  X 101®.  5.  6,300; 

25;  f ; §.  7.  9;  1;  16;  'it. 

Page  135 

I.  10“®2206_  2.  103‘64192^  3^  JQO-97241^ 

6.  10“®“®L  7.  1-58514.  8.  1-16323. 

II.  0 92233.  12.  3-12270. 

4.  10“  76548 

9.  3-42813. 

5.  10“‘‘®®4C 
10.  1-88550. 

Page  137 

1.  22-195.  2.  6-8805.  3.  0-35125. 

6.  134-08.  7.  226-40.  8.  0-18317. 

4.  4750-5. 

9.  42-322. 

5.  0-022711. 
10.  3-0439. 

11.  1328-4.  12.  0-060905. 
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.1.  4730-9. 
6.  0-44893. 


1.  23-083. 

6.  0-017637. 


1.  187-42. 
6.  0-10054. 


I.  25-059. 

6.  3-1278. 

II.  0 -15842. 


I.  46  -181. 

6.  12-846. 

II.  5-7997. 
15.  1-5119. 
20.  6-8158. 
25.  32-051. 
30.  2244-4. 
35.  29-400. 
cm.  40.  0 
43.  0-01848. 


2.  1621-9. 
7.  0-17782. 


2.  16-451. 
7.  8-5294. 


Page  138 

3.  331-09. 
8.  736-53. 

Page  140 

3.  3-4146. 
8.  143-86. 

Page  141 


4.  319-78, 
9.  971-06. 


4.  17-542. 
9.  14-850. 


5.  5-5620. 
10.  28-901. 


5.  0-047992. 
10.  0-068051. 


2.  1,649-2.  3.  2,299-9.  4.  610-10.  5.  1-9800. 

7.  0-0000080101.  8.  1-5594.  9.  147-73. 


Page  142 

2.  2-3749.  3.  51-809.  4.  0-26142.  5.  0-76683. 
7.  7-7015.  8.  18-716.  9.  1-7160.  10.  0-32599. 
12.  0-30497.  13.  1-9288.  14.  2-1105.  15.  2-0063. 


Pages  143  - 145 

2.  150-68.  3.  0-61910.  4.  43,070.  5.  0-41067. 

7.  60-518.  8.  0-0021154.  9.  1-6689.  10.  6-9522. 

12.  0-0020534.  13.  0-012145.  14.  0-015949. 

16.  2-2292.  17.  2-2946.  18.  0-054430.  19.  4-0396. 

21.  30-457.  22.  4-4406.  23.  4-0139.  24.  0-44224. 

26.  25-833.  27.  0-25102.  28.  1-5424.  29.  0-13221. 

31.  72-412.  32.  0-011747.  33.  3905-3.  34.  246-62. 

36.5061-9.  37.0-00038725.  38.31-130.  39.2-0072 
00032634.  41.  33,133  cm.  per  sec.  42.  8 -5136  sec. 

44.  45,169  sq.ft.  45.  24-839  cm.  46.  1-0556  X 10'®. 
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Page  151 


12 

13 

14 

15 

16 

17 

18 

19 

20 

11 

132 

143 

154 

165 

176 

187 

198 

209 

220 

13 

156 

169 

182 

195 

208 

221 

234 

247 

260 

15 

180 

195 

210 

225 

240 

255 

270 

285 

300 

17 

204 

221 

238 

255 

272 

289 

306 

323 

340 

19 

228 

247 

266 

285 

304 

323 

342 

361 

380 

21 

252 

273 

294 

315 

336 

357 

378 

399 

420 

2. 


31 

35 

27 

26 

23 

21 

25-6 

30-8 

24-4 

16-7 

18-5 

22-5 

1-93 

15 

465 

525 

405 

390 

345 

315 

384 

462 

366 

251 

278 

338 

29-0 

1-8 

55-8 

63-0 

48-6 

46-8 

41-4 

37-8 

46- 1 

55-4 

43-9 

30-1 

33-3 

40-5 

3-47 

1-96 

60-8 

68-6 

52-9 

51-0 

45-1 

41-2 

50-2 

60-4 

47-8 

32-7 

36-3 

44-1 

3-78 

2-14 

66-3 

74-9 

57-8 

55-6 

49-2 

44-9 

54-8 

65-9 

52-2 

35-7 

39-6 

48-2 

4-13 

2-36 

73-2 

82-6 

63-7 

61-4 

54-3 

49-6 

60-4 

72-7 

57-6 

39-4 

43-7 

53-1 

4-55 

24-4 

756 

854 

659 

634 

561 

512 

625 

752 

595 

407 

451 

549 

47-1 

0-265 

8-22 

9-28 

7-16 

6-89 

6-10 

5-57 

6-78 

8-16 

6-47 

4-43 

4-90 

5-96 

0-511 

Page  153 


4-1 

43-6 

4-52 

634 

6-34 

7-75 

8-47 

5-32 

21-8 

232 

24-0 

3370 

33-7 

41-2 

45-1 

5-64 

23-1 

246 

25-5 

3580 

35-8 

43-7 

47-8 

6-85 

28-1 

299 

31-0 

4340 

43-4 

53-1 

58-0 

9-35 

38-3 

408 

42-3 

5930 

59-3 

72-5 

79-2 

8-72 

35-8 

380 

39-4 

5530 

55-3 

67-6 

73-9 

2.  3460.  3.  410.  4.  0 • 370.  5.  4 • 05.  6.  83  • 9.  7.  0 • 364.  8.  7 • 10. 
9.2-30.  10.  0-130.  11.6-13.  12.31-2.  13.0-0999.  14.0-0291. 

15.0-684.  16.126.  17.0-0161.  18.4-11.  19.0-0766.  20.10-1. 
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21.0  00580.  22.1  01.  23.2690.  24.2180.  25.2940.  26.4520. 
27.2830.  28.0  0184.  29.0  00165.  30.13-4.  31.1  06.  32.314. 
33.  1720.  34.  1840.  35.  1-93.  36.  182.  37.  1-22.  38.  5-57  X 10"^ 
39.  4-84  X 10~®. 

Page  154 

1.  379.  2.  12-6.  3.  127.  4.  0 0640.  5.  559.  6.  293.  7.  34-2. 

8.79-3.  9.9-77  x 10-4.  10.1-08.  11.0-752.  12.2-66  x 10*. 

13.  0-575.  14.  35500. 

Page  155 

1.  12-6  ins.,  11-0  ins.,  8-79  ins.,  23-9  ins.,  1-10  cm.,  5-50  ft., 
8-23  m.,  18-0  m.,  17-6  mils,  1-83  yds.,  0-109  ins.  2.  (a)  9-93 
sq.  ins. ; (b)  0-177  sq.m.;  (c)  1-02  sq.  ins.  3.  (a)  18-0  sq.  ins.; 
(b)  6-28sq.  ft. ; (c)  41-9sq.  ins. ; (d)  3-35  sq.  ins.  4.  2-60  ins., 
4-76  ins.,  5-46  ins.,  0-644  ins.,  10-8  cm.  5.  107000  c.c.  6.  192 
bd.  ft.  7.  12100  cu.  ft. 


Pages  156  - 157 


^ 14 

-J-  49 

7 

15 

^ 35 

43  -5 

196 

14-0 

4-00 

28-0 

13-1 

5-60 

4-51 

245 

17-5 

5-00 

35-0 

16-3 

7-00 

5-63 

22-5 

1-61 

0-459 

3-21 

1-50 

0-643 

0-517 

12-5 

0-893 

0-255 

1-79 

0-833 

0-357 

0-287 

10-7 

0-764 

0-218 

1-53 

0-713 

0-306 

0-246 

675 

48-2 

13-8 

96-4 

45-0 

19-3 

15-5 

38  -6 

^ 49-6 

^ 27  -5 

^ 87-6 

95-7 

2-48 

1-93 

3-48 

1-09 

48-9 

1-27 

0-986 

1-78 

0-558 

3-87 

0-100 

0-0780 

0-141 

0-0442 

515 

13-3 

10-4 

18-7 

5-88 

6-82 

0-177 

0-137 

0-248 

0-0779 
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Page  157  (cont.) 

3.  4 00.  4.  0-450.  5.  1-72.  6.  0-157.  7.  0-0655.  8.  0-716. 

9.  65 - 5%,  2 - 13%,  83  - 3%,  31  - 9%,  26  - 0%,  4 - 15%,  1 - 60%,  0 - 879%. 

10.  62-7  ft.,  113  ins.,  8-72  ft.,  13-9  cm.,  11-6  cm.,  0-269  cm. 

11.  7-87  ins.  12.  7-53  ins.  13.  1-65  ins. 


Pages  158  - 159 

1.  123.  2.  4-01.  3.  0-294.  4.  0-393.  5.  0-435.  6.  1790. 

7.  48-0.  8.  11-9.  9.  2-24. 


Page  159 

1.  62-0.  2.  3-96  X 10-L  3.  3-00.  4.  3-36.  5.  1-42.  6.  19-0. 

7.  5-05.  8.  0-0213.  9.  37-3.  lo.  0-170.  ll.  23-5.  12.  4970. 


Page  161 

1.  225,  484,  729,  1230,  1760,  3250,  3780,  60-1,  67-7,  81-9, 

93-5,  3080,  3-06,  14-7,  21-6,  91-0.  2.  10-2  sq.ft.,  3-39  sq.  ins., 

55-5  sq.cm.,  23  - 8 sq.  yds.,  6-60  sq.m.,  13-5sq.  rds.  3.  196, 
1300,  13000,  52400,  33100,  106000,  31-4,  324.  4.  (a)  0-106; 

(b)  0-0216;  (c)  5-52  x 10"^  (d)  1-99  x 10“^  (e)  0-0237;  (/)  0-162; 
(g)  0-140;  (A)2-83xl0-^  (i)  4-08  x lO'^  (i)  19-8;  (yfe)  0-0195; 
(/)  4660. 


Page  162 

1.  38-5  sq.  cm.,  67-9  sq.  ins.,  170  sq.  ft.,  54- 1 sq.  ins.,  3-46  sq.  ins., 
224  sq.  ins.,  1-37  sq.cm.,  27-3  sq.  m.,  0 00996  sq.m.,  219  sq.m. 

2.  22-9  sq.  cm.,  11  -7  sq.  cm.,  73- 1 sq.  ins.,  1 -94  sq.  ft.,  11  -6  sq.  ins., 
18-3  sq.  ft.,  0 00115  sq.m.,  0-544  sq.cm.,  9-40  sq.  yds.,  0-968 
sq.  ins.,  14-1  sq.ft.  3.  66-5  sq.  ins.,  108  sq.  ft.,  l-97xl0®sq. 
miles,  5-07  X 10®  sq.  km.  4.  5-30  sq.  ins.,  3 -27  sq.  ins.,  13  -1  sq. 
cm.,  17-7  sq.  cm. 


Page  164 

1.  1-87,  0-420,  0-0187,  42-0,  1-33,  5-92,  6-72,  0 672,  0-213,  213. 

2.  3-89  ins.,  0-886  ins.,  1-77  ins.,  5-14  ins.,  1-62  ins.,  1-96  ins., 
0-621  ins.,  19-6  ins.,  7-67  ins.,  2-71  ins.,  0-0505  ins.  3.  22-0, 
32  0,  45-0,  81-0,  144,  204,  325,  190,  162. 
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Page  165 


1. 

0-673  ft.,  2-13  ins.,  33-0  ins.,  7 

-57 

cm. 

, 1-91  cm.,  3 • 

•54  cm., 

4-84  ft.,  5-95  m.  2 

.1-21  ft.,  2-94  ins.. 

0-423  m.,  1 

-34  cm 

.,  0- 

932 

ft. 

3.  2-44  ft.,  10- 

7 ins.,  0-944  ins.. 

0- 

262 

km.,  04 

^66  ins 

.,  0- 

574 

cm 

. 4.  (a)  2-90  sq. 

ins.;  (b)  14-7  sq. 

ft. 

; (^) 

4-01  sq 

. cm. ; ( 

[d)  4 

-65 

sq. 

ch.  5.  3 -16  cm. 

6.  5-89  ins. 

Pages  166  - 167 
Review  Exercise 

A.  1.  3-96  X 10-^  2.  62  0.  3.  0-846.  4.  523.  5.  213.  6.  4340. 
7.  22-9  ins.,  26-5  cm.,  393  ft.,  146  ins.,  1-10  mm.,  9*87  mm. 

B.  1.  1-42.  2.  2-13.  3,  2-89.  4.  12-1.  5.  290.  6.  0-241.  7.  9-10 
ins.,  12-6  ft.,  243vcm.,  12-0  yds.  8.  35-7%,  34-5%,  73  -7%, 
49-5%,  319%,  13-5%,  40-7%. 

C.  1.  3-76.  2.  12-7.  3.  6-71.  4.  12-3.  5.  0-562.  6.  0-142. 

7.  5-73  sq.  ft.,  14-3  sq.  m.,  24-8  sq.  ins.,  11-0  sq.  yds.  8.  32-6 
ft. 

Pages  167  - 168 
Practice  Exercise 

A.  1.  1830.  2.  1-38.  3.  92-6.  4.  8-04.  5.  2-67.  6.  27-1. 

7.  5-16.  8.  64-5.  9.  16-8.  10.  1-97.  ll.  23-3.  12.  1-31. 

B.  1.  0-134.  2.  0-938.  3.  616.  4.  21-0.  5.  15-0.  6.  6-56. 

7.  0-695.  8.  0-934.  9.  0-0121.  lo.  22700.  ll.  27-2.  12.68-2. 

C.  1.  0-926.  2.  0-162.  3.  7-04.  4.  10-4.  5.  20-7.  6.  1830. 

7.  112.  8.  3-16.  9.  324.  10.  0-363.  ll.  39-7.  12.  9-11. 

D.  1.  0-126.  2.  3-60.  3.  2040.  4.  51-5.  5.  22-1.  6.  255.  7.  40-3. 

8.  8-89.  9.  24-9.  10.  3-81.  ll.  8-00.  12.  21-6. 

E.  1.  7-70.  2.  14-8.  3.  11  1.  4.  0-107.  5.  1-68.  6.  6-61. 

7.  17-5.  8.  254.  9.  0-0979.  10.  0-345.  ll.  215.  12.  2-69. 

Pages  169  - 170 

7.  125,  343,  729,  1730,  3380,  5830,  15-6,  46-7,  166,  238,  389,  913. 

8.  2-74  cu.  ins.,  12-2  cu.  ft.,  5-36  cu.  ins.,  105  cu.  ft.,  668  c.c., 
57-5  cu.  ins.  9.  695  cu.  ins.  10.  0-351  cu.  ins.  11.  2-60  x 10^^ 

Page  171 

1.  14-7,  0-349,  8-23,  0-0699,  34-7,  0-151,  41-7,  0-837,  19-9, 
0-390.  2.  10-9  ft.,  20-6  ins.,  0-415  ins. 
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Page  172 

1.  0 136,  0-217.  0-280,  0- 0870,  0- 0405,  0- 0510.  2.  1-59.  3.  67-9. 
i.  1750.  5.  3-54. 

Page  177 

1.  0-588.  2.  0-883.  3.  0-731.  4.  0-100.  5.  0-131.  6.  0-887. 

7.  1-23.  8.  2-00.  9.  2-00.  10.  1-49.  11.  0-431.  12.  0-165. 

13.  27°.  14.  70°.  15.  76°.  16.  3°.  17.  29°30'.  18.  86°.  19.  32°. 

20.  21°.  21.  56°. 

Pages  178  - 179 

1.  0-0524.  2.  0-277.  3.  0-521.  4.  1-54.  5.  3-73.  6.  2-82. 

7.2-75.  8.1-31.  9.0-213.  10.35°.  11.69°.  12.  50°.  13.  30°. 

14.  58°.  15.  26°. 

Page  179 

2-100,  1-375,  1-679,  2-679,  1-836,  3-894,  1-922,  2-976,  3-885, 
4-816,  5-816,  2-769,  2-590. 


Page  183 

4.  (a)  40-83,  (b)  155-4,  (c)  5-916,  (d)  41-36. 

5.  (a)  74-5,  (b)  20-5,  (c)  516,  (d)  0-73. 


3.  (a)  0-190%, 
(d)  0-191%, 

4.  (a)  10. 

5.  (a)  2-OX  102. 

6.  (a)  0-12, 


Page  186 


(b)  0-0965%, 
(^)  2-17%, 

(b)  0-00221. 

(b)  0-0666. 

(b)  5 -60  X 10*. 


(c)  0-0690%, 

(/)  0-120%. 

(c)  2.  (d)  3-46. 

(c)  891.  (d)  68. 


17.  a = b -j-  cd,  b = a 


Page  189 

a — b a ~ b 
cdy  c — I d ““  * 


c c c 

18.  a = - — b,  b =-  — a,  c = d{a  + 5),  d = -. 

d d a + b 


CL  a,  CL 

19.  a = b(c  d) , b = -,  c = - — d,  d = - — c. 

c + d b b 
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Page  189  (Cont.) 

a h a h 
20.  a = cd  — h,  b = cd  — a,  c = — ; — , d = . 


d d d 

21.  a = h + b = a , c = d = {a  — b)c. 

c c a — b 


, 2a  , 2a 
22,  b h = 

h b 


23.  I = w,  w = 

2 


^ 2a  2a  2a 

24.  h = — ^ — , X ^ — - y,  y = — - X. 

x-\-y  h h 


25.  a = b(c  -j-  dc  K) , b = 


c -j-  de  h b 


, c = de  — h, 


, a c h a c h ^ a 

d = — , e = — - - - h = - - c - de. 

eb  e e db  d d b 


cd  ^ ^ cd  e{a  — b)  , e{a  — b) 

26.  a = 1-6,  b = a , c = , d = , 

e e d c 


cd 


a — b 


27.  a = {b  — c)  d {e  -\r  h),  b = ■■■-  - -f  c,  c = 6 — 


d{e  h) 


d{e  -f-  h) 


d = 


^ 11.  ^ 

^ = tt; 7 — h,  n = r — e. 


{b-c){e  + hy  d{b-c)  d{b-c) 


X X 

28.  X = (h  - w)iy  - z),y  = z,  z -=  y - , 

h — w h — w 


X X 

w = h , h = [-  w. 

y — z y — z 
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Pages  195  - 197 

1.  126  ft.  6 in.  2.  1-97  in.  3.  16,128.  4.  $342.00.  5.  22|  in. 

6.  (a)  480  sq.  in.  (&)  32  in.  7.  88  sq.  ft.  8.  13f  in. 

9.  (a)  60  sq.  in.  (b)  40  in.  10.  36  sq.  yd.  11.  684|  ft. 

12.  75  ft.  3 in.  13.  17^^.  14.  3|  in.  15.  62-2  in.,  238  sq.  in. 
16.  518  in.,  20 ■ 72  in.,  26 ■ 8 sq.  in.  17.  2-519  in.,  18-35  sq.  in. 

18.  13-42  in.,  13-42  in.,  1-251  sq.  ft.  19.  8-590  in.,  20-34  in. 

20.  20  - 14  in.,  20  - 14  in.,  80  - 56  in. 

21.  247  sq.  in.  22.  138-8  in.  23.  6-11  in.  24.  14-6  sq.  in. 
25.  21 -17  in.  26.  21-62  in.  27.  27  - 7 sq.  in.  28.  3 -83  in. 
29.  2 -47  in.  30.  31-1  lb.  31.  0 -0324  lb.  32.  $6,420.  33.  14 -79  in. 
34.  21-03  sq.  ft.  35.  (a)  131  sq.  in.,  (b)  116  -7  sq.  in., 

(c)  190-5  sq.  in.,  (d)  1123  sq.  in. 

Page  198 

1.  53-0.  2.  10-6.  3.  0-0770.  4.  79-8.  5.  1-30.  6.  0-201. 

7.  8-74.  8.  0-391.  9.  8-94. 

Pages  199  - 201 

1.  2 -68  in.  2.  0-603  in.  3.  56-2  in.  4.  0-912  in.  5.  2-79  in. 
6.  0-375  in.  7.  13-0  ft.  8.  19-8  ft.  9.  26-9  in.  10.  32  ft. 

11.  52  ft.  12.  6 -00  in.  13.  2 -12  in.  14.  10-82  ft.  15.  938  ft. 

16.  (a)  14-1  in.,  (b)  115  sq.  in.  17.  5-54  in.  18.  5-04  in. 

19.  7-09  in.  20.  9-46  in.  21.  31-6  lb.  22.  9-40  in. 

Pages  203  - 204 

1.  (a)  84  sq.  in.,  (5)  204  sq.  in.,  (c)  7-52  sq.  in.  2.  1-81  sq.  yd. 
3.  $590.  4.  11-07  Ib.  5.  93-5  sq.  in.  6.  (a)  4-62  in., 

(6)  55-4  sq.  in.  7.  (a)  8-24  sq.  in.,  (5)  0-1864  sq.  in., 

(c)  8^108  sq.  in.,  (d)  102,100  sq.  ft.  I'  8.  0-322  lb.  9.  $2450. 

10.  8980  sq.  in.  11.  (a)  14-4  in.,  113-9  sq.  in.  (6)  2-93  in., 
2 -89  sq.  in. 

Pages  205  - 206 

1.  31-4  in.,  78-5  sq.  in.  2.  50-2  ft.,  201  sq.  ft. 

3.  7-51  sq.  in.,  11-25  in.  4.  217  sq,  in.  5.  3-18  ft. 

6.  15-94  in.  7.  (a)  95-5  ft.,  (5)  71-6  sq.ft. 

8.  (a)  4-37  in.,  (b)  13-72  in.  9.  24,900  1b.  10.  21-0  in. 

11.  34-5  sq.  in.  12.  1-766  sq.  in.  13.  4-81  sq.  in.  14.  $74.90. 
15.  19-8  lb.  16.  0-699  sq.  in.  17.  7 ft.  18.  1-75  in. 
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Pages  205  - 206  (Cont.) 

19.  14-36  in.,  45-1  in.,  161-9  sq.  in. 

20.  0-262  in.,  1-645  in.,  0-216  sq.  in. 

21.  48-9  in.,  97-8  in.,  7500  sq.  in. 

22.  4-09  in.,  8- 18  in.,  25-7  in. 

23.  54-36  in.,  170-8  in.,  2321  sq.  in. 

24.  264-3  in.,  1661  in.,  219,500  sq,  in. 

25.  11-76  in.,  23-51  in.,  434-5  sq.  in. 

26.  4-095  in.,  8-190  in.,  25-73  in.  27.  2929  1b.  28.  $40.65. 

29.  70,000  sq.  ft.  30.  214  sq.  in.  31.  6 -66  lb. 

Pages  207  - 208 

1.  (a)  4j^l9  in.,  16-8  sq.  in.,  (b)  8-72  in.,  43*6  sq.  in. 

(c)  1-947  in.,  8-76  sq.  in.  2.  15-9  in.  3.  103°.  4.  37-4°. 

5.  8 -74  in.  6.  229  sq.  in.  7.  80  sq,  in.  8.  5 -33  in.  9.  2 -00  in. 

10.  5-23  in.,  2-25  sq.  in,  11.  6-28  in.,  3-25  sq.  in. 

12.  (a)  34-5sq.  in.,  (6)  63-7sq.  in.  13.  2-12  in.,  5-97sq.  in. 

14.  31-6  in.,  311  sq.  in.  15.  174-6°,  4-72  sq.  in. 

16.  6-87  in.,  15-34  in.  17.  189°,  6-87  in. 

18.  5-32  in.,  124-0°.  19.  5-404  in.,  38-45  sq.  in. 

20.  105-2  in.,  11,460  sq.  in.  21.  44-52  in.,  34-00  in. 

22.  8-974  in.,  137  -8°. 

Pages  209  - 210 

1.  (a)  15 - 70  in.,  18 • 84  sq.  in.,  (b)  32-2  in.,  80-1  sq.  in., 

(c)  14-52  in.,  16-19  sq.  in,  2.  628  ft.,  29,400  sq.  ft. 

3.  12  -1  in.  4.  5 -00  in.  5.  29  -8  sq.  in.  6.  31  0 in. 

7.  19-47  in.,  29-4  sq.  in.  8.  10-08  in.,  130-6  sq,  in. 

9.  8-09  in.,  15-9  in.  10.  76-40  in.,  409-6  sq.  in. 

11.  43-52  in.,  1835  sq.  in.  12.  2-488  in.,  9-591  in. 

Pages  211  -212 

1.  (a)  403-1  sq.  in.,  (b)  130-8  sq.  in.,  (c)  15-59  sq.  in., 

(d)  222-5  sq.  in.  2.  (a)  2-275  in.,  (b)  3-102  in.,  (c)  1-634  in., 
(rf)  5 000  in.  3.  7 -56  lb.  4.  1-006  in.  5.339  1b. 

Pages  212  - 215 

1.  60  4 sq.  yd.  2.  104-7  sq,  in.  3.  964  yd.  4.  27  -6  ft, 
5.  $224.12.  6.  $38.25.  7.  28-9  ft.  8.  88-6  ft.  9.  56  -6  sq.  in. 

10.  10-39  sq.  in.  11.  50-2  yd.  12.  56-7  sq.  in. 

13.  36-7  ft.  per  sec.  14.  159-5  ft.  15.  210  R.P.M. 
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Pages  212  - 215  (Cont.) 

16.  6-98  ft.  per  sec.  17.  75-4  sq.  in.  18.  (a)  3700  sq.  yd. 

(&)  $99.90,  (c)  $876.  19.  (a)  537  1b.,  (b)  9-64  lb. 

20.  54  -3  sq.  ft.  21.  15  -9  sq.  in.  22.  3 -52  sq.  in. 

23.  (a)  5 sq.ft.,  (b)  2,  (c)  2-56  ft.  24.  1-57  ft.,  2-36  sq.ft. 

25.  16  -75  sq.  in.  26.  (a)  83,  (b)  $3.86.  27.  1298  sq.  ft. 

28.  $1393.  29.  54-14  ft.  30.  1167  yd.  31.  4-92  in. 

32.  2-727  ft.  33.  $79.90.  34.  7-21  ft.  35.  8 -89  in.  36.  2-86  in. 

37.  1-36  in.,  1-067  sq.  in.  38.  104  sq.  in.  39.  7930  1b. 

40.  (a)  271-0  sq.  in.,  (5)  276-7  per  sq.  in.  41.  479  sq.  in. 

42.  57-6  sq.  in.  43.  6-415  in.,  20-46  sq.  in. 

44.  46-6  sq.ft.,  19-97  in.  45.  (a)  33,800  1b.,  (6)  11-46  sq.  in. 
46.  4 -40  sq.  ft. 


Pages  218  - 220 

1.  (a)  700  sq.  in.,  (b)  144  sq.  in.,  (c)  1218  sq.  in. 

2.  (a)  3528  cu.  in.,  (6)  187  cu.  in.,  (c)  3020  cu.  in. 

3.  $28.51.  4.  506  sq.  in.,  850  cu.  in. 

5.  (a)  270  in.,  (6)  103-9  cu.  in.,  (c)  26  1b. 

6.  (a)  60-0  sq.  in.,  (b)  15-00  cu.  in. 

7.  (a)  $9.33,  (b)  608  cu.  ft.  8.  1006  bushels.  9.  $7190. 

10.1561b.  11.  995  gal.  12.  288cu.in.  13.  19-Oin.  14.  5-33ft. 

15.  1-389  cu.  ft.  16.  (a)  15311b.,  (b)  1859  1b.  17.  (a)  4-30  lb., 

(6)  7 • 16  lb.  18.  1866  sq.  in.,  12,770  cu.  in. 

19.  357  sq.  in.,  237  cu.  in.  20.  4-57  sq.  in.,  0-745  cu.  in. 

21.  156-2  sq.  in.,  282  -9  cu.  in.  22.  0-1902  lb. 

Pages  222  - 224 

1.  (a)  94-2  sq.  in.,  108-3  sq.  in.,  (b)  1130  sq.  in.,  2034  sq.  in. 

2.  70  - 7 cu.  in.,  6 - 780  cu.  in.  3.  1-59  in.  4.  2-79  in.  5.  1-769  in. 

6.  5-05  in.  7.  $375.  8.  3-64  acres.  9.  $5.15.  10.  63-6  cu.  yd. 

11.  14-38  in.  12.  12,560  gal.  13.  11-27  in.  14.  2260  yd. 
15.  6-37  in.  16.  1111  sq.  ft.  17.  (a)  1526  cu.  in.,  (b)  55,300  yd. 
18.  0-574in.  19.  (a)  3850  gal.,  (&)  528  sq.  ft. 

20.  138  sq.  in.,  391  sq.  in.,  438  cu.  in. 

21.  3-76  in.,  2-51  in.,  27-8  cu.  in. 

22.  6-722  in.,  363  -0  sq.  in.,  827-2  sq.  in. 

23.  1-969  in.,  81-30  sq.  in.,  37-03  cu.  in. 

24.  8-809  in.,  27-43  in.,  881-1  sq.  in. 

25.  6,400  cu.  in.,  0-04437  in.  26.  3,590,000  lb. 

27.  (a)  74,200  cu.  ft.,  (b)  464,000  gal.,  (c)  4,640,000  lb. 
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Page  226 

1.  (a)  314  sq.  in.,  345  sq.  in.,  (b)  1206  sq.  in.,  1357  sq.  in. 

2.  (a)  157cu.  in.,  (6)  1206  cu.  in.  3.  1123  1b. 

4.  (a)  260  1b.,  (b)  7350  sq.  in.,  (c)  918  cu.  in.  5,  30-6%. 

6.  1918  lb.  7.  90-6  ft.  8.  2,330  lb.  9.  (a)  103  ft.  per  min., 

(6)  129  in.  10.  108,000  1b. 

Pages  229  - 231 

1.  (a)  125-6  sq.  in.,  (b)  565  sq.  in.,  (c)  37  -2  sq.  in. 

2.  (a)  10  in.,  188-4  sq.  in.,  (b)  15  in.,  565  sq.  in. 

3.  (a)  6-24  in.,  163  -5  cu.  in.,  (b)  9 in.,  1356  cu.  in. 

(c)  14-8  in.,  9-90  cu.  in.  4.  3 -18  in.  5.  2 -90  in.  6.  58-3  sq.  yd. 

7.  $161.  8.  395  sq.  in.  9.  46  -0  gal.  10.  49  -2  lb.  11.  9 -01  in. 

12.  6-00  in.  13.  (a)  213  sq.  ft.,  (6)  236  cu.  ft.  14.  (a)  113  sq.  in., 

(b)  84  -9  cu.  in.  15.  250  tons.  16.  177-1  lb.  17.  2 -12  in. 
18.  (a)  3-82  in.,  (b)  5-43  in.,  (c)  65-1  sq.  in. 

Pages  233  - 235 

1.  (a)  1080  sq.  in.,  1404  sq.  in.,  (b)  213  sq.  in.,  409  sq.  in., 

(c)  810  sq.  in.,  1035  sq.  in.  2.  (a)  7-21  in.,  115-4  sq.  in., 

(b)  2-06  in.,  10-71  sq.  in.,  (c)  3-39  in.,  46-1  sq.  in. 

3.  (a)  3090  cu.  in.,  (b)  194  cu.  in.,  (c)  1943  cu.  in. 

4.  13-83  sq.ft.  5.  6-82  in.,  4-03  in.  6.  3-56  in.  7.  5890  cu.  in. 

8.  (a)  370  sq.  in.,  (b)  113-3  lb.  9.  407  cu.  in.  10.  (a)  10  sq.  in., 

(6)  88-2  lb.  11.  45-1  cu.  in.  12.  (a)  11  ft.,  2274  cu.  ft.  (b)  $39.60. 

13.  (a)  10-5  in.,  (5)  131  sq.  in.  14.  (a)  15  in.  and  13  in.,  384  sq.  in. 

(b)  720  cu.  in.  15.  7 -70  in.,  79-2  sq.  in.,  63  -9  cu.  in. 

16.  (a)  23-1  in.,  (6)  12- 18  in.,  (c)  616  1b.  17.  (a)  95-0  cu.  in., 

(6)  3-81  in.,  (c)  19-69  in.,  ((i)  150-0  sq.  in.  18.  23-4  lb. 

Pages  238  - 239 

1.  (a)  615  sq.  in.,  (6)  85-9  sq.  in.  2.  (a)  13-45  in.,  971  sq.  in., 
(5)  5-88  in.,  144  sq.  in.,  (c)  12-63  in.,  579  sq.  in. 

3.  (a)  5 -75  in.,  3560  cu.  in.,  (b)  0-959  in.,  98-6  cu.  in. 

4.  (a)  567  sq.  ft.,  (b)  879  cu.  ft.,  (c)  701  cu.  ft.,  {d)  20,500  lb. 

5.  22  -9  lb.  6.  14-0  lb.  7.  33  - 5 cu.  in.,  79  - 5 cu.  in.  8.  34,700  1b. 

9.  584  cu.  ft.  10.  21-7  in.,  856  sq.  in.,  2690  cu.  in. 

11.  0-888  in.,  2-39  sq.  in.,  0-494  cu.  in. 

12.  9-48  in.,  17-83  in.,  130,000  cu.  in. 

13.  29-6  in.,  29-7  in.,  1055  sq.  in. 
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Pages  240  - 241 

1.  (a)  624  sq.  in.,  (b)  128-8  sq.  in, 

2.  (a)  10-2  in,,  653  sq.  in.,  (6)  5-26  in.,  113-6  sq.  in. 

3.  (a)  11-62  in.,  1999  cu.  in.,  (b)  6-90  in.,  149-3  cu.  in. 

4.  {a)  1376  cu.  ft.,  (b)  $12.34.  5.  (a)  102  sq.  ft.,  (b)  126-7  cu.  ft. 

Pages  243  - 244 

1.  (a)  201  sq.  in.,  (b)  452  sq.  in.,  (c)  804  sq.  in.,  (d)  154  sq.  in. 

2.  (a)  268  cu.  in.,  (b)  904  cu.  in.,  (c)  2144  cu.  in.,  (d)  179-7  cu.  in. 

3.  692  sq.ft.  4.  32-0  ft.  5.  6-77  in.  6.  $21.80.  7.  270  1b. 

8.  14,130  cu.  ft.  9.926  1b.  10.  100-3  lb.  ll.  lOOoz.  12.1633  gal. 

13.  125-4  lb.'  14.  85-6  lb.  15.  3-49  in.  16.  11-82  lb. 

Pages  245  - 246 

1.  188-4  sq.  in.,  254  cu.  in.,  1068  sq.  in.,  3930  cu.  in. 

2.  (a)  5 in.,  (5)  31-4  sq.  in.,  (c)  14-65  cu.  in, 

3.  6 in.,  125-6  sq.  in.,  318  cu.  in. 

4.  0-25  in.,  4-91  sq.  in.,  0-818  cu.  in.  5.  268  cu.  in. 

6.  (a)  48  -2  lb.,  (6)  $1682.  7.  40,400  cu.  in. 

8.  (a)  659  sq.  in.,  (6)  1949  cu,  in.  9.  301  sq.  in.  10.  $90.70. 

11.  259  cu.  in.  12.  1017  sq,  in.  13.  652  cu.  in.  14.  52-3  in. 

15.  (a)  138  sq.  in.,  (6)  17  cu.  in.  16.  6-47  cu.  in.,  51-8  sq.  in. 
17.  603  sq.  in.,  603  cu.  in.  18.  23-7  cu.  in. 

Pages  247  - 251 

1.  0-490  in.  2.  76-9  in.  3.  70  in.  4.  3-31  lb.  5.  7022  in. 
6.  1997  cu.  ft.  7.  0-1152  in.  8.  $2,220.  9.  86-4  min. 

10.  (a)  12,660  1b.,  (b)  276  sq.  ft.,  (c)  192  cu.  ft.  11.  34-0  in. 

12.  41-7  lb.  13.  (a)  68-0  sq.  yd.,  (6)  1884  cu.  ft.  14.  1-578  in. 

15.  8-00  lb.  16.  128  1b.  17.  672  sq.  in.  18.  5-52  in.  19.  338  1b. 

20.  5160  1b.  21.  $26-70.  22.  (a)  888  sq.  in.,  (6)  1438  cu.  in. 

23.  19-63  sq.  in.,  8-18  cu.  in.  24.  26,400.  25.  8 in. 

26.  2 -29  min.  27.  16  -39  in.  28.  0-561  in.  29.  $494.  30.  44  -0  lb. 
31.  337.  32.  314  1b.  33.  46-0  lb.  34.  3-79  lb.  35.  14-88  sq.ft.- 

36.  10-66  tons.  37.  4-36  gal.  38.  59-8  sq.ft.,  33-1  cu.  ft. 
39.  320  cu.  ft.,  323  sq.  ft.  40.  24-0  lb.  41.  1,374,000  lb. 

42.  $15.53.  43.  $87,700.  44.  (a)  158  cu.  ft.,  (b)  9-69  ft., 

(c)  14-03  sq.  yd.  45.  (a)  4-64  in.,  3-06  in.,  (6)  4-01  in., 

(c)  4-05  in.,  (d)  44  -1  sq.  in.  46.  23  -694  sq.  in.  47.  27 -402  sq.  in. 
48.  3 -0595  in.  49.  5 -084  sq . in.  50.  0 -238  sq.  in. 
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Pages  247 -251  (Cont.) 

51.  177-84  sq.  in.  52.  409-83  sq.  ft.  53.  18-509  in. 

54.  21-51  sq.  in.  55.  4-2398  in. 

56.  (a)  1081  - 3 cu.  in.,  (6)  32-118  in.,  576-73  sq.  in. 

57.  (a)  96-87  sq.  in.,  (b)  6-385  in.,  (c)  95-94  sq.  in. 

58.  211,210.  59.  67-02.  60.  1-683  lb.  61.  2-9648  in. 

62.  81-905  lb.  63.  0 -6474  in.  64.  48-525  sq.  in.  65.  4-420  in. 
66.  2-139  in.  67.  0-8443  in. 


Page  255 

7.  54°  58' 57".  8.  76°  38' 37".  9.  65°  35' 3".  10.  36°  12' 34". 

11.  40°  4' 8".  12.  81°  44' 35".  13.  2°  35' 16".  14.  7°  51' 52". 

15.  (a)  68°,  (b)  59°,  (c)  79°  45',  (d)  39°  18',  (e)  63°  20' 46", 

(/)  54°  17' 33".  16.  (a)  165°  37',  (b)  115°  28' 27",  (c)  102°  28', 

(d)  77°  45' 29".  17.  32°  48' 56".  18.  77°  25'.  19.  85°  47' 21". 

20.  5°  37'  30".  21.  5°  37'  30".  22.  8°  10'  55".  23.  3°  17'  19". 

24.  2°  35'  23".  25.  12°  19'  14".  26.  2°  13'  38".  27.  8°  12'  52". 

28.  (a)  23°,  (b)  150°  47',  (c)  86°  36',  (d)  64°  24'. 


Page  257 

1.  5t\,  IItV  2.  2-3,  1-2.  3.  31  3f|.  4.  8-33,  4-26. 

Pages  261  - 262 

1.  9 00.  2.  11  6.  3.  15-2.  4.  13-2.  5.  59°,  31°. 

6.  26°  36',  63°  24'.  7.  25°  36',  64°  24'.  8.  29°  24',  60°  36'. 

Pages  262  - 263 

1.  19  -5.  2.  10  -1.  3.  2 -20.  4.  0 -625.  5.  29°  24'.  6.  55°  42'. 

7.  25°  24'.  8.  61°  48'. 


Pages  264  - 265 

1.  109  ft.  2.  225  ft.  3.  13  -1  ft.  4.  34°  42'.  5.  1540  ft. 

6.  8°  30'.  7.  48°  48'.  8.  21°  48'.  9.  33  -6  sq.  in.  10.  2 -03  in. 

11.  56°  18'.  12.  10  -5  in. 


Page  267 

1.  13-0.  2.  18-6.  3.  12-8.  4.  8 23.  5.  27°  48',  62°  12'. 

6.  43°  54',  46°  6'. 
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Pages  268  - 269 

3.  654  ft.  4.  540  ft.  5.  163  ft.  6.  120  ft.  7.  230  ft. 

8.  1118  yd.,  1658  yd.  9.  70°.  10.  5-22  in.  11.  0-9  in. 

12.  0-995  in.  13.  4-34cm.  14.  l-3in.  15.  24°  36'.  16.  33°  36'. 

17.  16  0sq.  in.  18.  69°  36'. 


1.  0-79211. 

6.  0 -94290. 


2.  0-88116. 

7.  0-99963. 


Page  275 

3.  0-08808. 

8.  5-31790. 


4.  0-37434. 

9.  2-17754. 


5.  0-17794. 

10.  0-59808. 


Page  277 

1.  31°33'.  2.  87°  11'.  3.  42°  39'.  4.  72°  8'.  5.  56°  20'. 

6.  76°  49'.  7.  54°  52'.  8.  35°  51'. 


Pages  278  - 279 

1.  7-9352.  2.  11-054.  3.  51°  4'.  4.  75°  58'.  5.  28-819  ft. 

6.  20°  45'.  7.  4 -9579  in.  8.  21,096  ft.  9.  50°  12'.  10.  32°  O'. 


Page  286 

1.  1-33509.  2.  1-61524.  3.  1-06306.  4.  7 -57778.  5.  46°  26'. 

6.  45°28'.  7.  58°39'.  8.  17°  21'.  9.  23-300.  10.  7-8083  in. 

11.  65°  32'.  12.  27°  13'. 


Page  288 

U A = 40°,  a = 6-7128  in.,  b = 10-443  in.  2,  A = 31°  10', 
a = 7-2581  ft.,  c = 14-024  ft.  3.  C = 17°50',  b = 12-434  ft., 
a = 13  -061  ft.  4.  C = 64°  25'.,  a = 4 -3182  in.,  c = 9 -0196  in. 

5,  B = 24°  50'.,  b = 2-7766  in.,  c = 6-6184  in.  6.  C = 19°  28', 
a = 3-2031  in.,  c = 1 0674  in. 

Page  289 

U B = 36°  52',  C = 53°  8',  c = 16  -001  in.  2.  A = 39°  48', 

C = 50°  12',  b = 7 -8102  in.  3.  A = 73°  18',  B = 16°  42', 
c = 10  -440  ft.  4.  5 = 70°  1',  C = 19°  59',  a = 2 -9262  in. 

5,  A = 30°  O',  C = 60°  O',  c = 10  -392  in.  6.  A = 45°  O', 

B = 45°  O',  c = 4 -2426  in. 
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Pages  290  - 292 

1.  18-000  in.,  53°  8'.  2.  {a)  77°  59',  77°  59',  24°  2',  (5)  11-737  in. 

3.  77°  19',  77°  19',  25°  22',  10  -250  in.  4.  (a)  64°  16',  (5)  5 -9044  in., 
5 -9044  in.,  6-2809  in.  5.  71°  38',  71°  38',  1 -4236  in.,  0-94527  in. 
6.  (a)  45°  14',  (5)  26-000  mm.  7.  (a)  0-43301  in.,  (5)  1-2990  in. 

8.  a = 9-2599  in.,  5 = 8-3473  in.,  c — 6-8779  in.,  d = 5-5858  in., 
e = 12-4637  in.  9.  33°  41'.  10.  38°  12'.  11.  1 - 13008  in. 

12.  5 6323  in. 


Pages  294  - 295 


1.  3-8823  in. 
5.  {a)  2°  23', 
7.  3 - 5356  in. 
11.  3-2587  in., 
14.  0-07217  in. 
(5)  5-0191  in. 


2.  2-3411  in. 
(6)  3°  34'.  6. 

8.  4 -5577  in. 

0 -97906  in. 

15.  3-5000  in., 
3-9106  in.  17. 


3.  8 -6603  i] 
(a)  1-2578  in., 

9.  3 - 0614  in. 
12.  4 - 6690  in. 

5 -8792  in. 

2 -8980  in. 


4.  17°  4'. 
(6)  2-6282  in. 

10.  50°  46'. 
13.  21°  43'. 
16.  (a)  21°  45', 


Pages  297  - 298 


1.  33  -372  ft. 

5.  572-61  yd. 


1.  0-30486. 

5.  0-99252. 

9.  - 0-68539. 


2.  242-70  ft. 

6.  7-1567  in. 

Page 

2.  - 0-78550. 

6.  - 0-97365. 
10.  - 0 -69068. 


3.  45  437  in. 


303 

3.  0-95765. 

7.  0-42473. 

11.  - 0 62547 


4.  45  -373  ft. 


4.  - 0-99965. 

8.  - 0-29543. 

12.  0-05698. 


Page  307 


1.  1-08058. 

5.  - 1-55565. 

9.  - 0 -81849. 

13.  - 1-12434. 
17.  0-48765.  ] 


2.  - 0-17963. 

6.  - 1-00777. 

10.  - 1-23714. 

14.  - 0-24503. 
. - 0-32399. 


3.  - 0-42815. 

7.  0-84805. 

11.  - 6-86888. 

15.  - 0-29716. 


4.  0-75794. 

8.  - 0-99756. 

12.  1-35598. 

16.  4-00233. 


Page  308 

1.  161°  41'.  2.  252°  15'.  3.  129°  26'.  4.  221°  44'.  5.  305°  48'. 

6.  2-81193.  7.  - 3-80567.  8.  219°  24'.  9.  131°  45'. 

10.  129°  48'. 


Page  312 

1.  1-295.  2.  0-242.  3.  0-299.  4.  0-409.  5.  31°  48'.  6.  72°  6'. 

7.  152°  36'.  8.  120°  O'. 
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Page  314 

I,  B = 75°,  b = 34  -3  in.,  c = 34  -9  in.  2,  A = 80°  O', 
a — 18-3  in.,  c = 17-7  in.  3,  B = 69°  54',  a — 9 06  in., 
6 = 11 -5  in.  4.  C = 24°24',  5 = 22-4  in.,  c = 19-5  in. 

5.  C=  106°  42',  a = 54-7  in.,  5 = 34  2 in. 

Page  316 

U a = 9-47  in.,  C = 54°  O',  B = 76°  O'.  2.  c = 14-85  ft., 

.6  = 41°  6',  ^=65°  30'.  3.  & = 65-7  in.,  C = 31°  24', 

A = 36°  18'.  4.  c = 45-3  ft.,  A = 21°  18',  B = 54°  18'. 


Page  317 

U B = 41°  42',  A = 20°  48',  C = 117°  30'.  2.  C = 41°  54', 

B = 24°  18',  A = 113°  48'.  3,  A = 62°  42',  B = 36°  24', 

C = 80°  54'.  4.  5 = 34°  54',  A = 25°  O',  C = 120°  6'. 

Page  322 

1,  B = 23°  48',  C = 125°  12',  c = 18  -3  in.  2.  C = 17°  48', 
A = 32°  12',  a = 10  -4  in.  3.  No  solution,  4.  .B  = 68°  36', 
A = 68°  6',  a = 17  -1  in.  or  B = 111°  24',  A = 25°  18', 
a = 7-84  in.  5.  A = 38°  48',  C = 102°  24',  c = 23-4  in. 


U B = 123°,  b = 

A = 48°  12',  C -- 
C = 82°  42'.  4.  B 

B = 119°  6',  C = 
b = 2 -39  in. 

C = 97°  24'. 

8.  C = 32°  24', 

A = 53°  6',  C = 67°  24'. 
a = 71-4  in.  or  5 = 129°  42', 


Page  323 

21-9  in., 

: 69°  48'. 

= 60°  54' 

18°  54'. 


c = 3-33  in.  t 
7.  C = 46°  O', 

B = 101°  36', 


A 


c = 17-1  in. 

3.  B = 56°  36', 
C = 77°  6', 
c = 3 -49  in. 

. a = 4-58  in., 

B = 38°  36', 
b = 58  -6  in. 
10.  B = 50°18', 
= 13°  18',  a = 


2.  6 = 6-86  in., 
A = 40°  42', 
c = 10  -5  in.  or 
5.  A = 67°  18', 
B = 40°  6', 

A = 95°  24'. 

9.  .B  = 59°  30', 
A = 92°  42', 
16-4  in. 


Pages  323  - 324 

1.  1500  ft.,  43°  48'.  2.  674  ft.  3.  3 -99  in.  4.  5 -33  in. 

5.  17  -0  in.  6.  7 -95  in.  7.  23°  42'. 


Pages  326  - 327 

1.  81-3ft.  2.231ft.  3.  8-98ft.  4.  26-8ft.  5.  5-40  in. 

6.  0-834  in.  7.  ^ = 3-85  in.  a = 6-24  in.  S,  h = 2-75  in., 
X = 3-17  in.  y = 2-87  in.  9.  0-879  in.  10.  0-769  in. 

11.  (a)  1-40  in.,  (b)  26-4  in. 
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Page  330 

1.  T- 83513.  2.  T- 47530.  3.  0- 06799.  4.  0-40275.  5.  T- 72259. 

6.  0 -20985.  7.  26°  21'.  8.  65°  27'.  9.  56°  8'.  10.  5°  1'. 

11.  161°  7'.  12.  2-2560.  13.  0-50669.  14.  0-046501. 

15.  1-6221.  16.  -11-108.  17.  0-92412.  18.  86°  25'.  19.  27°  29'. 

20.  76°  14'.  21.  81°  37'. 


Page  332 

1.  15-127in.,  13-330in.  2.  0 - 15243  in.,  0-045825  in. 

3.  25°  36',  ll-286in.  4.  51°  3',  2-7730  in.  5.  C = 51°  22', 

B = 38°  38',  a = 27  -287  in.  6.  C = 50°  33',  a = 20  320  in., 

5 = 12-930  in.  7.  = 38°  41',  o = 1-6976  in.  c = 2-1203  in. 

8.  ^=54°  40',  5 =35°  20',  a = 7 -1120  in.  9.  6801-1  ft. 

10.  26-682  ft.  11.  67-747  ft. 


Pages  334  - 335 

1.  932-7  2.  h = 273-9,  c = 230-4.  3.  5 = 48°  10',  a = 3599, 
c = 4714.  4.  {a)  4870  yd.  (6)  5333  yd.  5.  21-07  ft. 

6.  1008  yd.  7.  72-343  ft. 


Pages  337  - 338 


1.  40°  37'. 
C = 57°  17', 
6.  52-7  mi. 


2.  A = 17°  10',  C = 114°  30'.  Z.  A = 81°  41', 
h = 299  -2.  4.  270  yd.  or  887  yd.  5.  25 -6  mi. 

7.  57  -8  yd.  8.  278-5  ft.  9.  6677  ft.  or  10,080  ft. 


1.  {a)  A = 54°  38', 
1.  (b)  A = 39°  37', 

1.  (c)  A = 53°  44'. 

2.  60°  38',  39°  10', 

139°  48'.  5.  40°  28'. 


Page  341 

B = 60°  46', 

B = 63°  53', 

B = 61°  8', 

3.  43°  18',  136°  42'. 


C = 64°  36'. 
C = 76°  30'. 
C = 65°  10'. 
4.  151°  12', 


Page  343 

1.  {a)  B = 66°  54',  C = 65°  14',  c = 4-43  or 

B = 113°  6',  C = 19°  2',  c = 1-59.  1.  (b)  B = 51°  54', 

^=83°  50',  a = 30-98  or  5 = 128°  6',  ^ = 7°  38',  o = 4-139. 
1.  (c)  B = 19°  1',  C = 126°  39',  c = 741-7 

1.  (d)  A = 74°  29',  C =-39°  55',  c = 0-2965 

or  ^ = 105°  31',  C = 8°  53',  c = 0 -07138 

2.  101  - 4 mi.  or  13  -4  mi.  3.  3624  ft.  or  868  - 5 ft. 
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Pages  344  - 345 

1.  o = 3-709  in.,  c = 5-090  in.,  .B  = 79°  1'.  2.  5 = 0-6263  in. 

A = 44°  6',  C = 87°  59'.  3,  A = 53°  38',  B = 59°  52', 

C = 66°  30'.  4.  No  solution.  5.  5 = 12,430  ft.  c = 5463  ft. 

C = 21°  56'.  6.  c = 38  -25  in.  A = 26°  47',  B = 47°  53'. 

7.  ^ = 37°  44',  B = 58°  14',  C = 84°  2'.  8.  6 = 584  -9  in. 

A = 37°  41',  B = 70°  3'.  9.  x = 115°  7',  :y  = 9-961  in. 

10.  Angle  OCB  = 19°  21',  x = 3-031  in.  11.  (a)  49°  26', 
{b)  62°  58',  (c)  4 - 249  in.  12.  Angle  CBA  = 35°  34',  CB  = 3- 106  in. 

Angle  CBO  = 63°  41',  Angle  ABO  = 28°  7',  x = 1-650  in., 
y = 1- 159  in. 

Pages  348  - 349 

1.  348  sq.  in.  2.  (a)  58-8  sq.  in.  (b)  9-80  in.  3.  99-9  sq.  in. 
4.  24,130  sq.  ft.  5.  136  acres.  6.  3,040  sq.  ft.  7.  7 -33  acres. 
8.  5°  42'.  9.  1650  sq.  in. 


Pages  351  - 352 

1.  11-66  in.  2.  9-06  in.  3.  6-04  in.  4.  8-43  in.  5.  791-5  in. 
6.  10  -16  in.  7.  9 -34  in.  8.  4 -24  in.  9.  3 -66  in.  10.  3 -23  in. 
11.  77  0 ft.  12.  i?  = 8-08  in.,  r = 3-46  in.  13.  2-72in. 


1. 

6. 

B = 
a = 
76° 

15. 
18. 
22. 
25. 
28. 
31. 
b = 
37. 
B = 
B = 
c = 
44. 
47. 
14. 


Pages  353  - 361 

14°  30'.  2.  26  -4  ft.  3.  29°  48'.  4.  405  ft.  5.  175  ft. 

19-8  ft.  7.  36  -6  ft.  8.  35°  O'.  9.  4 -690  in.  10.  A = 65°  6'. 

= 24°  54'.  11.  (a)  5-6353  in.,  {b)  7-1555  sq.  in.  12.  B = 52°  40'. 
13-42in.  c = 22-13  in.  13.  Angles:  51°  48',  51°  48', 

24'.  Sides:  19-85  in.,  19-85  in.,  24-5  in.  14.  6-4723  in. 
4-5577  in.  16.  88°  52'.  17.  (a)  5 - 746  in.  (6)  6-371  in. 

2-30  in.,  45°.  19.  0-604  in.  20.  2°  52'.  21.  293  ft. 

60-1  ft.  23.  TM  = 256  ft.,  = 268  ft.  24.  22,200  ft. 
49  ft.  26.  596  yd.  27.  x = 10-322  in.,  y = 7 -5858  in. 
C = 24°  42',  a = 5 - 60  in.  29.  2 - 64  in. 


48°  12', 

I- 58  in. 
13  -6  in. 

= 56°  O'. 

= 28°  O', 

II- 8  in. 
93°  30'. 
42-2  ft. 

8 ft.  51. 


BC  = 2-71  in. 

34.  3 -04  in. 
38.  48°  12'. 

40.  (a)  35-3  ft., 
C = 37°  36'. 

43.  A - 67°, 
45.  4-71  mi. 
48.  732  ft.  49. 


33 


' 32.  43°  O'. 

35.  39°  55'. 

39.  c = 6 -48  in., 

(6)  680  sq.  ft.  41. 
42.  A - 104°  36', 
a = 38-4  in., 

46.  135  m.p.h., 
505  yd.  or  616  yd. 


30.  2-60  in. 
. = 6°  34', 

36.  20°  44'. 
A = 91°  30', 
a = 11-2  ft., 
b = 7-20  in., 
c = 37  - 8 in. 
12°  N of  E. 
50.  20-6  ft.. 


22  -6  ft.  52.  6 -12  in. 
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Pages  353  - 361  (Cent.) 

53.  14-55  in.  54.  57°  6'.  55.  7-08  in.  56.  5-4  ft.,  = 24-8  ft. 

57.  4-30  in. 

58.  - 0-216.  59.  - 0-54805.  60.  140°  35'.  61.  (a)  0-43984., 

(5)  j.  62.  — 2\/2  or  — 2-8291.  63.  sin  A = tan  A = 

64.  (a)TV,  WtI,  {c)Y-  65.  (a)  0-50628,  (5)  3-34026. 

66.  cos35°.  67.  5.  69.  (a)  4-85,  (5)  10-1.  70.  (a)  -0-54464 

(5)-  0-57358.  71.  74-5°.  72.  - 10.  73.  (a)  sin  ^ = U, 

cos  = 2V,  tan  A = Y*,  esc  A = -|f,  cot  A = (5)  73°  44'. 

74.  (a)  1-420  (5)  292-58  (c)  0-56378.  75.  (a)  72-08,  (5)  2410. 

76.  (a)  0-008294,  (5)  0-002558.  77.  8-34.  78.  1-949  in. 

79.  B = 31°  13'.  A = 66°  24',  a = 66  -19  in.  80.  84°  52'. 

81.  B = 41°  31',  C = 82°  51'.  82.  75°  32'.  83.  90°  32'. 

84.  5 -937  in.  85.  15-13  in. 

Page  365 

8.  0-31b.  9.  2000  mi.  10.  2-61b.  11.01651b.  12.  27-41b. 

Pages  368  - 369 

1.  3.  2.  50.  3.  6.  4.  180.  5.  1920.  6.  20.  7.  100. 

8.  30.  9.  95  cm.  mark. 

Pages  371  - 373 

1.  2000  lb.  2.  28  in.  3.  8 ft.  4.  2,750,000.  5.  10  lb. 

6.  16  lb.  7.  3.  8.  2400  lb.  9.  100  lb.  10.  6|  tons,  3f  tons. 

11.  90  lb.,  60  lb.  12.  213|  lb.,  186f  lb.  13.  2866f,  15331. 

14.  85,  71  tons.  15.  3-2  ft.  16.  147  g.,  245  g. 

17.  Fulcrum  18  in.  from  granite. 

Page  377 

1.  364  lb.  2.  5.  3.  21  lb.  4.  25  lb.,  class  2,  5 : 2. 

5.  100  lb.  per  sq.  in.,  class  3,  1 : 4.  6.  24  lb.  7.  28  in. 

8.  160  lb.  per  sq.  in.  9.  1^  lb.,  4|  lb. 

Page  381 

5.  20,  200  ft.  6.  50  lb. 


Pages  381  - 382 

1.  125g.  2.  10  in.  3.480  1b.  4.75  1b.  5.228  1b.  6.  5-4  ft. 

7.  78  in.  8.  6 ft.  9.  6f  ft.  10.  6 kg.  11.  5 ft. 
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Pages  386  - 388 

1.  125  1b.  2.  50  1b.  3.  400  1b.  4.  1-2  in.  5.  160  1b. 

6.  5831  lb.  7.  4000  1b.  8.  10-6  lb.  9.  7900  1b.  10.  1100. 
11.  no.  12.  4,  18f.  13.  64.  14.  3.  15.  90,  10.  16.  100  1b. 
17.  48  in.  18.  6.  19.  240  lb.  20.  49  lb.  21.  18  ft. 

22.  2 ft.,  12°.  23.  4,  360  lb.  24.  2 in.  25.  5280  lb. 

26.  10,000  1b.  27.  45  1b.  28.  750  1b.  29.  337  -5  lb.  30.  2. 

31.  8,500  lb.  32.  10  in. 


Page  388  (Review) 

1.  12,100  1b.  2.  24,200  1b.  3.  47  -5  lb.  4.  10  ft.  5.  2^  it. 

6.  50  lb.  7.  54  ft. 


Page  390 

1.  (a)  53  1b.,  (6)  111b.,  (c)  16  1b.  2.  170  1b.,  18°. 

3.  7°  downstream,  23  -2  m.p.h. 

Page  392 

1.  (a)  53  lb.,  (6)  11  lb.,  (c)  16  lb.  2.  12  lb. 

3.  78  lb.  at  41°  to  40  lb.  force.  4.  10  lb. 

5.  4470  lb.  at  63°  to  2000  lb.  force.  6.  90°.  7.  92°. 

Page  393 

1.  (a)  17-4  lb.,  (b)  167  1b.,  (c)  38  tons.,  {d)  125  g.  2.  180  1b. 
3.  89  lb.  at  134°  to  50  lb.  force.  4.  16  lb.  at  162°  to  10  lb.  force. 


Page  394 

2.  84°,  147°,  129°.  3.  150°.  4.  71°. 

Page  396 

1.  (a)  50  1b.,  86-6  lb.,  (5)  38-3  lb.,  32-1  lb.,  (c)  161  lb., 

19-2  lb.  2.  20-5  lb.  3.  260  1b.  4.  34 • 6 lb.,  20  lb. 

5.  -3-06  lb.,  7-84  lb. 

Pages  398  - 399 

1.  79-3  lb.  2.  1305  1b.,  840  1b.  3.  707  1b.  4.  38°  42',  6 -24  lb. 
5.  81-6  lb..  16-1  lb.  6.  15°  54',  73-0  lb.  7.  101-4  lb.,  16-9  lb. 
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Pages  400  - 401 

1.  (a)  — 1-5  lb.,  0-41  lb.,  (6)1-6  lb.  at  165°  to  the  horizontal. 

2.  (a)  49  lb.,  1-4  lb.,  (6)  49  lb.  at  2°  to  the  horizontal. 

3.  (a)  - 5 -51  lb.,  - 0 -15  lb.,  (6)  5 -51  lb.  at  181°  36'  to  the  7 -60  lb. 
force. 

4.  (a)  0-00  lb.,  0 00  lb.,  (6)  0 00  lb. 

5.  (a)  - 4-00  lb.,  - 5-00  lb., 

(6)  6 -40  lb.  at  231°  18'  to  the  8 lb.  force. 

6.  (a)  -5-3  lb.,  14  1b.,  (6)  15  lb.  at  111°  to  OZ. 


Pages  403  - 404 

1.  38  in.  2.  12  -8  ft.  from  front.  3.  9f  in.  4.  6 -30  ft.  from  A. 
5.  10|  in. 

Page  405 

1.  0-34  in.  from  A on  AB.  2.  4-17  in.  from  A on  AC. 

3.  6 -2  in.  from  A on  AB.  4.  On  any  median  1 • 15  in.  from  vertex. 
5.  2-46  in.  from  A on  AB. 


Page  407 

2.  36°  54'.  3.  14  in.,  6°  6'.  4.  5-7  in. 

Page  410 

4.  0-218.  5.  1-26  lb.  6.  67-4  lb.  7.  (a)  16  1b.,  (6)  2880  1b. 

Page  412 

1.  27  lb.  at  27°  to  the  normal.  2.  44  lb.  at  15°  to  the  normal. 

3.  150  lb.,  160  lb.  at  18°  to  the  normal. 

4.  0 43,  13  lb.  at  23°  to  the  normal. 


Pages  412  - 413 

4.  10  -4  ft.  from  120  lb.  weight.  5.  (a)  9 in.,  (6)  3 in. 

6.  At  the  20  -7  in.  mark. 

7.  If  in.  from  E on  the  perpendicular  drawn  from  E to  DA. 

8.  13  in.  9.  0 -25. 
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Pages  417  - 419 

1.  (a)  156°,  (b)  24°,  (c)  156°.  2.  (a)  67°,  (b)  157°.  3.  (a)  47°, 

(b)  47°.  4.  (a)  108°,  (b)  2 -5  in.  5.  69°  18'.  6.  72°  15',  35°  30'. 

7.  65°,  115°.  8.  124°.  9.  57°  46'.  10.  138°.  11.  82°. 

12.  (a)  132°,  (b)  48°,  (c)  132°,  (d)  45°,  (e)  135°,  (/)  45°. 

13.  (a)  77°,  (b)  39°,  (c)  116°.  14.  125,  55.  15.  30°,  44°. 

16.  76°.  17.  75°.  18.  75°.  19.  (a)  135°  , (b)  90°. 

20.  (a)  50°,  (b)  130°. 

Pages  422  - 424 

1.  50°,  100°.  2.  40°.  3.  90°.  4.  100°.  5.  35°.  6.  100°. 

7.  139°  55'.  8.  X = 40°,  2x  = 80°,  2y  = 280°,  y = 140°.  9.  70°. 

10.  130°.  11.  55°.  12.  70°.  13.  (a)  58°,  (b)  116°. 

14.  (a)  18°  30',  (b)  18°  30',  (c)  71°  30',  (d)  71°  30'.  15.  (a)  120°, 

(b)  30°.  16.  (a)  45°,  (b)  112°  30'.  17.  26°. 

18.  45°,  112°  30',  22°  30'. 

Page  426 

2.  2 in.  3.  49°  each.  4.  Equal.  8.  4 in.  9.  (a)  2-5  in. 
10.  2 • 5 in. 

Page  443 

.1  132°  42',  47°  18',  132°  42'.  2.  ZAKF  = 65°. 

AFKD  = 25°,  ACKB  = 90°.  3.  ADKB  = 79°, 

AAKD  = 101°,  ADKB  = (90°  - |)°,  AAKD  - (90°  + |)°. 


Pages  457-458 

1.  ZP(25  = 55°,  Zi?  = 55°,  ASQR  = Zb\ 

2.  Z5ZP  = 40°,  ABAC  = ZDCA=  50°,  A ADC  = S0°. 

3.  Z QPR  = A QRP  = A SPR  = Z SRP  = 45°,  AS  = 90°. 

4.  ADEG  = 00°,  AEGF  AEFG  = 72°,  AGEF  = 00°. 

5.  ADBC=  ADCB  = 0\°,  ABAC  = 52°,  AADC  = 70°, 

A ABB  = 166°,  A ABB  = A BAD  = 7°. 

6.  AABC  = 70°,  ABAC  = 70°,  ABAC  = AACD  = 00°. 

7.  ABDC=  110°,  AEDC  = 70°  = AFDB, 

A BBC  = ABBA  = 40°,  ZZ  = 40°,  ABFC  = 70°,  ABEC  = 80°, 
AAFD  = 110°,  AAED  = 100°. 

8.  ABCD  = 110°,  y = 70,  ABCF  = 40°,  ABFC  =100°, 

AA  = 60°,  AAFB  = 80°. 

9.  X ==  35,  AD  = 50°,  AEKF  = 85°. 
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Page  459 

1.  35°,  75°,  70°,  110°.  2.  {a)  60°,  90°,  30°,  (5)  80°,  80°,  20°, 

(c)  75°,  25°,  80°,  {d)  62°,  59°,  59°,  {e)  50°,  50°,  80°. 

3.  /.BAD  = 40°,  Z.ADB  = 70°,  A ADC  = 110°,  ABAC  = 45°. 

4.  15°.  5.  90°.  7.  (a)  35°,  (5)  (|)°. 


Page  474 


4.  3f,  4i,  7f. 

1.  100,  260,  130. 
4.  100,  60,  50. 


Page  477 

2.  40,  40,  50. 

5.  60,  30,  120. 


3.  30,  60,  60. 
6.  60,  40,  110. 


INDEX 


Alternate  angles,  452,  454 
Ambiguous  case  in  the  solution  of 
the  oblique  triangle,  318,  341 
Analysis  of  a deduction,  449,  466 
Annulus,  204 
Antilogarithm,  136 
Area, 

of  a parallelogram,  347 
of  a triangle,  346,  347 
theorems,  468,  469,  470 
Arithmetic  means,  107 
Axioms,  441 

Base,  115 
Bead,  245 

Centre  of  gravity,  367,  402 
calculation,  403 
of  a solid,  406 
of  a thin  sheet,  404 
of  a uniform  rod,  367 
Characteristic,  131-132 
Circle,  420,  475 
area  and  circumference,  204 
Circumscribed  circle, 

of  a regular  polygon,  430 
of  a triangle,  349,  424 
Common  factor,  36 
Components  of  a force,  395,  396 
Compression,  362 
Conditional  equation,  9 
Cone,  227 

frustum  of,  235 

Congruent  triangles,  444,  448, 
461,  462,  482 
Conjugate  surds,  73 
Construction  deductions,  466 
Continued  proportion,  55 


Converse  statement,  453 
Corollary,  453 

Corresponding  angles,  453,  454 
Cotangent  formula  for  heights, 
325 

Cylinder,  221 
hollow,  225 

Deductive  reasoning,  441 
Definitions,  481 
Designs,  431 
Differential  pulley,  385 
Differential  wheel  and  axle,  385 
Discriminant,  101 
Dynamics,  362 

Ellipse,  209 
Equilateral  triangle, 

solution  by  trigonometry,  289 
Equilibrant  of  two  forces,  366, 
392 

Equilibrium,  condition  for,  393, 
397 

Exponent,  115 
Exterior  angle,  451,  456 
Extremes,  55 

Factoring, 

common  factor,  36 
difference  of  squares,  40 
factor  theorem,  45 
grouping,  42 
incomplete  square,  44 
perfect  squares,  37,  43 
sum  and  difference  of  cubes,  47 
summary,  48 
trinomials,  37,  39 
Force,  362 
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Formulas,  14 

in  two  unknowns,  28 
rules  for  solving,  187 
Fractions  in  algebra,  49-54 
Friction,  408 

Gear  trains,  384 

Graphical  solution  of  a quadratic 
equation,  92-93 
Graphs, 

introduction,  20 
of  a straight  line,  22 
use  in  solving  simultaneous 
equations,  24 
Gravitation,  363 
Gravitational  attraction,  362 

Half-angle  formulas,  338 
Hexagon,  201 
Hollow  cylinder,  225 
Hypotenuse,  472,  473 

Identity,  definition,  9 
Inclined  plane,  383 
Index,  115 

Indirect  method  of  proof,  452 
Inequalities,  451,  463 
Inscribed  circle, 

of  triangle,  350,  424 
of  regular  polygon,  430 
Interior  angles  on  the  same  side 
of  the  transversal,  453,  454 
Inverse  proportion,  55 
Inverse  ratio,  55 
Irrational  number,  65 
Isosceles  triangle,  447 

solution  by  trigonometry,  289 

Jack-screw,  383 

K formula,  339 


Law, 

of  cosines,  314 
of  friction,  409 
of  gravitation,  363 
of  right  triangle,  198,  472 
of  sines,  309 
of  tangents,  335 
of  triangle  of  forces,  391 
Lever,  376 
Literal  equations,  16 
Locus,  420 
Logarithms,  127-145 
base,  129,  131 
characteristic,  131,  132 
division  by,  139 
historical  note,  130,  131 
mantissa,  133,  134 
mensuration,  191 
multiplication  by,  138 
powers,  140 
roots,  141 

solution  of  oblique  triangle, 
333-345 

solution  of  right  triangle,  331 
trigonometric  functions,  328 
Long  division  in  algebra,  6 

Machines,  373 
Mantissa,  133 
Mass,  362 

Mean  differences,  134 
Means,  55 
arithmetic,  107 
geometric,  112 
Mechanical  advantage,  374 
Mechanics,  362 
Median,  470 
Mixtures,  11,  29 
Moment  of  a force,  366 
Multiplication  of  compound 
quantities,  5 
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Newton’s  laws,  363 

Oblique  triangle,  309 

solution  by  half-angle  formulas, 
338 

solution  by  law  of  cosines,  315 
solution  by  law  of  sines,  312 
solution  by  law  of  tangents,  335 
solution  by  logarithms,  333- 
345 

summary,  322,  343 

Parallel  lines,  452,  453,  454 
Parallelogram,  464,  468,  469,  470, 
471 

Parallelogram  of  forces,  390 
Patterns,  434 
Point  of  contact,  420 
Polygons,  210 
Possible  error,  181 
Precision  of  a number,  181 
Principle  of  moments,  367 
Prism,  216 
Proportion,  55 
properties  of,  59 
theorems  on,  60 
Proportionals,  55 
Pulleys,  378 
differential,  385 
Pyramid,  231 
frustum  of,  239 
Pythagorean  theorem,  472 

Quadrants,  299 
angle  in  any,  307 
signs  in,  301 
Quadratic  equations,  76 
in  two  unknowns,  94 
solution  by  completing  the 
square,  80 

solution  by  factoring,  76 


solution  by  formula,  82 
solution  by  graph,  92,  99 
solution  of  incomplete,  76 
sum  and  product  of  roots,  102 
theory  of,  101 

Ratio  and  proportion,  55 
Rationalizing  the  denominator,  74 
Reaction,  362 
Rectangular  solid,  216 
Reduction  of  forces  to  a simple 
system,  399 
Regular  polygon,  430 
Relative  error,  184 
Resolution  of  forces,  395 
Resultant  of  two  forces,  366,  389, 
390,  391 
Right  triangle, 
law  of,  198 

solution  by  trigonometry,  287 
Ring,  204 
solid,  245 
Rounding-off,  181 

Secant,  420 

Sector  of  a circle,  207,  420 
Segment  of  a circle,  207,  420 
angle  in,  420,  476 
Shop  problems, 
trigonometry,  292 
Sign  convention,  300 
Significant  figures,  183 
Simultaneous  equations, 
in  two  unknowns,  17 
in  three  unknowns,  24 
Sine  curve,  305 
Slide  rule,  146-180 
A and  B scales,  159 
C and  D scales,  147-148 
combined  operations,  157-158 
cube  roots,  170 
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cubes,  168 

decimal  point  location,  173 
division,  155 
historical  note,  149 
logarithms,  179 
mensuration,  191 
multiplication,  150-154 
reciprocals,  171 
squares,  160 
square  roots,  162 
summary  of  settings,  166 
trigonometric  ratios,  177 
Sphere,  241 
sector  of,  244 
segment  of,  244 
* zone  of,  244 
Spiral,  433 
Square  roots, 

by  arithmetic,  198 
by  geometry,  473 
Squares,  439 
Stability,  407 

Standard  numbers,  120,  122 
Statics,  362 
Subtend,  420 
Surd  equations,  90 


Surds,  65 

operations  with,  66-67 
Tables,  487 

Tangent,  420,  425,  479 
common,  427 

Tangent  half-angle  formula,  338 
Tension,  362 
Tipping,  407 

Total  reaction  of  a surface  on  a 
body,  410 
Trapezium,  437 
Triangle,  area,  190,  201 
Triangle  of  forces,  390 
Trinomial  factoring,  37,  39 

Variation,  direct,  61 
inverse,  62 
Vector,  365 
Velocity  ratio,  374 
Vise,  383 
Volute,  433 

Wedge,  384 
Weight,  362 
Wheel  and  axle,  382 
differential,  385 
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